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Almost Periodic Solution for a Modified
Leslie-Gower System with Single Feedback
Control

Shengbin Yu

Abstract—This paper concerns a modified Leslie-Gower sys-
tem subject to single feedback control. By applying some
preliminary lemmas, the permanence of the system is obtained.
Based on this permanence result, the uniqueness of a globally
attractive positive almost periodic solution of the system is
established by Lyapunov function method. An example with
computer simulation supports the feasibility of our theoretical
findings.

Index Terms—Permanence, Global attractivity, Almost peri-
odic solution, Modified Leslie-Gower system, Single feedback
control.

I. INTRODUCTION
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Recently, many scholars have studied the following mod-
ified Leslie-Gower predator-prey model which was firstly
proposed and investigated by Aziz-Alaoui and Daher Okiye
W 0
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Some outstanding results have been obtained: such as global
attractivity and bifurcation analysis [4—18] for autonomous
model with delay, interference, impulses, Lévy jumps, stage-
structured, harvesting, refuge and so on; permanence, pe-
riodic solution and almost periodic solution [19-27] for
nonautonomous model with different functional response,
refuge and feedback controls. It is obvious that those works
[22, 23, 27] which considering modified Leslie-Gower sys-
tem with feedback controls are based on at least two feedback
control variables. This arrangement implies that different
species are influenced by different strategy. However, one
strategy could affect on both species in the real world. For
instance, spraying pesticide can keep down weeds and also
have some bad side effects on corps or beneficial animals
at the same time [28]. Chemotherapeutic drugs not only
make cancer cells diminish quickly but also cause damage to
normal cells and human immunity [29]. These phenomena
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reveal the theoretical and practical values of discussing single
feedback control variable. Motivated by above reasons and
some recent papers [30-39], we propose a modified Leslie-
Gower system with single feedback control as follows:

| L(By(t)
(1) =a(0)[ra(8) = ba(O(0) — 5 — Au()]
= 2()y(t)
0) =(0)[r2(0) = 05 — R0u0)],
i(t) = = B)u(t) + er(B)(t) + ea(t)y(t),

2)

where x(t) and y(¢) stand for densities of prey and predator,
respectively. u(t) is the single feedback control variable.
All the parameters are continuous bounded functions whose
lower and upper bounds are positive. The initial condition
for system (2) is:

z(0) > 0,y(0) > 0,u(0) > 0. 3)

The remainder of this work is arranged as follows. The
permanence of system (2) is considered in Section II. In
Section III and IV, the global attractivity and uniqueness of a
positive almost periodic solution of system (2) are discussed.
Then, in Section V, our results are verified by one example
with numerical simulation. Finally, we conclude in Section
VL

II. PERMANENCE

In this section, we recall the following useful lemma at
first.
Lemma 2.1 ([1]). Suppose ¢ > 0, d > 0. For t > 0 and
x(0) > 0, the following statements hold

(1) if & > x(d — cx), then ltigl_&nfx( ) >4
(2) if & < 2(d — cz), then limsup z(t) < 4;
t—+oo
(3) if © > d — cx, then hmlnfx( ) > 4
(4) if & < d — cx, then hmsupx(t) < 4
t—+4oo
Theorem 2.1. Assume
riki — aiWe > fikiWs, (Q1)
and
Tl2 > f;W?H (QQ)
hold, where W, — 271 W, — M Wy =
1 @z

elllWl =+ egWQ
l
permanent.

, then system (2) with initial condition (3) is
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Proof. From (Q1) and (Q>), there exists € > 0 satisfying
ayry(Wy + e+ k%)

riki — l — (af — fi'k)e
o @
_ fikil(abet + esry) (Wi +e) + efrihy + ejabe]
131 ’
asf
and
| T3((abet +e3rd) (Wi +€) + efriky + efabe]
To—Jo€ > Tl .
a4l
()
We can deduce from the first equation of (2) that
i(t) < () (rf — bha(t)). (©)
Using Lemma 2.1 and (6), one has
lim sup z(t) < 7“71 = Wi. (7
t—stoo by
In view of (7), we could choose T7 > 0 such that
2(t) <Wi+e2 Wi, t>Th. @)
Substituting (8) into the second equation of (2) gives
aby(t)
i(t) < t(“—zi),t>T. 9
0 <y (- g ) >0 O
Applying Lemma 2.1 to (9) yields
U ku
limsup y(t) < T'Q(Lﬁ?) (10)

t—+oo (12
Therefore, for above ¢, one could choose 75 > T} satisfying

r¥(Wie + kY)
< 2\l T 2)
y(t) > al2

FEeE W, t>Th. (11

Substituting (8) and (11) into the third equation of (2), we
deduce

a(t) < —B'u(t) + et Wi + esWa., t > To. (12)
By Lemma 2.1, one gets
lim sup u(t) < M. (13)
t——+oo B
So, there exists T3 > T5, such that
% SW:
ult) < % Y el Wa, t>Ts. (14
We can obtain from (2), (11) and (14) that
. w CLUWQ ”
i(t) = o)1} —bia(t) - s Wi, t>T5. (15)

Using (15), (4) and Lemma 2.1, we have
’I“llkill — a“{WQE — ffking

biki '
This implies the existence of T} satisfying T, > T3 and

R W — fEMWse o
- (58] *

liminf x(t) >
t——+oo

x(t) >

bkt
171 (16)
From (2), (14) and (16), one can get
. au t u
§(t) =y [rh - B g es T an)
W1e + ,ZC2

Using (5) and applying Lemma 2.1 to (17) lead to

I s .
liminfy(r) > (2 S8 Wse)(wie + k)
t—+o0 a%

(18)

Similarly, there exists 75 > Ty, such that

y(t) > (Tl2 B f;WL%e)(wls + le)
= ag

By (2), (16) and (19), we derive

—e S wg, t>Ts. (19)

a(t) > =B u(t) + ewie + ebwae, t>T5.  (20)
Using Lemma 2.1 again, one has
l 1
.. €1W1e + €5Wae
> =
ltlg_&gof u(t) > G (21)
Setting € — 0, we get
lim sup y(t) §7r2( 1l+ 2) 2 W,
t—+oo (05
'lLW UW
lim sup u(t) Siel ! —’_162 22 Ws,
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bk}
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)
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liminfu(t) >——— 22 =
t——4o00 Bu

Thus, Theorem 2.1 can be established by (7) and (22). O

ws.

III. GLOBAL ATTRACTIVITY
The global attractivity of model (2) will be discussed in
this part.
Theorem 3.1. Assume (Q1) and (Q2), further suppose
Wgal(t) Wgag(t) l
by(t) — - —e(t } >0,
B T O A e

(Qs)
[ as (t) _ aq (t) (Q4)
Wi + kQ(t) w1 + k1 (t)

- 62(t)}l >0,

and .
B~ 1it) - B8] >0, (Qs)

hold, where w; and W; (i = 1,2) are given by Theorem 2.1,
then model (2) is globally attractive.

Proof. Assume (z(t),y(t),u(t))” and (z*(¢),y*(¢), u* ()T
are any two positive solutions of (2) with initial condition (3).
It follows from Theorem 2.1, (Q3), (Q4) and (Q5) that there
exist £1 > 0 and tg > t5 such that for ¢t > tg, we have

b () — We+e)ar(t) — (Wa+er)as(t)
e (w1 —er +ki1(t))?2 (w1 —e1 + ka(t))?
— el(t)}l > €1,
ag(t) al(t) l
_W1 +ée1+ kQ(t) B wy — €1 + kl(t) B 82(t):| > €1,
80)~ 1)~ 1a(0)] >,
) (23)
and
wy —e1 < a(t), () < Wi + e,

x*
wy —e1 < y(t), y*(t) < Wa + e, (24)
u*

w3 — €1 Su(t), (t) §W3+61.
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Set ©1(t) = [Inz(t) — Inz*(?)[, ©2(t) = [Iny(t) — Iny*(¢)|
and ©3(t) = |u(t) — u*(¢)|, then direct calculation leads to

DTO.(t)

) ar () (1) e
<[00+ TR @ TR O )
a1 (t)|y(t) — y*(t)] .
() + () + fir(®)u(t) —u ()],
D+@2( )
. az (t)y* (t)|z(t) — z*(1)|

PO = O ) T ) @@ + ka(0)

az(t)|y(t) —y* (1)
x(t) + ka(t)

(25)
and
DVO4(t) < — B(D)]ult) — u*(£)] + ea (O)](t) — 2" (1)
+ea(t)y(t) — y*(1)]-
(26)
Let O(t) = ©1(¢) + ©2(t) + O3(t), one can get from (24)-
(26) that
DTO(t)
B a1 (H)y(t)
-8+ TR E TR
as (£)y* (¢ ,
W RO E0) +er(®)]le(v) - ")
aq t *
B P e e AR 0) ORI O]
+ [£16) + L0 = B lu() - w* ()
(W +e1)ay(t) (W3 +e1)ax(t)
<= [no- W —er+ k(D)2 (w1 —e1 + ka(0))?
ax(t)

—a®]le) - 2.0~ [ T mm
al(t)

- m - 62(75)} ly(t) —y*(t)]

= [B0) = 1(®) = L] lu@) — v ®, ¢ > ts.
27)
For t > tg, combining (23) with (27) leads to

D*6(1) < = [Ja(t) 2 (t)+|y<t>—y*<t>+|u<t>—u*<t>g,
(28)
which shows © is non-increasing on [tg, +00). Integrating
(28) from tg to t, we obtain
t ¢

) |(s) — 27(s)ds + ) ly(s)

o) +al[ —y*(s)|ds

+/t lu(s) —u*(s)|ds} < O(tg) < +o00, t > tg.

By the proof of [20, Theorem 3.1], one can similarly deduce

Jim[a(t) =@ (0] = Tim_[y(t) — (1)
= Qimfu(t) - u*(8)] = 0.
This ends the proof. (I

IV. ALMOST PERIODIC SOLUTION

Now we come to deal with the existence and uniqueness
of positive almost periodic solution of model (2) when

bi(t), B(t) and a;(t), fi(t),ei(t), ki(t),r;(t) (i = 1,2) are
continuous bounded almost periodic functions whose lower
and upper bounds are positive. One can refer to [2, 3] for
some basic theory about almost periodic function.

Let (E) be the set of all solutions (z(t),y(t),u(t))? of
model (2) with wy < z(t) < Wy, we < y(t) < W, wy <
u(t) S Wg.

Lemma 4.1. (E) # Q.
Proof. According to definition of almost periodic function,
there exists a sequence {t, } satisfying ¢,, — oo and

bi(t+1tn) = bi(t), Bt +t,) = B(1), ai(t +tn) = ai(t),
fi(t—f'tn) — fi(t), ei(t—|—t ) — 61( ) k (t +t, ) — k‘i(t),
ri(t+t,) = ri(t) (1 =1,2),

as n — oo uniformly. Suppose v(t) = (z(t),y(t),u(t))”
is a solution of model (2) with w; < x(t) < Wi,wy <
y(t) < Wo,ws < u(t) < W3 for t > tg. Then v(t + t,,) are
evidently equi-continuous and uniformly bounded on each
bounded subset of R. In virtue of Ascoli’s theorem, going
if necessary to a subsequence, we suppose that v(t + ¢,,) —
q(t) = (q1(t), g2(t), g3(t))T as n — oo uniformly on each
bounded subset of R. Select t7 € R satisfying ¢, +t7 > g
for any n, so for ¢ > 0, one has

z(t +tn +t7) — x(tn +t7)

tttr
t7

ai(s+t,)y(s +tn)
Tt hi(s F by 1 ta)uls Fta)|ds,

y(t +tn +t7) —y(t, +t7)

_ [ as(s +tn)y(s + tn)
_/t7 y(s+tn) [7‘2(8 +tn) — I(;thn) (s + 1)

— fa(s + tp)u(s + tn)}ds,

and

u(t +tn +t7) — u(ty, +t7)

= /Ht7 [ —B(s+tp)u(s +t,) +er1(s+tn)x(s + tn)

tr

+ea(s+tn)y(s + tn)}ds.

Letting n — oo, then Lebesgue’s dominated convergence
theorem shows that

t+t7
ittt -at) = [ al)[ne - hea

"))
RS fl(s)qg(s)] ds,
t+t7 ao(s s
a2(t + t7) — q2(t7) :/t7 q2(s) [rg(s) — qlé()zrqz]é()s)
~ Fals)as(s)|ds.
tttr
q3(t +t7) — qs(tr) :/t { — B(s)as(s) +e1(s)qi(s)
+ 62(S)q2(s)}ds.

By the arbitrariness of ¢7, ¢(t) is a solution of (2). Obviously,
w; < q;i(t) <W; (i =1,2,3) on R, so q(t) € (E). O
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Theorem 4.1. If all conditions in Theorem 3.1 hold, then
model (2) admits a unique positive almost periodic solution.
Proof. From Lemma 4.1, model (2) admits a bounded posi-
tive solution p(t) = (m( ), 2 (t), pa(t ))T t > 0. Hence, we
can find a sequence {tk} such that {tk} — 00 as k = o0

and (p1(t+1t,,), po(t +t,.), ps(t +t,))7 satisfies

B1(8) =a1(8) [ra (¢ + ) = bi (L + ) (1)
LB yue]
as(t + ty)y(t)
z(t) + kot + 1))
— Falt + t)u(t)],
at) = — B(t + t%)u(t) + ey (t+ty)z(t)
+ea(t +ty)y(t).

§(8) =y(t) [ra(t + ) -

It follows from Theorem 2.1 and the assumption of almost
periodic coefficient that {u;(t +t,)} (i = 1,2,3) are equi-
continuous and uniformly bounded. Then, Ascoli’s theorem
shows the existence of a uniformly convergent subsequence
{pi(t + 1)} C {us(t + t,)} satisfying for any g5 > 0, we
can choose K (g2) > 0 such that when m, k > K(e2),
|pi(t +tm) — pi(t +tp)| < e, i=1,2,3,

which implies that p;(t) (¢ = 1,2,3) are asymptotically al-
most periodic functions. So, there exist continuous functions
d; (t+ty,) and almost periodic functions ¢; (t+¢x) (i = 1,2, 3)
satisfying

/J,i(t +tk) = Ci(t + tk) + dz(t +tk), 1 =1,2,3,
and

lim Ci(t + tk) = C,‘(t),

k—+o00

lim d;(t+t,)=0,i=1,23.
k—+o00

Hence, lim p;(t + tx) = ¢;i(t) and ¢;(t) (i = 1,2,3) are
k—+oco

almost periodic functions too.

Moreover,
t+1 h i+t
lim i;(t +t) = lim limu( et h) =t t)
k——+o00 k—+400 h—0 h
lim lim pi(t+te +h) — pa(t + ty)
h—0 k—+o0 h
i(t+h) —ci(t) |
:Air%c(—'—%7 i=1,2,3.
—

So ¢;(t) (i =1,2,3) is existence.
According to definition of almost periodic function, we can
choose a sequence {t,} with {t,} — oo and

byt +tn) = ba(t), Bt +1tn) = B(1), a;(t +tn) — a;(1),
f](t+ tn) — fj(t), el(t +tn) €; (t),kj(t + tn) — kj(t),
ri(t+t,) = ri(t) (=1,2),

uniformly on R as n — oo.

Evidently, p; (t+t,) — ¢;(t) (i = 1,2, 3) as n — co. Hence,
ci(t) = ngr_{_loo pir (t +tn)
= T pua(t+ ) 1t t) = b+ ) (t+ 1)

ar(t+ to)pa(t + tn)
St te) H R+ tn) fl(t””)“?*(”tn)}
aiq (t)CQ(t)

=a(®)[n () ~hOa®) - G
~ ilt)es(t)]

G(t) = T fis(t+t)

e

az(t + to)pra(t + tn)
) ”j”tn) +2kz(t+t ) _f2(t+tn)u3(t+tn)}
= _a2(t)ea(t)
=co(t) [Tz(t) NOESHO Fa(t)es(t )]’
and
c3(t) = Tim jig(t+tn)

= lim
n—-+oo

Fer(t 4t (E+ ) + ea(t + to)pa(t + tn)}
=~ B(t)es(t) + e1(D)er (1) + ea(t)ea(?).

Therefore, (c1(t),c2(t),c3(t))T is a positive almost periodic
solution of model (2) and Theorem 3.1 further shows the
uniqueness of this solution. ]

| = B+ ta)ps(t + )

V. EXAMPLE AND NUMERIC SIMULATION

In this part, we will give one example with numerical
simulation to support our results.
Example 5.1. Consider this model:

(t) =2(t) (4.8 + cosv/2t — (10 — sinv/5t)x(t)

(0.7 4+ 0.2cosV13t)y(t)
x(t) + 3.8 4 cost

3(t) =y(t) (0.5 +0.2c05v/Tt —

- 0.02u(t)),

(1.5 4 0.2cosv/3t)y(t)
x(t) + 1.6

- 0.05u(t))

a(t) = — (1.3 + 0.1cos(V/3t))u(t) + 0.32(t) 4 0.2y(t).

(29)
One could easily verify that conditions in Theorem 4.1 are
all fulfilled. Hence, system (29) is permanent and admits a
unique positive almost periodic solution which is globally
attractive. These results are illustrated in Fig. 1.

VI. CONCLUSION

A modified Leslie-Gower predator-prey system with single
feedback control is considered. By applying some prelimi-
nary lemmas and Lyapunov function method, we obtained the
permanence and uniqueness of a globally attractive positive
almost periodic solution for this model. These results show
that single feedback control can greatly affect the dynamic
behaviors of this system which is different from systems
with two or more feedback control variables. On the other
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0 5 10 15 20 25 30
timet

Fig. 1. Numeric simulations of system (29) with the initial
conditions (2(0),y(0),u(0))” = (0.4,0.2,0.6)T, (0.8,0.7,0.3)7,
(0.1,0.95,0.5)T and (0.6, 0.3,0.2)T, respectively.

hand, we all know that time delay is an important influence
factor for the dynamic behaviors of ecological model and
we will study Leslie-Gower predator-prey system with time
delay and single feedback control in the future.
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