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CTE Method and Nonlocal Symmetries for a
High-order Classical Boussinesq-Burgers Equation

Jinming Zuo

Abstract—In this work, the consistent tanh expansion (CTE)
method is developed for a high-order classical Boussinesq-
Burgers (HCBB) equation. Via the CTE method, we obtain
many exact significant solutions including soliton-resonant so-
lutions, soliton-periodic wave interactions and soliton-rational
wave interactions. The CTE related nonlocal symmetries are
also proposed. The nonlocal symmetries can be localized to
find finite Bicklund transformations by prolonging the model
to an enlarged one.

Index Terms—high-order classical Boussinesq-Burgers
(HCBB) equation, Béicklund transformation (BT), Interaction
solutions, Lie point symmetry.

I. INTRODUCTION

T is well known that there are many approaches to find the

exact solutions for a given partial differential equation in
the nonlinear science, such as Hirota’s bilinear method [1],
Bicklund transformation (BT) [2], Darboux transformation
(DT) [3], Painlevé analysis [4], (G’/G)-expansion method
[5] and so on. Recently, Lou and his group [6-8] propose
the consistent Riccati expansion (CRE) and consistent tanh
expansion (CTE) method through the nonlocal symmetry to
find interaction solutions of NLEEs. On account of this, there
are a lot of paper here to study this problem [9-12].

In this work, we consider the following high-order classi-
cal Boussinesq-Burgers equation [13]

U + %(1 — B)(utg)s — %(uv)z — 3uluy,

—zUzzr = 0,

vp — 3B(1 — 18) (2ugUsy + Uligey) — 00,
7%(1 o ﬂ)(uvT)T - 3(11421})]; - %Uﬂcr.’n =0.

where u = u(z,t) is the height deviating from the equilib-
rium position of water, v = v(x,t) is the field of horizontal
velocity, 0 is a constant representing different dispersive
power. In the case of 5 = 0, the HCBB equation (1) reduces
to a high-order classical Boussinesq system. And through
the transformation (u,v,z,t, 8) — (—u, —v, —x, —t, 1), it
reduces to a high-order Boussinesq-Burgers equation [14-
18].

In [13], Geng and Wu constructed finite-band solutions
of the HCBB equation (1) based on the Lax pairs of the
stationary evolution equations. In this work, we should use
the CTE method to seek the interaction solutions between
solitons and potential STO waves. The CTE related nonlocal
symmetries are also proposed. The nonlocal symmetries can
be localized to find finite BT by prolonging the model to an
enlarged one.
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II. CTE METHOD AND EXPLICIT SOLUTIONS

Based on the CTE method [6-12], the generalized tanh
function expansion for the HCBB equation (1) can be read
as

u = uy tanh(w) + up + 2wy, (2a)

v = vy tanh®(w) + vy tanh(w) + vo. (2b)

where uq, ug, v2, V1, V9 and w are some arbitrary function of
z,t. In the expansion (2a), we have written ug as ug + %wm
for convenience later. So, we have the following two cases.
Case 1 We have

Uy = §w1a
Bw? 2
N 3)
w
U1 Bas + Wes,

while uy and w are determined by the following two equa-
tions

Uot — (iUOII + %u0u0$ + u(?;)r = 07 (421)

Wy — (iwm + %wﬁ + %uowac)gc (4b)
—w? — 3ugw, (ug + w,) = 0.

Case 2 We have

1
Uy _§wL?
Bw?
Vg = — =53¢
2
1= "9
puws Was
Vg = 5 — BQJ — Bugg.

while uy and w are determined by the following two equa-
tions

Uot — (%U()rz - %UOUOm + Ug)z =0, (6a)
1
wy — (Zw$$ - %wg - §u0wiﬂ)$ - ’LU% (6b)

—3uqwg(up + wy) = 0.
In order to make the solutions more clear, we have two
theorems as follows
Theorem 1 If uy and w are the solutions of Eq. (4), then

u = %wl [tanh(w) 4+ 1] + wo, (7a)

v = 258 [w2sech? (w) + wy, tanh(w)
FWay + 2Ugy).

is the solution of the HCBB eqution (1).
Theorem 2 If uy and w are the solutions of Eq. (6), then

(7b)

U= —%ww[tanh(w) — 1] + up, (8a)
v = 2 [w2sech?(w) + wy, tanh(w) (8b)

—Wgy — 2”0;6}-
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is the solution of the HCBB equation (1).

According to the above two theorems, by solving the ug
and w equation (4) or (6), we can get various interaction
solutions among different types of nonlinear excitations. In
fact, the u( equations (4a) and (6a) are just two kinds of well
known linearizable Sharma-Tasso-Olver (STO) equation [19-
21]. The w equations (4b) and (6b) can also be linearized
because they are two potential forms of the variable coeffi-
cient STO (PSTO) equations.

In this work, we only restrict the trivial STO solution

up = c. €))

where c is an arbitrary constant. In this case the w equations
(4b) and (6b) are each simplified to the following two
constant coefficient PSTO equations

1
Wy — (FWaa + %wi + %cwz + 3c%w),

—wi — 3cw§ =0. (10)
and )
wy — (Jwgy — 3w2 — 3w, + 3cw), (11
fwg — 30w32c =0.

A. Single soliton solutions

Egs. (10) and (11) have the following trivial solution

w = kx + wt,
w = k(k? 4+ 3ck + 3¢?),

where k is an arbitrary constant, which leads to the following
single soliton solutions of the HCBB equation (1)

u = tktanh [kx + k(k? 4 3ck + 3c?)t]

(12)

7+§c+ 1 (13a)
PRAR)
v = #kzsech2 [kx + k(k? + 3ck + 302)15} . (13b)
and
= —Lktanh [kx + k(k? + 3ck + 3c2)t
v Caktanh ek kOS S S g
PRAR)
v = gk2sech2 [kx + k(k? + 3ck + 302)t] . (14b)

Taking k = 3,¢ = 1,8 = 1 in (13), we can show the
single soliton solutions of the HCBB equation (1) in Fig 1.

B. Interaction solutions

In order to obtain the interaction solutions of the HCBB

equation (1), we consider w in the form
w=kr+wt+g, (15)

where g = g(z,t), on account of which, Egs. (10) and (11)
lead to the following PSTO waves

gt — 5 (gzz + 6c19: + 12639 + 392)0 — g2

—3c192 +wo = 0, (16)
and
9 = 3(0s0 — 6190 +128g =302 — g2 (o)
—3c1g9; +wo =0,
where ¢, and wq are related to k, ¢ and w by
c1 =c+k, (18)

wo = w — k(k? + 3ck + 3¢?).
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(a) The solution of u(z,t) with -5 <z <5,-5<t<5
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(b) The solution of v(z,t) with -5 <z <5, -5<t<5

Fig. 1. Single soliton solutions of the HCBB equation.

Substituting Eq. (15) along with Eq. (16) into Eq. (7), we
get the interaction solution for the HCBB equation (1)

u = %(k + 9z) [tanh(kx +wt+g)+ 1} + ¢, (19a)
v = % [(k + go)?sech? (kx + wt + g)

19b
+gu tanh(kz + wt + g) + gm] ) (190)

Similarly, substituting Eq. (15) along with Eq. (17) into
Eq. (8), we also get the interaction solution for the HCBB
equation (1)

u = —%(k + 9z) [tanh(kx +wt+g) — 1] +¢,  (20a)
v = g [(k; + gw)Qsech2(ka: +wt+ g)

20b
+ gz tanh(kz + wt + g) — gm] ) (200)

It is well known that the PSTO equation has many types
of known exact solutions. Thus, we can use those known
solutions to construct the interaction solutions between a
soliton and those PSTO waves.

1) Multiple resonant soliton solutions
Eq. (16) possesses the following multiple wave solutions

g=1mn [ lekietwit)] 1)
i=1
with W; = 72(4}0 + kz(ik? + %Clki + 30%), and kz,lz are

arbitrary constants. Substituting (21) into the expression (19),
we can obtain (n+1) resonant soliton solutions of the HCBB
equation (1).

Volume 52, Issue 1: March 2022



TAENG International Journal of Applied Mathematics, 52:1, [JAM 52 1 07

(a) The solution of u(z, ) with -20 < z < 20, -20 < ¢ < 20

(b) The solution of v(z,t) with -20 < z < 20, -20 < ¢t < 20

Fig. 2. Multiple resonant soliton solutions of the HCBB equation.

Similarly, Eq. (17) possesses the following multiple wave
solutions

g= _% In [ é lie(kim+Wit):|

(22)

with w; = 2w0+ki(%kff%clki+3c%), and k;, [; are arbitrary
constants. Substituting (22) into the expression (20), we can
also obtain (n + 1) resonant soliton solutions of the HCBB
equation (1).

Taking n = 2,k = 3, c = Lw=1,01; = L,k; = 2,l, =
2,k = 3,8 = 1 in (22), we can show multiple resonant
soliton solutions of the HCBB equation (1) in Fig 2.

2) Multiple interactions with periodic waves

It is not difficult to find soliton interactions with sine-
cosine periodic waves. Such as, the PSTO (16) possesses the
following exact solutions

g=3n ; {d; cos [li(z + at)]elFiztbi)} (23)
where a; = 3(01 + %)2 — %lf, b; = —2wy +3k7z0% — %Cl (112 —
k2)+ 3k} —3k;12, and d;, k;, 1;(i = 1,2, - -, n) are arbitrary
constants.

Similarly, the PSTO (17) possesses the following exact
solutions

9= *% In i {di cos [li(x + ait)]e(kiz+bit)}

i=1

(24)

where a; = 3(c; — %)2 — ilf,bi = 2wy + 3k;c? + %cl(l? -
k2)+ 1k} —3k;12, and d;, k;, 1;(i = 1,2, -, n) are arbitrary

constants.

In other words, the expression (23) with (19), and the ex-
pression (24) with (20) also exhibit the interaction solutions
of multiple solitons and multiple periodic waves.

Taking n = 2,]€ = 1,C = 27(.0 = 17l1 = 2,k1 = 1,d1 =
1,lo = 3,ky = 2,dy = 2,8 = 1 in (24), we can show
multiple interactions with periodic waves of the HCBB
equation (1) in Fig 3.

(b) The solution of v(z,t) with -5 <2 <5,0<t< 10

Fig. 3. Multiple interactions with periodic waves of the HCBB equation.

3) Multiple interactions with rational waves
In order to obtain more solutions of Egs. (16) and (17),
we consider w in the following result

w = k(k? + 3ck + 3c?). (25)
Thus, Eq. (16) is simplified to
gt — %(gzz + 601996 + 120?9 + 39:%)1 (26)

—g2 —3c192 =0.

It is not difficult to verify that Eq. (26) possesses the
following solution

g =% In[a12” + azx + 6arciwt + Yay cit?

27
+3c1 (CLQCl + al)t], 27)

which means the solution (27) along with (19) becomes an
interaction solution between a soliton and a rational wave.
Similarly, according to (25), Eq. (17) is simplified to

gt — %(gwa: - GClgLE + 126%9 - 392)1

—g2 —3c192 =0, 28)
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Eq. (28) possesses the following solution

g=—5 ln [alx + asx + 6alclxt + 9alclt2

+3Cl (CLQCl — al)t] (29)

which also means the solution (29) along with (20) becomes
an interaction solution between a soliton and a rational wave.

Taking £k = 4,¢ = 2,a1 = l,as = 2,6 = 1 in (27),
we can show multiple interactions with rational waves of the
HCBB equation (1) in Fig 4.

(a) The solution of u(z,t) with 4 <2 < 10,4 <t <2

AN o v A o ®

(b) The solution of v(z,t) with4 < < 10,4 <t <2

Fig. 4. Multiple interactions with rational waves of the HCBB equation.

III. NONLOCAL SYMMETRIES RELATED TO CTE
METHOD

To find nonlocal symmetries related to CTE method , we
write down non-auto Biacklund (BT) theorems for the HCBB
equation (1).

Theorem 3 If {ug,w} is a solution of Eq. (4), then

U = Wy + g,

30
is a solution of the HCBB equation (1).
Theorem 4 If {up,w} is a solution of Eq. (6), then
U = Wy + 'U,07 (31)

v = *ﬂ(w'rr + UOT)

is a solution of the HCBB equation (1).
Now it is ready to study the nonlocal symmetries of the
HCBB equation (1). A symmetry

()

of the HCBB equation is defined as a solution of its linearized
system

3 _ _ 3 u
o +3[2(1v ﬁl)(v;w e — 3u Sv0 (324)
{35 (1-3 )[(ua“)m — uaja“;]
—&-%(1 - 5)(ua + vp0") + 3u?c? + 6uvs®  (32b)
+3v0" +4am ., =0

which means the HCBB equation (1) is form invariant under
the transformation

()= () ()

with the infinitesimal parameter €. Thus, the HCBB equation
(1) has the following nonlocal symmetry theorems.
Theorem 5 If {u,v} is related to {ug,w} by (30), and
{up,w} is a solution of (4), then

—2w )

o\ wye 2V
o’ )\ (2= B)(wey — 2w )e
is a nonlocal symmetry of the HCBB equation (1).

Theorem 6 If {u,v} is related to {ug,w} by (31), and
{up,w} is a solution of (6), then

o B wwGQw
o ) T\ —B(wes + 2w2)e?v

is a nonlocal symmetry of the HCBB equation (1).

The nonlocal symmetries can be localized by introducing
an enlarged system. Thus, the nonlocal symmetry given in
Theorem 5 has the following localization theorem for the
enlarged system

ug + %(1 — B)(utg)e — %(Uv)r

(33)

(34)

(35)

*SUQUI - Allumzz =0,

U — 35(1 - 76)(2umuzz + uuzzz)
,%(1 — B)(uvg)s  — Bvv, — 3(uPv),
— 3 Vzzx = 0,

U = Wy + U,

W1 = Wy,

W2 = —Wig,

uor — (2 U0zs + uoum +ud)s =0,
wy — (iwm + w + uowx)x
—w3 — 3u0wm(u0 +w,) =0.

Similarly, the nonlocal symmetry given in Theorem 6 has
the following localization theorem for the enlarged system

ur+ 5 (1 = B)(uuz)s — %(u”)z
—3u Uy — }lumz =0,

Uy — 36(1 - 7ﬂ)(2uzumm + Uumm:c)
—3(1 = B)(uvy)s — Svv, — 3(u?v),
*gvxzz = 07

U= wy + U,

37
v = _ﬂ<wwz+U0$>7 ( )
W1 = Wy,
W2 = Wiy,

1 3 3y _
Uot — (Zqux — 5UpUog + Uo)x =0,

1 372
Wy — (FWee — JW5

—%uowx)x — w3 — 3ugw, (ug + wy,) = 0.
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Theorem 7 For Eq. (36), the HCBB equation (1) possesses
a Lie point symmetry

ol = wle—Zw’

oV = —(2 = B)(wz + 2wi)e 2,
oW = —ze ",

oo — 02 (38)
oW = we v,

o2 = (wy + 2w?)e 2.

which is a localization of the nonlocal symmetry for the
original HCBB equation (1).

Theorem 8 For Eq. (37), the HCBB equation (1) possesses
a Lie point symmetry

ol = ,wleQw7

¥ = —B(wy + 2w?)e?v,

o¥ = %62“’, (39)
o™ =0,

oWl = wleQW w2 (w2 + 211}%)821”.

which is a localization of the nonlocal symmetry for the
original HCBB equation (1). When a nonlocal symmetry is
localized, it can be used to find its finite transformations and
the related symmetry reductions. Thus, we have the following
finite transformation theorems.

Theorem 9 if {u,v,w,up, w1, w2} is a solution of the
prolonged HCBB equation (36), so {u/,v',w’, uf, w}, wh}

is with

u/:u+ _ewy

—e+62w’ 2 o
;_ ews 2ewie”"”
v=v- (2 - 6) [,EJrezw + (,6+32w)2]
/1 _ 2w
w' = 5 In(—e+e*"), (40)
I
Uy = Uo,
2w
/ wie
w]_ - —61-'1-62“’7
| wae? n 2ew?e?™
Wy = “Few (_6+6211))2

Theorem 10 if {u, v, w,ug, w1, ws} is a solution of the
prolonged HCBB equation (37), so {u/,v',w’, uf, w}, wh}

is with

u o=+ =2

N 2, —2w
’U/ = — B[—ei’lle]sz + (Eiiilefzw)Q 5
w = 1In(—e+e2v), @)
uy = Ug,
wh = 22, 2
— w
w/2 = _u:fe—z:w + (Ei:}_:—muy

From the finite BT transformation Theorem 9 and Theorem
10, we can obtain new solutions of the HCBB equation (1)
from any seed solutions.

IV. CONCLUSIONS

In conclusion, the solitons and any other types of potential
STO waves interaction solutions of the HCBB equation (1)
are studied with the help of the CTE method. In particular,
the multiple soliton-resonant solutions, soliton-periodic wave
interactions and soliton-rational wave interactions are explic-
itly presented. The CTE related nonlocal symmetries are also
proposed. The nonlocal symmetries can be localized to find
finite BT by prolonging the model to an enlarged one.
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