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Tiling Systems and Domino Systems for Partial
Array Languages
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Abstract—In this paper we study the closure
properties of partial array tiling systems and define
the new class of partial array languages termed as
hv-local partial array languages. Further we develop
a special kind of partial array tiling systems called
partial array domino systems with the relevance of
family of hv-local partial array languages. We prove
that the class of partial array languages generated
by partial array tiling systems is equal to the class
of partial array languages generated by partial array
domino systems. Finally we study the automata char-
acterization for hv-local partial array languages.
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1 Introduction

In DNA computation, DNA molecules are viewed as fi-
nite strings that encode information. During the en-
coding process, some parts of the information may be
unseen, and these parts can be visible by using partial
words. Research has been extensively conducted on how
to efficiently learn a concept through its representations.
Efficient methods for learning concepts through the rep-
resentation of the concepts have been presented in the
literature [1, 9, 10, 12, 14, 15, 16]. In 1974, Fischer and
Paterson introduced partial words as strings with do not
care symbols [4]. In 1999, Berstel and Boasson started
combinatorics on partial words [2] and have been studied
by Blanchet-Sadri [3] in detail. In 2007, Sasikala et.al
developed an automaton that can recognize partial lan-
guages [17].

To recognize or generate a two-dimensional word, vari-
ous formal models are employed. These strategies were
derived from the problems associated with image pro-
cessing and pattern recognition [5, 13]. Giammarresi
and Restivo proposed the concept of recognizable lan-
guages (or families of recognizable languages) [6] in 1991.
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Thomas studied various logic tiling and automata ideas
[19]. Giammarresi et.al explained how rectangular pic-
tures were recognizable by tiling [7, 8]. In 1997, Latteux
and Simplot studied several characterizations of recogniz-
able picture languages and domino tiling [11]. To study
differences in gene expression between wild type and sig-
naling mutants, Sweety et al. [18] extended tiling systems
to finite partial array languages. The do not care symbol
¢ alone cannot be used as a tile to distinguish a local
partial array language from a local array language.

The paper is structured as follows: The basic definitions
are given in section 2. In section 3 we study the closure
properties of partial array tiling systems. In section 4 we
define hv-local partial array languages and prove that ev-
ery hv—-local partial array language is a local partial array
language but the converse is not true. Further we discuss
partial array domino system and prove that the equiva-
lence relation between the class of partial array language
is recognizable by partial array tiling system and partial
array domino system. Finally we study the automata
characterization for hv-local partial array languages in
section 5.

2 Preliminaries

Let ¥ denotes a finite alphabet and ¥* denotes the col-
lection of all finite words including the empty word A over
Y. A two-dimensional word over ¥ is a two-dimensional
rectangular array of elements from ¥ of size (h,v). X**
denotes the collection of all arrays over ¥ such that the
array language L € X**. For every array X of size (h,v),
X is the array of size (h+ 2,v +2) constructed by en-
closing X with a special symbol # ¢ 3. Let Ly and Lo
be two string languages over X then the row-column con-
catenation of L; and Lo denoted by L @ Ly is an array
language L = Ly & Lo € ¥** such that X € L if and only
if the strings corresponding to the rows belong to L; and
to the columns of X belong to Lo respectively.

A partial word over ¥ is a sequence of elements in
Y, where ¥, = Y u {0} and ¢ ¢ ¥. Formally a par-
tial word w over ¥ of length n is a partial function
such that w : {1,2,3,,n} - X. For 1 < i < n, if
w = w(1)w(2)-w(i)-w(n) is defined then i belongs to
the domain set of w, otherwise 7 belongs to the hole set
of w. If w is a partial word of length n over 3, then the
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companion of w represented by w, is the total function,
wp :{1,2,--n} - 3, defined by

o Jw(i) ifie domain(w),
wp (i) = {o if i € hole(w).

3, denotes the collection of all finite partial words includ-
ing the empty word X over ¥. A partial language L over
¥, is said to be local if there exists a tuple (I,C, H,J)
where I,J €%, Cc X2 Hc 212) such that L = {z € ¥ :
Pi(z)el, Fo(x) e C, PFy(x)e H, S1(x) e J} where

e Pj(z)- Prefix of z of length 1
e Si(x)- Suffix of x of length 1
e Fy(x)- Set of subwords of = of length 2

e PFy(x)- Set of subpartial words of « of length 2.

The class of all local partial language is denoted by £,. A
partial array X of size (h,v) over ¥ is a partial function
X :{(1,1),~(h,v)} = X. For1<i<h,1<j<vif
X (4,7) is defined then (4, 7) belongs to the set of domain
of X, otherwise (i,7) belongs to the set of hole of X.
If X is a partial array of size (h,v) over X, then the
companion of X represented by X, is the total function,
X, :{(1,1),+(h,v)} - X, defined by

X, (i) - {X(i,j) if (i, ) € domain(X),
O if (4,7) € hole(X).

3" denotes the collection of all finite partial arrays over
Y. For any partial array X e X7, B, .(X) is the set
of all partial subarrays of X of size (r,c¢). A tile is a
partial subarray of size (2,2). A domino is a partial sub-
array of size (1,¢) or (r,1). A domino of size (1,c¢) is
called a horizontal domino and a domino of size (r,1)
is called a vertical domino. The row-column catenation
of any two local partial languages L1, Ly € ¥} is called
a partial array language L = L1 @ Lo € X7* such that
the strings corresponding to rows belong to L and the
strings corresponding to columns belong to L. A non-
deterministic (deterministic) finite partial automata is a
quintuple M = (S, X, 0,50, 5¢) where

e S,=5uS, and Sn Sy, =@ in which S be the finite
collection of states and S}, be the finite collection of
hole states,

¥, be the input alphabet,

e Spc S, be the collection of initial states,

Sy €Sy be the collection of final states,

§:8,%x%, > 2% (§:5,x%, - S,) be the transition
function.

For all a € ¥ and s, s, €S,

1. d(s,a) = A for some Ac S
2. 6(s,9) = B for some B c S
3. d(sp,¢) =C for some C c Sp,.

A finite partial automata M = (S,,E,,0,50,5¢) is said
to be finite partial local automata if for every

e acX, the set {(s,a):s¢€S,} contains atmost one
element.

e ) eX,, theset {0(s,¢):s¢eS,} contains atmost one
element from Sj,.

3 Partial array Tiling Systems

In this section we examine some of the characteristics of
the class of partial array tiling system in terms of closure
under various operations.

Definition 1. [18] LetT', =T, u{0} be a finite alphabet.
A partial array language L € I'}* is said to be a local
partial array language if there exists a set of tiles 6 ¢ FZQJXQ
such that

L={Xel}": By(X)cb}.
In this case, we write L = L(0).

Definition 2. [18] A partial array tiling system is a four
tuple Pp = (%,,1',,0,v¢) where

o 3,1, are two finite alphabets
e 0 is finite set of tiles over the alphabet ¥, U {#}

o ¢:I'), — X, is a projection.

A partial array tiling system recognizes the partial array
language over ¥, as L = (L") where L' = L(0) is the
local partial array language over I', with the set of tiles

0.

Theorem 1. The class of partial array language recog-
nized by partial array tiling system is closed under pro-
jection.

Proof. Consider the partial array language L; ¢ X7 and
Ly € 3,7 such that Ly = §(L1) where 6 : 3, - %,,. We
have to show that, if partial array tiling system recognizes
L1 then partial array tiling system recognizes Lo. If L4
is generated by Pp, = (X,,,T,0,11) then there exists a
local partial array language, L' ¢ I';* and a projection
¢ :T), - %,, such that Ly =¢;(L"). Now

5(L1) = 5(1/11(L,))
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= (do11)(L)

=2(L"))
where 15 = (00)q) : '), - 3,,. Hence Lo is generated by
Pr, =(2,,,Tp,0,12). O

Theorem 2. The class of partial array language recog-
nized by partial array tiling system is closed under row
and column concatenation operations.

Proof. Consider the partial array language L1, Lo € X757
Let the column concatenation of L; and Lo be de-
noted as L = Ly ® Ly. Let Pp = (X,,T,,01,91) and
Pr, = (2,,Tp,,02,12) be the partial array tiling sys-
tem such that Ly = L(Pp,) and Ly = L(Pp,). Consider
Pr =(%,,Tp,0,¢) where T'), =Ty, uT,, 0 = 6 00,. With-
out loss of assumption let I'), and I'), are disconnected.
Let I', =1, ul',,. Now we define the set of tiles

o C1 C2 . C1 C2
0, = { a1 d 1 d T €61 and ¢y, do ¢ #}
gL =) L L2 1 L L@ g and e,

§ { fil f2 fil f2 2 and ey, f1 ¢ #

#H | H# [| c2ale [| da| fo

c | # # | # di | #
HNH# (| ca|# []| do| #

# | el # | # # | N
##7#62’#&

Then 6 = 07 u 6, U 0% and the projection ¢ : 'y - X, is

9/_{ C1 | €& # | # di | fi
e

defined as
Y1(a) faely,
P(a) = : g
Pa(a) ifael),
then L = L1 ® Ly. Similarly we can obtain a tiling system
for the row concatenation L = L1 © Lo. O

Theorem 3. The class of partial array language recog-
nized by partial array tiling system is closed under union
and intersection.

Proof. Consider the partial array language L1, Lo € X757
Let Pr, = (2,,T},,01,91) and Pp, = (£,,T},,02,12) be
the partial array tiling system such that Ly = L(Pr,)
and Ly = L(Pp,). Consider Pr = (X,,T},0,¢) where
r,=r, ul,, 0=0;uf; and the projection ¢ : I'y - 2,

is defined as
Q) = Y1(a)
v {%(a)

then L = L(Pp) U L(Pr,). Therefore L = Ly U Ly is
generated by Pr = (2,,T,,0,1).

ifael)y,
ifael'y,

To prove that the class of partial array language rec-
ognized by partial array tiling system is closed under
intersection we have to construct partial array tiling
system for L = L1 n Ly. Consider I', ¢ I'y, x I, such
that (C1,d1) € Fp <~ 1/11(61) = wz(dl) Then 6 = 91 092 is
defined as

C2 €2

|
da | fo

and the projection ¢ : '), > X, is defined as ¢((¢1,d1)) =
P(er) =(dy) for all (¢1,dq) €'y, xTp, then L = L(Pr, )N
L(Pr,). Therefore L = Ly n Lo is recognizable by partial
array tiling system Pr = (2,,T,0,9). D

(€1> 62) . C1 €1

(fi, fo) | | di | S

(Clv 02)
(di, d2)

6917

Definition 3. Let L be a local partial array language
over I'y, and L = L(8) for some finite 6 € Fﬁxz. 0 is said
to be minimal if L = L(0") for some finite 6’ C Fg” such
that 6 c 6"

Theorem 4. Let L be a local partial array language then
there is a minimal set 6 such that L = L(0).

Proof. Let X be a partial array language over I',,. For
i1=1,2,---,n, 0; be a subsets of § ¢ szz and L =L(0;). If
0 =01 N 0y--n0, then for i = 1,2, n, Byy(X) € 6; such
that Byo(X) €. Thus L = L(6) and 6 € 6,. O

4 Partial array domino Systems

In this section, we define new class of partial array lan-
guages called hv-local partial array languages.

Definition 4. A partial array language L € T';* is said to
be hv—local partial array language if there exists a system
S =(A,Ay) where A, Ay are the finite sets of dominoes
over the alphabets T U{#} and T, u{#} respectively such
that

L={X el :Bis(X)uBy1(X)cS}.
In this case, we write L = L(.S).

Example 1. Consider the system S = (A, Ay) over T =
{a,b} u {0} with

# | #}[ e ]al[b]0]}

U

A:{#a

a # a a b +#
LA HEH )

3k

2o-{ (FET OO [FI a0l o7}
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Then
O b b b
O b b
b b b
L:L(S): 2 <>a a <> ba Z 2 <> p T
a a <
a a a §

Hence L is hv-local partial array language.

Theorem 5. Fvery hv—local partial array language is a
local partial array language.

Proof. Let L cT'J* be a hv-local partial array language.
Then there exists a system S = (A,Ay) where A, A,
are the finite sets of dominoes such that L = {X e I'}* :
B12(X)UBy1(X) ¢ S}. We construct a set of squares
¢ such that 6 = {p € (T, u{#})*? : B12(p) U B21(p) €
S} Let L' ={X el';": Byo(X) € 0}. Therefore L' is
local partial array language. Let the partial array X € L’
such that BLQ(X) c Bl’Q(BQ_VQ(X)) c 3112(9) c S and
Bg’l(X) c B271(B2’2(X)) c B2,1(9) c S where Bng(X) c
6. Hence X € L. Conversely, X € L and z € Byo(X).
Then BLQ(JJ) c Bl)Q(X\) c S and B271($) c Bg’l(X\) cs.
Therefore z € 0 and X € L’. Therefore L is local partial
array language. O

Example 2. Consider the hv-local partial array lan-
guage from Example 1

O b b b
o b Vb
L= . a O b, R
a ¢ a a ¢ b
a a O
a a a ¢

Then L is local partial array language with

gl # a # O F a3 F H# HFH#
# H# # oa, # oa, # 0, O b, b b

# #b #b #a aa OO bbb bbb

b #,b #, 0 #,a aa a,a O, 0 b b b [

Remark 1. If L is local partial array language then L
need not be hv—local partial array language.

Example 3. Consider the local partial array language
over I'y, = {a} u {0}

<>aaOaaa
O a a O a a
L:a<>7aoa’aa<>a’ ......
a a
a a a ¢
with
g [# a# O# a# #a aa 0a 9
##7#a)#a)#07aa7##7aa7
O a a # a # # # # #H# # a a
a 0, 0 #, a #, a #, a a O a # #

Then L is not hv—local partial array language correspond-
ing to the system S = (A, Ay) with

A-{ (L) # ) a [ #} alal

a # | el #
# u # U a u a )

#hla [ 0[ 0 ] a]

Ao:{ 100

0 O # || a

# 0 a b <> ) <>
because if it is hv—local partial array language then an
array in which all the entries are a will be in L.

Theorem 6. FEvery hv—local partial array language is
equal to the row-column concatenation of any two local
partial languages.

Proof. Consider hv—local partial array language L so that
L = L(S) where S = (A,Ay). Consider the local systems
(I,C1,Hy,J1) and (I,Co, Ho, Jo) recognizes the local
partial languages L1 and Lo respectively such that L =
Li®Lyc L, ®L, where

h-(e:[FLa)eA aet,)
Clz{abzeA, a,beF}

= fo0 [T T e Ao 0a:[0 T e )
Ji={a:[ a [ # ]eA, ael,}

and
a
Ir={a: o €A, acl,
b
C’z—{ab u €A, a,beF}
Hy=1a0: e Ay, 0a:-%Jea
2 =10 a O a <> O
ng{a: feA,aeFP}.

Conversely, consider L € £, ® £, then L= Ly & Ly. Let
M= {F alaxr)
Do {[a [ B abecy)
Az={la | #] ac}
A4:{ ;; :ae]z}

AS:{ b : abng}
a
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AG:{ a# :ang}

8o, ={(a [0 aoern, (G [ al: oacrn)

Aozz{ <> :a(}EHQ, a

a 0

such that A = (Al @] AQ UAg U A4 U A5 @] AG) and AQ =
(Ay, UAy,). Therefore L = L(S) where S = (A, Ayp).

Hence L is hv-local partial array language. O

: QQEHQ}

Example 4. Consider the hv-local partial array lan-
guage

Q2 2

IS
<

N
O
N 2
O

< 2 Q

0

recognizable by the system S = (A, Ay) with

a-{F LA F L5} el

| R *’}

# T a | al|l b

2o-{ [F Lo ) e [0} o [ #)

o[ #][all 0 }
# U O U <> u b M
Let Iy = {0, a}, C1 = {aa,bb}, Hy = {ad,0b}, J1 = {0,b}
and Iy = {0,b}, Cy = {aa,bb}, Hy = {0a, b0}, J1 = {0,a}.
Let the local partial languages Ly and Lo be recognizable
by (I1,C1, Hy,J1) and (I2,Cs, Ha, Jo) respectively such
that Ly = {a*Ob*} and Lo = {b*0a*}. Then L =L, ® Lo.

Definition 5. A partial array domino system is a quin-
tuple Pp = (£,,Tp, A, Ay, 1) where

e X,,I', are two finite alphabets
o A Ay are two finite sets of dominoes over X, U {#}

e :I'y » ¥, is a projection.

A partial array domino system recognizes a partial array
language over ¥, as L = (L") where L' = L(S) is the
hv—=local partial array language over I'), with the system

S= (A, Ap).

Theorem 7. Let L be a local partial array language over
Y,. Then there exists hv-local partial array language L'
over I, =T u {0} and a projection ¢ : T, - %, such that
L=1(L").

Proof. Consider the local partial array language L which
is generated by a finite set of tiles over ¥, u {#}. There-
fore L = L(0). Let ', =0 c (£, u {#})*? and

_ # c C1 C2 # c C1 C2
Al‘{## # # ##’##GP”}
_ # oo | 2oy # o Co Ca
AQ_{ # c1| c1oc3 # e [| ¢ c3 GPP}
_ # # | H#H# # # # #
AB_{ # oo | oo cs # oo || e cs EF”}
_ C1 Co Cy Ch . C1 Co Cy Ch
A4_{ C3 C4 Cq4 Cg ’ C3 C4 ’ Cq Cg er}
# #
_ # a # # # o
As = # a #ca [| # e <Ly
# c2
# #
An = a e | | ## €1 C2 | p
6" C1 Co ’ C1 C2 ’ C3 C4 p
C3 C4
# #
_ a # || ## 1 #
Ar= a #| | a # O[] o # <Ly
co #
C1 Co
_ C3 C4 . C1 Co C3 C4
Ag— C3 C4 ’ C3 C4 ’ Cs Cg Erp
Cs Cg
_ # 0 ¢ e # 0 ¢ e
A°1‘{## # 4 ##’##GFI’}
# 2| 2 g # c2 Co C4
AOZ‘{ # 0] 0| [ #0J][0e EFP}
_ # #| # # # # # #
AOB_{ # 0| O c3 # 0 [ O c3 EFP}
# #
# 0 # # # 0
Bous TG 20 | # ol
# C2
# #
c1 ¢ # # c1 ¢
Bos = cr ¢ c1 O [| e3¢ <L
C3 C4
# #
O # # # O #
AOG_ O # O # ey # EFP
C2 #

Here A = (Al UAQUAgUA4UA5UA6UA7UA8) and
AQ = (A<>1UAOQUA03UA04UAO5UA05)- Let L' =
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L(S) with S = (A,Ay) is hv-local partial array lan-
guage over I',. Define a mapping ¢ : I'), - X, by

‘

Theorem 8. The class of partial array language recog-
nizable by partial array domino system is equal to the
class of partial array language recognizable by partial ar-
ray tiling system.

C1 C2

=¢y. Therefore L = (L"). O
C3 C4

Proof. This follows from Theorem 5 and Theorem 7. [

Definition 6. Let L be an hv-local partial array lan-
guage over I'), and L = L(A) for some finite set A c
Iy u#. A s said to be minimal if L = L(A") for some
finite set A c T, u# then Ac A’

Theorem 9. Let L be an hv—local partial array language

then there is a minimal set A such that L = L(A).

Proof. Let X be a partial array language over I',,. For
1=1,2,---,n, A; be a subsets of A ¢ I‘ZQJX2 and L = L(A;).
If A=A;nAs--nA, then for i = 1,2, n, BLQ(X) u
Bg’l(i) c A; such that Blvg(y) U Bg_rl(j(\) c A. Thus
L=L(A)and A cA,. O

5 Automata Characterization of hv-local
partial array languages

Definition 7. [18] A non-deterministic (deterministic)
finite online tesselation h-automaton is a quintuple M =
(Sp,Xp,0,50,Sf) where

o S, =5uS), and Sn Sy, =@ in which S be the finite
collection of states and Sy, be the finite collection of
hole states,

e X, be the input alphabet,

e Sy c S, be the collection of initial states,

e Sy c S, be the collection of final states,

e §:85,x8,x%,>2% (§:8,xS,x%,~>S5,) be the
transition function.

For allae¥ and s,sy, €S,

1. §(s,s,a) = A for some Ac S
2. 6(s,s,0) =B for some Bc Sy
3. 8(sn,sn,a)=C for some CcS

4. 0(8p,8h,0) =D for some D c Sy

A computation by M on an ww-partial array X where

#o# # - #HH

# am1 Am2 Amn #
X = # a2.1 a22 Il2.n #
# oan a12 ©oay,  #
# #  # - H# H#

with a;; € Xy, and # ¢ X, is consummate as follows:

When t =0, so € Sy be the initial state corresponding to
all positions of X having #. The state corresponding to
each position (i,7) by § subject to the states correspond-
ing to the positions (i — 1,7), (4,5 — 1) and the symbol
ai;. If a;j € ¥ then g;; be the state corresponding to
the position (i,j) and if a;; = O then h;; be the state
corresponding to the position (i,7). When t =1, a state
from 6(so,S0,a11) corresponding to the position (1,1)
holding a11. If ay1 € ¥ then the state g11 corresponding
to the position (1,1) and if a1x = ¢ then the state hiy
corresponding to the position (1,1). When t = 2, states
corresponding concurrently to the positions (2,1) and
(1,2) possessing az1 and ajs.

Case (i) :

If the state gi11 corresponds to the position (1,1) then
the state corresponding to the position (2,1) belongs
to 0(s0,911,a21) and to the position (1,2) belongs to
0(g11, 80,a12). There are given as follows:

® 0(50,911,021) = go1 if a1 €2

e (g11,50,a12) = g12 if a12 € ¥

° 5(80791170) = h21

e 5(g11,50,0) = hia.
Case (ii) :
If the state hy1 corresponds to the position (1,1) then
the state corresponding to the position (2,1) belongs

to d(so,h11,a21) and to the position (1,2) belongs to
0(h11, s0,a12). There are given as follows:

® 0(s0,h11,a21) = go1 if az1 €2
e §(hi1,80,a12) = g12 if a12 € X
® §(s0,h11,0) = ho1
¢ 0(h11,50,90) = hia.

If X € Z;’“’, the sequence ¥ = 511512521531522513" *Smn
of states from S, is said to be a run of M and it is an
element of S;. The collection of runs is represented as
r(X). The language of partial arrays recognized by M is

denoted by L(M).
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Now we introduce online tesselation h-local automaton.

Definition 8. A online tesselation h-automaton M =
(Sp,Xp,0,80,5F) is said to be online tesselation h-local
automaton if for every

e o € X, the set {0(s1,52,a) : s1,50 € Sy} contains
atmost one element.

e O €%, the set {0(s1,52,0) : $1,82 € Sp} contains
atmost one element from S,.

Theorem 10. If L is an hv-local partial array language
then L is recognized by online tesselation h-local automa-
ton.

Proof. Let L be an hv-local partial array language. Then
L = L; & Ly where L; and Ly are local partial lan-
guages. Let L, and Ly be recognized by local partial
finite automata My = (Sp,,%p,01,50),5f) and My =
(Spss Xp,02,50,5),) respectively. Consider online tesse-
lation h-local automata M = (Sp,X,, 9, So,Sy) where

® Sp=5p xSp,
* S0 =(50,50)
* Sy =5n%5p

and the transition function ¢ is defined as

e 5((p1,q1), (r1,51),a) = (01(p1,a),02(s1,a))
b 5((1’1,(11)a (Tlvsl)vo) = (51(p13 0)752(815 O))

Since My and M,y are local partial automata then
{51(p17a) P p1 € SP1}7 {51(171,0) tp1 € Spl} and
{51(81,(1) ©81 € sz}, {51(81,0) © 81 € Sp2} has
atmost one element such that {§((p1,q1),(r1,51),a) :
(plaQI)7(T17sl) € Sp} and {6((1)13(11)7(7.1’81)’0)

(p1,q1),(r1,s1) € Sp} has atmost one element. There-
fore L is recognized by online tesselation h-local au-
tomata. ]

Theorem 11. If L is recognized by online tesselation h-
local automata then L is hv-local partial array language.

Proof. Let L is recognized by online tesselation h-local
automata M = (Sp,%,,d,50,5f). Consider the partial
finite automata My = (Sp,,%;,01,5,5f) and My =
(Sps, Xp, 02,50, 5¢) where 01(p,a) = 6(p,q,a), d1(p,0) =
d(p,q,¢) for some ¢ € S, and d2(q,a) = d(p,q,a),
d2(q,0) = 6(p,q, 0) for some p € S,. Since M is online
tesselation h-local automata then M; and My are also
local partial finite automata. If the languages L and Lo
recognized by M; and My then L; and Lo are local par-
tial languages and L = Ly & Ly. Therefore by Theorem 6,
L is hv-local partial array language. O
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