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Sensitivity Analysis of Variance Gamma
Parameters for Interest Rate Derivatives

Adaobi M. Udoye, Lukman S. Akinola, Maurice N. Annorzie, and Yisa Yakubu

Abstract—Interest rate derivatives being financial instru-
ments whose values are affected by movements in interest rates
experience jumps due to many unforeseen circumstances, and
thus, require adequate modelling and sensitivity analysis that
consider such scenarios in order to minimize risks. This paper
derives expressions for the greeks from parameters of a variance
gamma process required when computing the sensitivities of
the parameters of an interest rate derivative called zero-coupon
bond driven by the variance gamma process.

Index Terms—Interest Rates, Vasicek model, Greeks, Malli-
avin derivative, Zero-coupon bond.

I. INTRODUCTION

GOOD investor or risk manager should be able to

understand how changes in the parameters of a financial
derivative affect its price in order to minimize risk. Variance
gamma (VG) process was introduced by Madan and Seneta
[1] as a Lévy process that provides a better model which
captures spikes and jumps that occur in financial markets.
It has been applied in different fields such as finance and
engineering (Bayazit & Nolder [2], Udoye & Ekhaguere [3],
Bavouzet & Messaoud [4], Salem et al [5]). The process
takes care of the fact that trading activities do not occur
in a uniform way, but display fluctuations of peak and less
activity periods (Aguilar [6]).

This paper is an extension of the work of Udoye &
Ekhaguere [3] who derived an extended Vasicek model
driven by a VG process, used the extended Vasicek model to
derive an expression for the price of an interest rate derivative
called a zero-coupon bond and obtained the greeks delta and
gamma of the derived price. The VG process is a type of
Lévy process that captures jumps which occur in financial
markets and other fields due to certain phenomena such as
natural disaster, presence of abrupt information, pandemic,
changes in government policies, etc. Lévy noise is a non-
Gaussian noise that has found attention in different fields
such as engineering, society, etc (Wei [7]).

The paper is also an extension of the work of Bayazit &
Nolder [2] on sensitivity analysis in a stock market driven by
an exponential Lévy process. We apply Malliavin calculus
in the sensitivity analysis of the interest rate derivative
with respect to the parameters of the VG process. The
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differentiability tools of Malliavin calculus seen in Bavouzet
& Messaoud [4], Bavouzet et al [8] and Bayazit & Nolder
[2] are adopted in deriving expressions for the greeks based
on the parameters of the VG process. Greeks describe the
sensitivity of a bond option price to changes in certain
parameters and enable investors to hedge their risks.

Other part of the paper is structured as follows: Section
IT discusses some important tools and theorems needed in
obtaining the results while Section III derives the greeks
with respect to the parameters of the VG process, and then
concludes the work.

II. FOUNDATIONAL CONCEPT

In this section, some definitions and results from Udoye
and Ekhaguere [3] needed for the success of this paper are
highlighted.

Definition II.1. The Vasicek model [9] of interest rate is
given by the following stochastic differential equation:

dry = n(b—ry)dt + od Xy

where 7, b, 0 # 0 and X represents speed of mean-reversion,
its long-term mean rate, volatility of the interest rate and a
Lévy process, respectively.

Definition IL.2. Arithmetic Brownian motion is a Lévy
process given by
X, =0t+oW,

where 6 and o # 0 denote drift and volatility of the arith-
metic Brownian motion, respectively. W; represents Wiener
process. The VG process is obtained by time-changing
arithmetic Brownian motion with a gamma process.

Theorem IL.1. The price P(t,T) of a zero-coupon bond at
time t with maturity time T driven by a VG process under
extended Vasicek model is given by

P(t,T) = exp < - ({ %O(e*"T —e ™) 4 b(T — t
(7" — ™) + Un—@ [T —t

(e — ent)] +o Z Z (0AG(s)

t<u<T 0<s<t

ceTmums) 4 8A«/G(s)e"(“5)2)} + Wo[T — 1]

+o Y (0AG(u) +5A/G(u)Z)

t<u<T

_ "; <t ;T(QAG(u) + m@z)?) ) > ,

_|_

_|_

I~ I3

6]
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where 1 1
w=—In(1 - 0v — =5%);
v 2

1n,b, o and ro represent mean-reversion speed, long-term
mean rate, volatility of the Vasicek model and initial interest
rate, respectively; while 0 and T, respectively, represent
the drift and volatility of the arithmetic Brownian motion
time-changed to obtain the VG process; v is the variance
of the gamma process used as subordinator; AG(t) =
G(ty) — G(t-); whereas G and Z represent gamma and
Gaussian random variables, respectively.

Definition II.3. The call option price, with P as the under-
lying is given by

V = e TE[®(P)],

where ®(P) = max(P— K, 0) represents the payoff function
and K denotes the strike price.

Remark IL.1. V is sensitive to changes in a number of
parameters.
The following imgortant greeks will be computed:

\

(i) Drift :=D = (1) Vega, =

09’ ov’
(iii) Vegaz := 6—Y

Drift D meastres the sensitivity of the bond option price
to changes in the drift of the VG process. In other words, it
determines the effect of changes in the skewness parameter to
the value of the option price. Vega, determines the sensitivity
of the bond option price with respect to changes in the
variance of the gamma process, whereas Vegas measures the
sensitivity of the bond option price with respect to changes
in the volatility of the arithmetic Brownian motion.

Theorem I1.2. (Malliavin integration by part theorem [2])
Let Qy = —— where i) denotes some parameters of the zero-

0

coupon bond. Let D be the Malliavin derivative operator,

then M((P) = (DP, DP) is the Malliavin covariance matrix,
1

with inverse M(P)~! = M(P) where DP # 0, and L

is the Ornstein-Uhlenbeck operator. For a smooth function

® : R — R, the following equation holds:

E[02(P)Q] = E[®(P)H(P,Q)]
where H(P, Q) is the Malliavin weight given by
H(P,Q) = QM(P)~'LP — M(P)""(DP,DQ)
- Q(DP,DM(P)™1)
with E[H(P, Q)] < oo.

The following theorems whose proofs are in Udoye and
Ekhaguere [3] will be needed for easier derivation of the
greeks.

Theorem I1.3. The Malliavian derivative on a zero-coupon
bond price P driven by a VG process is given by

Dp[aa< S 3 AVG(s)e )

t<u<T 0<s<t
+ > (A\/G(u))> —023( > (0AG() ()

+ GA\/G(u)Z)A\/G(u)ﬂ P.

Theorem I1.4. The action of the Ornstein-Uhlenbeck oper-
ator L ([3], [10]) on the price P of a zero-coupon bond
driven by a VG process is given by

LP = —{0232 > (AVG(w)?

t<u<T

+<oa Y Y AVGEe

t<u<T 0<s<t

+05 Y (AVG(u) —o’3( Y (0AG(u)

+8A\/@Z)Ax/0(u)) +z(ga 3)
(Y Y avewee

t<u<T 0<s<t

s Am>_g2a(

+:§;@2)A\/@)ﬂp.

Theorem IL.5. The inverse Malliavin covariance matrix of
the zero-coupon bond price P driven by a VG process is
given by

) = ([os 3 3 avawee

t<u<T 0<s<t

+05 > (AVG(u) —0°6 Y (0AG(u)

t<u<T t<u<T

+ GA\/@Z)A\/@] P) _2.

> (0AG(u)

t<u<T

“)

while the Malliavin derivative
DM(P)~1

:2Kaa > > AVG(s)e )
t<u<T 0<s<t
+06 Y (AVG(u) -0’ > (0AG(u)

t<u<T t<u<T

-3
+8A\/G(1L)Z)A\/G(u)> }PZ
> (AVG(u)? )

t<u<T

X [0232

+ [08 Z Z A/G(s)e us)

t<u<T 0<s<t

+05 > (AVG(u) -0’6 Y (0AG(u)

t<u<T t<u<T

2
+8A\/G(u)Z)A\/G(u)] }

III. SENSITIVITY ANALYSIS WITH RESPECT TO CERTAIN
PARAMETERS OF ZERO-COUPON BOND PRICE UNDER
VG-DRIVEN LEVY MARKET

In this section, the greeks of the zero-coupon bond price
associated with the parameters of the VG process are derived.
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L . . ow
A. Derivation of the greek drift for a zero-coupon bond price  Substituting the value of — into Q, gives equation (6).

driven by a VG process Hence, the Malliavin derivative

In this subsection, an expression for the greek drift for a
zero-coupon bond price driven by a VG process is derived.  DQy = — [ —o? Z (EA\/G(u))AG(u)} P+

The greek drift D for a VG-driven zero-coupon bond price t<u<T
is given b 1 1
) ay aP N [U [Tt =] ( - 193>
D= 2 TR[G(P)] = e " E {@(P)H(P, )] 7 ! I
90 90 +o Y > AG(s)e ") wo[T — ]
Recall that by equation (1), t<u<T 0<s<t
1 o?
_ 1 1 ow 1 . S R Z AG(u) — —
= —In(1— — 252 - I —— e ( )
w Vn( Ov 50 v) = 20 — 1701/7%21/ 1,9,/7* St 2
Lemma IIL.1. Let P be the zero-coupon bond price driven . (2 Z (OAG(u) + 6 AV G(u) Z2)AG(u )]
by a VG process. Then, t<u<T
—2 [T —t+ LT — &) )
Qo = [ = HV — 50% = {0 a( Z (A\/G(u))AG(u))P

t<u<T

to D, 2, AGEee + [U[T—Hl(e‘"T—e"’tﬂ(—l)
t<u<T 0<s<t n n 1—0v— 2

7@0—@ AG(u ) 4 G lT
_1_91/_ Z +o Z ZAG(S)B”“S+wU[T—t]
t<usT t<u<T 0<s<t
—02( > (0AG(u) + AV G(u) Z)AG(u )} ( ! )+g 3 AG(
t<usT 1—0v— t<u<T
(6) ,
Furthermore, the Malliavin derivative 9 (t;T(GAG +OAV G Z)AG(u )] kP
DQy = [a o Z (A G(u)AG(u) which gives equation (7). [ |
- st 1 1 Lemma IIL.2. Let P be the zero-coupon bond price driven
+ [ [T —t+ f(e_ﬂT - e‘nt)] ( _ &2> by a VG process. Then,
n n 1-0v—-%v QoM(P)~1LP
+o Z Z AG(s)e w9 7
t<u<T 0<s<t = Lo%5%( Z (AVGu)HK 2+ L+ ICE 9)
~wo[T — Z AG(u t<u<T
1—0v— tueT where

. ( S (9AG() +5A G(u)Z)AG(u)ﬂ ’C} Po L=t (e ] (_1A>

0.2
t<u<T n n 1-0v—-%v
@ +o 3> Y AG(s)e ) 4 @[T — ]
where t<u<T 0<s<t

(10)

K=05 > > AVG(s)e "™ (1—eul >+a > AG(u

t<u<T 0<s<t t<u<T
+05 3 (AVGW) -0’ Y (9AG(w) ®) 02( S (BAG(u) + 5AEW 2)AG(u )
t<u<T t<u<T

t<u<T

+5AVG (W) Z2) A/ G ().

Proof: The result follows by substituting equation (6)

Proof: By equation (1), it follows that for Qg, equation (4) for M(P)~! and equation (3) for LP,
OP 1 ow and simplifying. [ |

Qo = _[U [T—t—l—f(e_”T —nt)]ﬂ
90 n 7 00 Lemma IIL.3. Let P be the zero-coupon bond price driven

8'(1] by a VG process, then
n(u—s) ~ 'y V p s
+o E g AG(s)e + wo T — t]—g M(P)~1(DP, DQy)

t<u<T 0<s<t

2 on .
o Y Ag(u)_f’(Q Y (9AG() = 0% ( Y (AVGW)AGw)K £ (D)
2 t<u<T
t<u<T t<u<T
~ where K and L are given by equations (8) and (10),
—l—aA\/G(u)Z)AG(u))]P. respectively J voeq
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Proof: The result follows by substituting equation (4) and simplifying, we obtain the Malliavin weight
for M(P)~!, equation (2) for DP and equation (7) for DQy,

T LZ N
and simplifying. ] H(P,Qp) = - 50202( Z (AV/G(u)?) K2
Lemma III.4. Let P be a zero-coupon bond price driven by iSusT
a VG process, then + 025 ( Z (AVG(u)AG(u) K"
Qo(DP, DM(P)™) t<usT
Furth ,
—or {0232( S AVGWY?) K21 oy oo
u _ P
rsust D=¢"TE {(I)(P)H(P 8)]
where K and L are given by equations (8) and (10), o0
respectively. - —mT(// p(t, T, g,z H(p, g&)fN(Z 0,1)
Proof: Substituting equations (6), (2) and (5) for Qg,
DP and DM(P)™!), respectively into Qg (D P, DM(P)~1) . falgitv™, l/_l)dzdg>
yields the result. [ |
Theorem IIL.5. Let P be the zero-coupon bond price driven =e T (/ / p(t, T, g,z H< 89) (2m)~ H

by a VG process. Then, the sensitivity drift is given by

e

122( ta )dzdg) where fnr(2;0,1) and fg(g;tr—1,v=1) denote the proba-
I(

N

M»—-

e’ T ) g bility density functions of the Gaussian random variable and
v the gamma process, respectively.
where Hence, the result follows. [ ]
Po6) = K
t<usT B. Derivation of the greek vega, for a VG-driven zero-
+ 028< Z AV/g(u)Ag(u)) K~ coupon bond price

tsusT In this subsection, we derive an expression for the greek

®(p(t,T,g,2)) = max(p(t,T,g, Z)—f(a 0) is from the payoff ~ vega for a zero-coupon bond price driven by a VG process.
function with K as the strike price. K and L* are given by  From equation (1), @ = — In(1 — fv — —5°v) implies that
v 2

¢ — o5 Z Z A\/g(is)efn(u—s)—f—aa Z (A\/Q(T)) ow (797;A2) @ (,9,132)

t<u<T 0<s<t t<u<T 7 201 _Z 2 _ g
_ _ 172 vw
— % Z (0Ag(u) +3A\/g(7)z)Am, ov v(l—0v—350%v) v ve v
t<u<T Lemma IIL.6. Let P be the zero-coupon bond price under
13 4ve process. Then,
e 0~ (0 )
=2 [T —t 4+ l(e—nT — e—nt)} ;ﬂ v(l—0v—3c2v) v (15)
n n 1-0v—-Fv

~(U(T—t+:’(e—"T e™™) + o[l — ])P

+o Z Z Ag(s)e‘"(“’_s) n
t<u<T 0<s<t and
+ wo [T —t] _ +o Z Ag(u —(0 + 35?) w
1-— 9 — DQD = T~o -
t<u<T v(l—-0v—350%v) v
o 1 0T ot
—at | N (0Ag(u) +5A/g(u)z)Ag(u) |- : 5(T—t+5(e —e ™)) +o[T — 1] |KP,
t<u<T 04 (16)
Proof: Tt follows that where K is given by equation (8).
oV 9 - Proof: By equation (1), it follows that
oP Qu|:(Tt+(6n —e M)
e TR [@(P)H <P, ﬂ . n n
% (-1 @
Also, by substituting equations (9), (11) and (12) into ' v(1 = 6v — %32,/) T
H(P,Qg) = QoM(P)~'LP — M(P)~"(DP, DQy) om0 0% w\]p
— Qo(DP,DM(P)™ 1) v(l—0v—1c2v) v
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Thus, the Malliavin derivative gives

(9+ 152 w

DQ, = — —

@ ((191/ v
~{U(Tt+le”T ent)Jrcr } DP

n n

_ (438" @

B (1791/7701/ v

+

{;(TtJr?l?(e T _ e 4 o[T — ]}

X {08 Z Z AV/G(s)e 1w =9)

t<u<T 0<s<t

+o5 Y (A\/G(u))02< (0AG (u)

+3Atj%2)am/mﬂp_ _

Hence, the result follows. [ |

Lemma IIL.7. Let P be the zero-coupon bond price driven
by a VG process, then the following results hold:
QM(P)~LP

1 e T et o
1 ) +ofr 1] 17
0262 Z
< (). AaVG )+1+,C)
t<u<T
M(P)=(DP,DQ.)
(0+36%) @
(V(l—ey— V) y) (18)
I _ 1 e T _ ot olT —
(n(T t+ 77( ) +o[T t])
Q.(DP, DM(P)_1>
B —(0+ %32) _w\[o,,
(V(l—HV—%?f\QV) V)|:77(T t
Z(emnT _ gt olT —
+n( )) + olT t]] (19)

Proof: Expression in equation (17) is obtained by sub-
stituting equation (15) for Q,,, equation (4) for M(P)~! and
equation (3) for LP, and simplifying.

Expression in equation (18) holds by substituting equation
(4) for M((P)~!, equation (2) for DP and equation (16) for
D@, and simplification.

Expression in equation (19) is obtained by substituting
equation (15) for @, equation (2) for DP and equation (5)
for DM(P)~!, and simplifying. [

Theorem IIL.8. Let P be the zero-coupon bond price driven

by a VG process, then the greek

e (2o e

(r( )gv_le v )dzdg—i—E )[<I>(P)]),
where ®(p) = max(p(t,T, g,z) — K, 0),

Op —(0+ %82) w [o
H(p, ) = S | AT
(p, 01/) (V(l —0v—152v) v )| (

! e™™) +o[T — t]}

+ —(e7" -
. (; _ UQ&Q(EKu;CTQ(A\/g(T))Q))

n

and K is given by equation (13). E(,,)[®(P)] is given in the
Appendix.

Proof: Tt follows that
Vo= g TEHP)

e T(E[@(P)H ) [®(P)])

([ oo Ecar

- folgstv=",v~V)dzdg + Eq) [@(P)])

(P, Q)] +

where fir(2;0,1) and fg(g;tv—!,v=1) denote the density
function of a Gaussian random variable and the density
function of a gamma random variable, respectively.

Also, by substituting and simplifying equations (17), (18)
and (19), the Malliavin weight becomes

e (i D)
+%(67"T76”t) t]lCl
(e 3

1 e T _ ot olT —
1 ) +olT t]]
)

_0_282(ZA\/72K:2

t<u<T

“ (oo —8a)> )l

lefane*nt olT —
1 ) +olT t@

(2 PP Ba (G

K K2
Since the computation of E,)[®(P)] is given in the Ap-
pendix, the result follows. ]

C. Derivation of the greek vegas for a VG-driven zero-
coupon bond price

In this subsection, we compute vegaz; for a VG-driven
interest rate derivative.

Vs = %e‘ToTE[cl)(P)] =e TR [(I)(P)H(P, ‘3{;)}
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By equation (1),

1 1 ow -0
G=-In(l-0v—-6%) > 2= "7
v un( v 201/) oo 1—9V—%32V

Lemma IIL.9. Ler P be the price of the zero-coupon bond
driven by a VG process. Then,

Qs = — K; T —t+ %(e*"T — )] 4+ o[T — t])

+o Z Z A\/G(s)e*”(“*S)Z)

t<u<T 0<s<t

+o Y (AVGw)Z)-o*( D (0AG(u)

t<u<T t<u<T

Z)A\/G(u)Z)} P

+ AV G(u)
(20)

and

DQs = (— {a Y Y AVG(s)e )

t<u<T 0<s<t
- atg:gm/a(u) —o? L%;T ((QAG(u) o
+6AV/G (1) Z)AV/ G (u)

+ 8(A\/@)2Z>”>P + LKP,

where K is given by equation (8), and

~ 1
L= (J[T—t+(e"T—
n

; e M| +olT - t])

1
2 t<u<T 0<s<t

.e*n(ufs)Z)Jrg Z (AV/G(u)2)

t<u<T
—a*( Z (0AG(u

) +5A/G (1) 2)A/G () 2).
t<u<T

(22)

Proof: By equation (1), applying partial derivative with
respect to o gives

ow

Qs = —[U[T—t+ 1(e‘”T — e_"t)]@ —‘rO‘[T—t]%

n n Jo

+o Z Z (A\/@e*”(“*S)Z)

t<u<T 0<s<t

+o Z (AVG(u)Z) — o*( Z (0AG (u)

t<u<T t<u<T

+ 3A\/G(U)Z)A\/G(U)Z):| P

which gives equation (20).

Thus, the Malliavin derivative

vo~(-|p £ 5 avaen

t<u<T 0<s<t
+o Z A/ G(u) —02[ Z
t<u<T

t<u<T

+ AV G (1) Z)A/G(u) + E(AW)QZ)H)P
Agrerenar)

~e*’7(“*S)Z)+U Z A\/ (u)Z) —0

((GAG(u)

t<u<T

() (0AG(u) + GA\/G(u)Z)A\/G(u)Z)} KP
t<u<T

where K is given by equation (8). ]

Lemma IILI.10. Let P be the zero-coupon bond price driven
by a VG process. Then,
QzM(P)~LP

( 2 Zt<u<T A V )

= 2 +1+IC

(23)

where K and L are given by equations (8) and (22),
respectively.

Proof: The result follows by substituting equation (20)
for Q, equation (4) for M(P)~! and equation (3) for LP,
and simplifying. ]

Lemma II1.11. Let P be the zero-coupon bond price driven
by the VG process. Then,

M(P)~ (DP, DQs)
zm[ 3 (st
8AE VGG + oGt 2 ||) - 1

(24)

where K and L are given by equations (8) and (22),
respectively.

Proof: The result follows by substituting equations (4),
(2) and (21) for M(P)~!, DP and DQ3, respectively, and
then simplifying. ]

Lemma IIL.12. Ler P be the zero-coupon bond price driven
by a VG process. Then,

Qz(DP, DM(P)™")

=2LK72(0%6% > (AV/G(w))?) +2L,

t<u<T

(25)

where K and L are given by equations (8) and (22),
respectively.
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Proof: The result follows by substituting the expression
for Qz, DP and DM(P)~! in equations (20), (2) and (5),
respectively into Qz (D P, DM(P)~!), and simplifying. M|

Theorem IIL.13. Let P be the zero-coupon bond price driven
by a VG process. Then,

Ve = e_TOT(/R/R@(p)HQ% gg>(2w)—ée—éz2
'<Fy(:)9“_1e B )dzdg)

where ®(p) = max(p(¢,T,g,z) — K,0), and

(o)
i (0232 EKM(MgTu))?)
12

&l 2, Z aviee)

t<u<T 0<s<t

i) -2 2 (eag

t<u<lT

+0AF VAN/g(0) + (A g(a)? )H)

K is given by equation (13) and L* is given by

bal

g

L* = <n[T—t+ %(e*"T —e"t)] +a[T—t]>
(=apm) 7 2, 2, (o050

t<u<T 0<s<t

~6"(“5)z) +o Z (AVg(u)2)

t<u<T
02< > (0Ag(u) + 5AVg(u) Z2) Ao >
t<u<T
(26)
Proof:
oV 7 -
Vs % = e E[@(P)H(P, QU)}

=e TR [@(P)H <P, g{;)} .

For the Malliavin weight, substituting equations (21), (22)
and (23) and simplifying gives

H(P,Q3)
_ ZL _ Z(0282 ZtgugT(Av G(U))Q)
=¥ 2

_ % ( [o( t<%;T O;Kt AV/G(s)e 1)
(5 | £

+ zmj/g%zmm+ am@fz)”).

Hence, the result follows. [ |

((eAG(u)

IV. CONCLUSION

The derived greeks play a big role in hedging which is
a process of reducing risk of interest rate derivatives. Each
greek computation will give the rate at which change in the
parameters of the model will affect the worth of the financial
derivative, and thus, gives a guide to appropriate decision
making.

APPENDIX A
EXPRESSION FOR E(,)[®(P)]

The digamma function is given in Medina and Moll [11]

by
d I'(a)

vla) = g InT(0) = Fs

(oo}
where I'(a) = t*tetdt.

0 . . .
It follows that the digamma function can be written as

o) = e (0)

Assume that fy and f, are the density functions for the
Gaussian random variable and gamma random variable,
respectively. Then, by Bayazit and Nolder [2],

Eq)[®(P)] = g/ﬂg/ﬂgé(P)fmz;o,l) Jowst 2ydudy

O (Vv + 4 1
// P) far(z:0,1) - 6‘1/( ( )y" e "y)dxdy
vl iy))d:z:dy

n(2F -
8 exp | In F(ﬁ)y e
.2 g tle= 3y
By ln (I‘( )y e )d:ccly7

fN(rO 1)

P) fnai0,) foeyiz, 1)

t
where .
0 vy 1
1 vle=3y
v “(r(;)y ‘ )

t t 1
—ay<—yln1/—1nF(V) (—l)hly—yy)

t t ot (%)
(Vzln”yﬁyz

L)

t 1
~ 2 Iny + 7Y )
Thus,
G_TOTE(V) [‘I)(P)]

It
e”’TIE[QJ(P) > <lf21nu;2+tr(t”)

t<u<T v? F(;)

= In(AG(u)) + ;Aa(u)ﬂ.
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