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Derivative Free Iterative Scheme for Monotone
Nonlinear Ill-posed Hammerstein-Type Equations

Shobha M Erappa and Santhosh George

Abstract—An iterative scheme which is free of derivative is
employed to approximately solve nonlinear ill-posed Hammer-
stein type operator equations 7G(x) = y, where G is a non-
linear monotone operator and 7 is a bounded linear operator
defined on Hilbert spaces X,Y,Z. The convergence analysis
adapted in the paper includes weaker Lipschitz condition and
adaptive choice of Perverzev and Schock(2005) is employed
to choose the regularization parameter «. Furthermore, order
optimal error bounds are obtained and the method is validated
by a numerical example.

Index Terms—Derivative free Iterative method, Newton type
method, Non-linear Ill-posed problems, Lipschitz condition,
Hammerstein Operators, Adaptive Choice, Tikhonov regular-
ization

I. INTRODUCTION

Consider a nonlinear Hammerstein integral operator

1
(Ax)(1) :=/ k(s,t)f(s,x(s))ds
0
where
k(s,1) € L*([0,1] x [0,1]), x € L*[0,1]

and ¢+ € [0,1]. The above integral operator A admits a
representation of the form A = TG where

T:L%[0,1] — L?[0,1]

is a linear integral operator with kernel k(z, s) : defined as

1
Tx(t)z‘/o k(t, s)x(s)ds

and
G : D(G) C L?[0,1] — L?[0,1]

is a nonlinear superposition operator (cf. [13]) defined as
Gx(s) = f(s,x(s)).

The non-linear integral equation arises in a variety of
application in various fields such as geophysics, electricity
and magnestism, radiation, fluid mechanics, reactor theory,
etc. and equations of Hammerstein type play a crucial role
in the theory of optimal control systems and in automation
and network theory.

In this paper, our study focuses on regularization of such
non-linear ill-posed Hammerstein type operator([6]- [10])
equation of the form

(TG)x =y. (H
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Here G : D(G) € X — X, is a nonlinear operator, T :
X — Y is a bounded linear operator and X and Y are Hilbert
spaces with corresponding inner product (.,.) and norm ||.||
respectively. We study the case where G is a monotone
operator (i.e., (G(x) — G(y),x—y) =20, Vx,y € D(G))
([15], [18]) and G’(xp)~" does not exist. Hence, G is ill-
posed and thus along with non-closedness of the range of
the operator 7, we see that now (1) is ill-posed.
It is further assumed that y° is the available data with

ly-y°ll <6
and hence we approximate
(TG)x = y° ()

instead of (1). Observe that (2) can be approximated by
solving
Tz=y° 3)

for z and then solving the non-linear problem
G(x) =z 4

We also assume that the solution X of (1) satisfies xg-
minimum norm solution i.e.,

IG(£) = G (x0)| :=min{||G(x) = G(xo)|l :
TG(x) =y,x € D(G)}. ®)

Various methods have been proposed for approximating
the solution of (2) which involves Frechet derivative of F.
The most common method for solving the linear operator
equation (3) is Tikhonov regularization ([S]-[11]). In partic-
ular, we consider

28 = (T*'T +aD)™'T*(y° = TG (x0)) + F(xo) (6)

to approximate (3).

Newton method is usually applied to solve nonlinear
equation (4). In the literature, ([1], [2], [3], [4], [12], [14],
[17]) we see that a series of modification to Newton’s
scheme, which is studied and analyzed to improve the local
convergence. In all these methods, one has to compute the
inverse involving Fréchet derivative of G at each iterate xi
or at initial guess xo. The high computational efficiency
of Newtons formula, would still fail at some stages of
evaluation, if the derivative of the functions vanishes or is
too small. These limitations of the existing method led us to
define a new iterative sequence for (3) which do not involve
the Fréchet derivative and is given in Section 3.

Note that the regularization parameter « is chosen as
per the adaptive scheme studied by Pereverzev and Schock
([16]) for the linear ill-posed operator equations and the
same parameter « is used for solving the non-linear operator
equation (4).
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The paper is structured as follows. Preparatory results
and adaptive choice strategy is given in section 2 and
section 3 comprises the proposed derivative free iterative
method. Section 4 deals with the algorithm for implementing
the proposed method. Finally, in section 5, the method is
elaborated with a numerical example where the performance
of the proposed method is better when compared to that of
the method in [9], [10].

II. PRELIMINARIES

Let B, (xo) and B, (xg) denotes the open and closed ball
of radius r with centre at xo. The following assumption is
required for error estimation.

Assumption 2.1: There exists a continuous, strictly mono-
tonically increasing function

@ :(0,a] — (0,00)
with a > ||T?|| satisfying;
. /fino‘)p(/l) =
) sup ag(d)
—= < , va € (0,
/120/1+a_"0(a/) (0.4]
and
« there exists v € X, ||v|| < 1 such that
G(®) — G(xo) = o(T*T)v.

It can be seen that (see (4.3) in [8] ) under Assumption 2.1,

)
1G(%) - 251l < ¢(a) + o (7

A. A priori choice of the parameter

For the choice, a := as the estimate
1)
a)+ —
e(a) Ve

in (7) is of optimal order if it satisfies ¢(as) = . Let

W) = Ao 1 (1),0 < A < IT|*.

Then we have

6 = Vasp(as) = ¥(p(as))
and
=¢ ' (y7'(9)).
So the relation (7) leads to

IG(%) = 251l < 2471 (5).

B. Adaptive scheme for choice of the parameter

Pereverzev and Shock[16], introduced a parameter choice
strategy called adaptive parameter choice strategy, modified
suitably to choose the regularization parameter @ in our
method.

Let
Dy ={a; =aou®,i=0,1,2,.... M}, u> 1,
k :=max{i : ; € D},} (8)
and
[ := max{i : )

\/_

where, D}, = {&; € Dy : Iz (,jll < %,j =
0,1,2,.i— 1},

THEOREM 2.2: (cf. [8], Theorem 4.3) Let [ be as in (9),
k be as in (8) and zgk be as in (6) with @« = a¢. Then ] < k
and

IG() - 22,1l < (2+ 4f‘1>mr‘<6>.

III. ITERATIVE METHOD AND CONVERGENCE ANALYSIS

Let 6 € (0,d] and «a € (6, a], for some positive constants
a, d with d < a, and ||G’(x)]|| < Bo, for all x € D(G). Let

Xt o =8 —BLG (xS o) = 25, ~x0)] (10)

where aj is as in Theorem 2.2, x

+ - (xn [e7%

:= Xxo is the initial

guess and 8 := m, with ¢ < k. FlI'St we prove that xn a
converges to the zero xf a Of

G(x) + —(x—xo) =25, (11)

and then we prove that xL «. 18 an approximation for %.

k

The following parameters and notation are necessary for
the analysis. Let

1
0 < B <min{l, -}
C

and
1€ —xoll :=p <r

where r = min{é,ﬂop + \/La_o}.
Define

d
Yp = BlPop + \/_af_o]

q:]_'[ﬂ

¢
LEMMA 3.1: Let xn ax and 15 be as in (10) and (6)
respectively, then xf o € By, (x0).

Proof. From (10), we have that

and

Ixf = xoll = [1B(G(x0) =23l
< BHG(XO) — Zax +Z(lk _ng”
< BlIG(x0) = G@)I + llzay — 25, ]
0
< BlBop+ \/T_k] =7%p-

THEOREM 3.2: Let x2,
3.1 holds. Then (x

COHVCTngg to x

be as in (10) and Lemma
nak) e B (x0) is a Cauchy sequence
€ B, (xp). Further

c,a

Ak 5 5
G(xc’ak) + 7(xc’ak = X0) = Zg,

and
5 5
X7 a0 = Xc.ap I < Cq"
where C = —q
Proof. Note that
5 5 _ o o 5
xn+l,a/k _xn,(lk = Xn, o7 X1 L _IB[G(xn,ak)
5
_G(xn 1 ak) + —(Xn [¢73 _xn—l,(tk)]
_ 5 S5
- (xn,ak _xn—l,ak) ﬂ[An +
Ak 5 5
7[] x",(l’k _xn—l,(tk)
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where A,, = /0] G'(xp +t(xp —x,-1))dt.

Then,
S5 (€273
” X+l Lk n(tk” < ”I_,B(An'i'TI)”
5
X”(xn g _xn—],ark)”'

Since the operator A, is positive self adjoint operator with
ALl < Bo, we have

072 Bak
11 =BAn+—DI = sup K[( -=—")]-BA]x,x)|
¢ Ix]I=1 ¢
< 1- @
C
Therefore,
5
” X+l Lk n afk” = q”xn (o7 _xn—l,(tk”‘ (12)
Next we show that x?,, € B,(xo), for all n > 0. By
Lemma 3.1, we have ||xl‘5(lk —xo|| < 1.
Further,
5 5
”xn+l,(lk _XUH < ” X1 Lk Xn, (lk ” + ”xn g _xn—l,(tk”
st lxf, — ol
5 ~1y]..6
< gy, —xoll +¢" Mk, xol
5
e el = ol
< (¢"+4" '+
2 5
g+ g+ Dlxy,, —xoll
1-4g"
<
> 14 Yo
< Yo <r
l-¢q
ie., x° € B, (xo).
> P+l ap r
Observe that by (12),
i=m—1
5
1Xnem — xpll < ||xn+,'+1,(,k ~ X i, ap Il
i=0
i=m—1
0
= Z q” n+t [e7% Xn— 1+, ak”
i=
< (q +qn+l +qn+2
+
MRS xol
2
< ¢"+g+qg +....+94"),
1= qm+l)
< n——2=2=
< 4" 1—g¢ Ivp
< Cq"
Thus x; ,, € B, (xo) is a Cauchy sequence in and hence
it converges, say to xZ ,, € B,(x) and
5 s | %k, s 5
ﬁ”G(xn,ak) - Zak + T(-xn,a/k _xo)” ||xn+] QK xn,a/k ||
< 9" (13)
As n — oo in (13) we see that
5 Tk 5 5
G(xc’ak)+7(xc’ak —X0) = 2g, - (14)

Hence the proof of the Theorem.
The assumption below leads us to prove our desired
results.

Assumption 3.3: (cf.[18]) Let xo € X be fixed. There
exists a constant kg such that for every v € B, (xo) € D(G)
and w € X, there exists an element ®(xg, u,v) € X satisfying
[G'(x0) = G'(M)]w = G'(x0)P(x0, v, w), [[®(xo, v, w)|| <
kollwllllxo = vl.

Assumption 3.4: There exists a continuous, strictly mono-
tonically increasing function

¢1:(0,0] — (0, 00)
with b > ||G’(xp)|| satisfying;
. e () =0
sup agi(d)
1>0 17a < ¢i(a) VA € (0,b]

o there exists w € X with ||w|| < 1 (cf. [15]) such that
x0 =% = ¢1(G"(x0))w.

o For each y € B,(xp) there exists a bounded linear
operator S(y,xg) (see [17]) such that

G'(y)

with [|S(y,x0)ll < ki.
Assume that

= G'(x0)S(y,x0)

1-k
k] < —Or
1-p8c
and for @ > 0, consider ¢;(@) < ¢(a) for the sake of

simplicity.
THEOREM 3.5: Suppose xC a, 18 the zero of (11) and
Assumptions 3.3 and 3.4 hold. Then

£ - x4 I = 0w (5)).

Proof. Let M, = /01 G’ (% +1(x2,, —%£))dt. Then
G(x2,,) - G(&) = M (x2,, — %)
and hence by (14),
Cﬁ[G('xc ak) ng] + ak(xf,a/k —.X'()) =0
)
cBM, (xc , QK —)C) + a’ﬂ(xc o7 xA) = CIB(ng - G(f))
+agB(xo — %),
G (x0)(xC o, — %) + Be(M; + akﬂl)(xc o — %) =B, -
G(%)) + arB(xo — £) + G’ (x0) (x84 — £).
Note that
160 o =2l < NlexB(G’ (x0) + axBD) ™" (xo — )| +
(G’ (x0) + axBD) ™' Be(G (%) — 25l +
(G’ (x0) + axBI) (G’ (x0) —
BeMy) (x84 = )l
< NarB(G' (xo) + axBD) ™ (xo — )| +
IG (%) - 2§, I +T (15)
where
I = |[(G'(x0) + axB) ™' (G’ (x0) = BeM1)(x o, = DI
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Further by Assumption 3.4, we obtain

1
I < (G (xo) + @Bl fo (G (x0) — G'(2 +1(x2 o,

~2))] (62 o = D)dtll + (1 = BI(G (x0) + ax 1)
1
G’(xo)/ SE+1(x8 4, — %), 2) (x84, — X)d1]
0

— &I+ (1= Boyki|IxC 4, — %l

< k0r||x‘.5 o

C,ax

(16)
and hence by (15) and (16) we have

s R llaxB(G' (x0) + D) (x0 — %)l

> - <
e =21 < 1= (1 - c)k; — kor
IG(®) - 25,
+
1-(1=c)ky —kor
_ i)+ 2+ oy (6)
- 1-(1-c)ky —kor
THEOREM 3.6: Let x,‘iwk be as in (10) and hypotheses

of Theorem 3.2 and Theorem 3.5 hold. Then
£ = x2 4 || < Cq" + O (6)),

where C is as given in Theorem 3.2.
THEOREM 3.7: Suppose the assumptions in Theorem 2.2
and Theorem 3.6 hold and let

é
ng :=min{n : ¢" < —}.

= Vax
Then
II% — Xny Il = 0(‘/’_1(5))

IV. ALGORITHM

Note that for i,j € {0,1,2,---, M}, zgi - zgf = (a; -
@) (T*T + a; 1)~ (T*T + a; 1)~ [T*(y% — TG (x0))].

The algorithm for implementing the iterative methods
discussed in section 3 consists of the following steps.

o ag=06%and a; = p¥ag, > 1;

« solve for v; : (T*T + a;I)v; = T*(y® = TG (x9));

« solve for J <I, Zij : (T*T+ajl)zij = (aj - ai)wi;

o if ||zl > %, then take k =i — 1;

« else, repeat with i + 1 in place of i.

e choose ny = min{n : g" < \/i—k
« solve x,, using the iteration (10).

V. NuMERICAL EXAMPLE

EXAMPLE 5.1: Let the operator TG : H'(0,1) —
L?(0,1) with T : L?(0,1) — L*(0, 1) defined by

1
T(x)(2) =/ k(t,s)x(s)ds 17
0
and G : D(G) € H'(0,1) — L?(0,1) defined by
1
G(v) := / k(t, s)v3(s)ds, (18)
0

where

(1-1)s,0<s<t<1
(1-9)r0<r<s<l1

k(t,s) = :

Then for all x(¢), y(¢) : x(¢) > y(¢) : (see [18], section 4.3)

1 1
/0 [/0 k(t,5) (x> = y3)(s)ds

X(x —y)(t)dt = 0.

(G(x) =G(y),x-y) =

Hence G is a monotone operator. Let G’ be the Fréchet
derivative of G that is,

1
G'(v)w = 3/ k(t, 5)(v(s))*w(s)ds.
0
So for any v € B, (xg),xo(s) = k3 > 0,Vs € (0, 1), we have
G’ (v)w = G’ (x0)S(v,x0)w,

where

V2
S(v,x0) = (=)~
X0
For the computation, we take

1
y(1) = = (26 — 36t + 15¢* — 61> — 1%)

720
and y® = y + 6. Then, the actual solution is
x(r) = L(1 —1).
V2

With (1) = A the function xy — £ satisfies the source
condition

xo—% = ¢1(G'(x0))1.

Thus, an accuracy of order at least O (6 %) is expected.
We use the Gauss-Legendre quadrature formula:

I fwdi Y wi ),
0 =

where the abscissa ¢; and the weight w; for n = 25 are as in
[19].
The discretized form of (10) is as follows: x3+1 o (t;) =

x’f’(lk (ti) - ﬂ[G(xlf,ak)(ti) - ng + %('x}f,(lk (ti) - X()(l‘()))]
where

25 = (T'T + ay ) "' T* (y° = TG (x0)(t0)) + G(x0)(t0)

and
Ziil a,-jx(tj)3 with

Cl[jZ{

We choose a = 1.5, ap = (1.3)6, and u = 1.1.

[lxx=%1|

le‘j(l—l‘,') if j<i
le[(] —lj) if i<j

The relative error 1T and the residual error
W for g =0.5 are given in Table I below.
TABLE 1
ITERATIONS AND CORRESPONDING ERROR ESTIMATES
Iz —%]] ITG (xi) -2l
o K [El ]
0.01 0.014641 0.60548222632 1.13715579036
0.005 | 0.0073205 | 0.60548222632 1.209913876288
0.001 0.0014641 0.58876640464 1.212214660751
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