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The Relationships among the Kinds of Concept
Lattices Based on the Dual Intersectable Context

Ting Qian*, Erkang Qin, Cheng Wei, Wanting Zhao, and Xiaoli He

Abstract—The three-way object oriented concept lattice is
extend researches of rough concept analysis by combining three-
way decision. In this paper, we investigate the relationships
between the kinds of concept lattices and the three-way object
oriented concept lattice bassd on the dual intersectable context.
Firstly, the relationships between the object oriented concept
lattice and the three-way object oriented concept lattice are
studied. Some conclusions are obtained. (1) They are isomorphic
based on the dual context; (2) They are not isomorphic based on
the dual intersectable context. And the the isomorphic relation
are ausschied in the dual intersectable complement contex.
In addition, the relationship between the concept lattice and
the three-way object oriented concept lattice are studied. The
isomorphic relationship between them is proved in the dual
intersectable context.

Index Terms—formal context, concept lattice, three-way de-
cision, object oriented lattice, dual intersectable context.

I. INTRODUCTION

ASED on the practical application of lattice theory in

the mathematical order theory, formal concept analy-
sis (FCA) was given ([1], [2]). It studies the hierarchical
structures which is induced by a binary relation between the
objects and attributes. With the development of data methods,
FCA has become an effective mathematical method for data
processing and knowledge discovery [3-10]. Furthermore,
to adapt to various requirements of data analysis, the AFS
conceptual analysis [11], the variable threshold conceptual
analysis [12], the real conceptual analysis [13], the power
conceptual analysis [14], the approximate conceptual analy-
sis [15] and the closed label conceptual analysis [16] and so
on came into being.

Recently, three-way decision [17] grows rapidly. And
combining with it, three-way concept analysis (3WCA) was
firstly given by Qi et al. in 2014 ([18], [19]). Later, 3SWCA
has become the hot research topic. Three-way conceptual
approach for cognitive memory functionalities are introduced
by Shivhare and Cherukuri [20]. Conflict analysis of 3WCA
under one-vote is proposed by Zhi et al. [21]. In 2020,
the method of constructing three-way concept lattice was
proposed by the composite of classical lattices in [22]. The
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three-way rough semiconcept is proposed by Mao and Cheng
[23]. Later, Wei et al. extend 3WCA to formal decision
contexts [24]. Inspired by 3WCA, Xin et al. used attribute
correlation degree to study the three-way intuitionistic fuzzy
formal concept lattice in 2021 [25].

Combing FCA with rough set, the property oriented
concept lattice (L,) and the object oriented concept lattice
(Lo) which were proposed by Diintsch and Gediga [26] and
Yao [27] respectively, are two important concept lattices.
From the perspective of three-way decision, the idea locally
completely possessed are shown. Based on it, three-way
object (property) oriented concept lattices(OEOL(OEPL))
were proposed by Wei and Qian [28]. Then, more details
are introduced in [29].

However, in the process of research, we find that the three-
way concept lattices are much more complex than the con-
cept lattice. In addition, FCA is relatively mature after nearly
40 years of development. Therefore, it is a good opinion to
deal with the problem of three-way concept lattices by using
the related methods of concept lattices. Based on it, Qian
et al. investigated the isomorphic relationship of kinds of
concept lattices based on the dual intersectable context(DIC),
and meanwhile proposed the construction methods of three-
way concept lattices [30].

Compared with concept lattice, the three-way object ori-
ented concept is as complicated as three-way concept lattice.
Thus, the same problem occurs in OEOL. That is, (1) Can
we use the existing FCA and L, to study OEOL directly.
(2) Whether the relationship between concept lattice and
three-way concept lattice, especially isomorphism, can be
obtained by describing the characteristics of formal context.
On the basis of literature [30], there are clear research ideas
to these two questions. Therefore, The relationships among
the kinds of concept lattices will be studied based on the
dual intersectable context in this paper.

The follow-up arrangement is as follows. Section II re-
viewes some basic notions related to FCA and 3WCA.
Section III investigates the relations between L, and OEOL
of the DC and the DIC, respectively. Several related and
examples are given. Finally, Section IV drawn all of conclu-
sions. theorems

II. PRELIMINARIES

Some notation is fixed as follows firstly. Let |T'| < oo and
T # (). The power set of T is P(T), and DP(T) = P(T) X
P(T). Some basic set-theoretic operators on DP(T’) can be
proposed based on set operators. For any (X,Y),(Z,W) €
DP(T), we define

(X,Y)N(Z,W)=(XNZYNW),

(X,Y)U(Z,W)=(XUZYUW),
(X,Y)e = (X, Y°),
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TABLE 1
A FORMAL CONTEXT (G, M, I)

G
1
2
3
4
5

—= o =|=|Q
o=l
S|lo|o|=|—=|0
o|lo|lo|o|—~| X
—|lo|=|o|=|a

(X,Y)C(ZW)< XCY and ZC W.

A. Concept lattices

There are some definitions recalled in FCA.

Definition 2.1 [2] Suppose G, M and I be three sets,
where I C G x M, (G, M,I) is called as a formal context.
The elements of G are called the objects, so G is called the
object set. The elements of M are called the attributes, so
M is called the attribut set. If (g, m) € I(or gI'm), then we
read it as “the object g has the attribute m”.

Given a formal context (G,M,I), X CGand AC M, a
pair of dual operators is defined.

X*={m e M|(g,m) €I for all g € X},
A* ={g € G|(g,m) € I for all m € A}.

Then (G, M,I) is called canonical if and only if there
are not ¢ € G and m € M to make {g} x M C I, and
Gx{m}CI.

If X* = A and A* = X, then (X,A),X and A are
called a concept, the extent and the intent. The set of
all concepts forms a complete lattice with the following
partial order <. And it is called the concept lattice which
is denoted by L(G, M, I) (Simply mark it as C'L). For any
(Xl,Al), (XQ,AQ) e L,if X; C Xo, (Xl,Al) < (XQ,AQ)
is defined. We can prove < is a partial order relation.

They are also proved that ((X; N X5, (A1 U A3)**) and
((X1 U X3)**, A1 N Ay) are infimum and supermum of
(X1,A1) and (X5, As), respectively.

Example 2.1 Table 1 is a formal context, G =
{1,2,3,4,5} and M = {a,b,c,d,e}. Figure 1 shows CL.
For simplicity, listing elements represents sets except G, M
and (. The sets in other examples are similarly marked.

(G,9)

TN

(1245, ) (133.¢)

i

(12,ac)  (15,ae) (35,be)

(1, acde) (5,abe)

9

@,M)

Fig. 1. CL of Table I

B. The relevant definitions of L,

Similar to concept lattice, Yao proposed the definition of
L, based on rough set theory [27].

Definition 2.2 [26], [27] Let (G,M,I) be a formal
context, X € G and A C M, §({) : P(G) — P(M) and
() : P(M) — P(G) are defined, as follows:

Xt ={me M|m* C X},
X ={me Mm*nX # 0},
A ={g € Glg"N A # 0},

Af = {g € Glg* C A}.

If X® = A and A® = X, then (X, A) is called an
object oriented concept. And X and A are resepectively
called the extent and the intent of (X, A). If X; C X,
then (X1, A1) < (X2, As) is defined. We can prove < is
a partial order relation. The family of all object oriented
concepts forms a complete lattice with the above relation.
We call it the object oriented concept lattice and denote it
by L,(G, M, I) (Simply mark it as L,).

They are also proved that ((X; N X5)%, A; N Ay) and
(X1 U Xo, (A U A2)®F)  are infimum and supermum of
(X1,A1) and (X5, As), respectively.

Example 2.2 Figure 2 is L, of Table 1.

(GM)

(1245,acd) (1235,bcde)
(12,cd) (135,bde)
(1,d) (35,b)

(2.9)

Fig. 2. L, of Table I

C. The relevant definitions of OEOL

The related contents of OEOL are proposed by Wei and
Qian [28], [29].

Definition 2.3 [18], [19] Let (G,M,I) be a formal
context. For X € G,A C M and I° = (G x M) \ I,
define another pair of operators, ¥ : P(G) — P(M) and
*:P(M)— P(G), as follows. For X C G and A C M,

X* ={m € MNz € X(~(zIm))} = {m € MVx €
X(mfcm)},

A* = {g € GVa € A(-(gla))} = {9 € G|Va €
A(gla)}.

We give a following pair of new operators based on
“locally” meaning. .

Definition 2.4 [28], [29] Let (G, M, I) be a formal con-
text. For X C G and A C M , define §() : P(G) — P(M)
and () : P(M) — P(G) :

Xf={me Mm* C X},
X¢ ={me Mm*nX #0},
AC ={g e Glg" N A# 0},

A= {g € Glg" C A}.

Combing the operators b, <, § and < together, the follow-
ing pair of new operators is obtained in [28], [29].

Definition 2.5 [28], [29] Let (G,M,I) be a formal
context. For X C G and A, B C M, define > : P(G) —
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(G, (M, M)

(2345, (b,acde)) (1345, (bde,ac)) (1245, (acd,be)) (1235, (bede,a)) (1234, (cd,abe) )

(234, (@,ae)) (345, (b,ac)) (135, (bde,a)) (124, (cd,be)) (123, (cd, a))

(24, (2.e)) (35, (b, a)) (13,(d, @) (12, (cd,2))

(. (22) (1, (d.2)

@, (29)

Fig. 3. OEOL of Table I

DP(M) and < : DP(M) — P(G) by X> = (X% X*) and
(A, B)? = A°UB®. We call them a pair of three-way object
oriented operators which abbreviate as OEO-operators.

Definition 2.6 [28], [29] Let (G,M,I) be a formal
context, X C G and A,B C M. If X = (A, B)¢
and X* = (A, B), then (X, (A, B)) is called the OEO-
concept, X is called the extent and (A, B) is called the
intent of (X, (A, B)). We use OEOL(G, M, I) to express
a set of all OEO-concepts. < between (X, (A, B)) and
(Y,(C, D)) is a binary relation defined by: (X, (A, B)) <
Y,(C,D)) & X CY < (A,B) C(C,D). We can prove
OFEOL(G,M,I) with < is a complete lattice called the
three-way object oriented concept lattice (Simply mark it as
OEOQOL).

Example 2.3 Figure 3 is OEOL of Table 1.

III. THE RELATIONSHIPS

In the section, we are going to consider the relationships
among kinds of CL and OEOL based on some special
contexts. To briefly describe the relationship, we give the
following notation. A = B: A and B is isomorphic. A~B:
A and B is anti isomorphic. Simply mark L(G, M, I¢) and
Lo(G,M,I¢) as NCL and NL,, respectively.

A. The relationships between L, and OEOL based on the
DC

In order to facilitate research, we recalled the definition of
the DC.

Definition 3.1 [30] Let (G, M, I) be a formal context, a €
M. If there is b € M for a € M which satisfies a* Ub* = G
and a* Nb* = (), then b is called a dual attribute of a.

Obviously, if b is called a dual attribute of a, then a is
called a dual attribute of b. So, we called a and b as dual
attributes.

Example 3.1 Table 2 is a formal context, G = {1,2,3}
and M = {a,b,c,d} . According to Definition 3.1, a and d
are dual attributes.

Definition 3.2 [30] Suppose (G, M,I) be a formal con-
text. For any a € M, if there is a dual attribute of a,

TABLE 11
A FORMAL CONTEXT (G, M, I)

G
1
2
3

— | o8
S|lo|=| o
—|=|o|o
S|= ||

then (G, M, I) is called a dual context which abbreviated
as DC.

Example 3.2 According to Definition 3.2, Table 2 is
obviously a DC.

Theorem 3.1 If (G, M, I) is a clarified context and DC,
then (1)|M] is even number; (2)L, = NL,.

Proof (1) Because (G, M,I) is a DC, each attribute
has dual attributes. Furthermore, each attribute corresponds
to its dual attribute one by one, as a result of clarified.
So |M| is even number. 2) o : G — G alg) = g,
B: M — M a(m) = m, where a and m are dual attributes.
So (G,M,I) = (G,M,I¢). Thus L, 2 NL,.

Theorem 3.2 Let (G, M, 1) is a clarified context and DC.
Then L, = OEOL.

Proof Suppose o : L, — OEOL, for any (X, A) € L,,
a(X,A) = (X, (A, X%)). Now we just have to prove that it
is an isomorphic mapping.

Firstly, we show that it makes sense. That is, we will prove
(X, (A, X")) € OEOL. We will only prove that X = A® U
X% by Definintion 2.5. In fact, since (X, A) € L,, we get
X = A®. And we obtain X*© C X by the properties of f
and <. So we obtain (X, (4, X%)) € OEOL.

Secondly, we will prove « is a surjective. For any
(X, (A, B)) € OEOL, we will only prove that (X, A) € L,.
We can easily obtain A = X' by Definintion 2.5. Then
we will only prove X = AfO by Definintion 2.2. In fact,
B® = B®.So0, X = A°UB® = A°UB® = (AUB)®. And
then, we get X is the extent of the object oriented concep.
That is, X*¢ = X. Thus, X = A°.

In addition, (X, A) # (Y,B) if and only if X # Y.
X # Y if and only if (X, (A,X%) # (Y,(B,Y").
(X, (A, X)) # (Y,(B,Y?")) if and only if a(X,A) #
a(Y,B). So (X,A) # (Y,B) if and only if a(X,A) #
a(Y, B). Thus, « is a injective.

Finally, we show that it is an order isomorphism. In fact,
(X,A) < (Y,B)ifandonly if X < Y. X <Y if and only if
(X, (4, X)) < (YV,(B,Y"). (X,(4,X*)) < (Y,(B,Y")
if and ony if a(X,A) < a(Y,B). So, (X,A) < (Y, B) if
and only if a(X, A) < a(Y, B).

From what has been discussed above, L, = OEOL.

Theorem 3.3 Suppose (G, M, I) be a DC, then CL=L,,.

Proof Suppose ¢ : CL — L,, for any (X,A) € CL,
(X, A) = (X, A). Now we just have to prove that it is an
anti isomorphic mapping.

Firstly, we show that it makes sense. That is, we will prove
(X¢, A) € L,. We will only prove that X¢ = A® and X4 =
A by Definition 2.2. In fact, since (X, A) € CL, X! =
{m € Mim* C X¢} = {m € M| XNm*} = {m €
MIXNnm* =0} = {m e MXnm* =0} ={m
M|gI°m for all ¢ € X} = X*. In DC, X* = A, that
is X = A. And then, A® = {g € Glg* N A # 0}, so
A ={geGlfFNA=0}={geGIAC g} =A" In

m
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dual context, A* = A%, so A*¢ = AC. Since A*¢ = X¢, we
get X¢ = A®. Then we obtain (X¢, A) € L.

Secondly, we will prove ¢ is a surjective. For any
(X,A) € L,, we will only prove that (X<, A) € CL. We
get A= X! ={me M|m* C X}, X = A® by Definintion
2.2. In fact, X** = {m € M|X° Cm*} = {m € M|m*® C
XY={meMm*CX}={meMm* CX}=A In
addition, A* = A¥ in the DC. So A* = A¥ = {4|A C g*}.
And A% = {glANg* # 0} = {glAng" =0} = {g|A C
g*}. Thus, A* = A = Xe,

In addition, (X,A) # (Y,B) equivalent to X # Y.
X # Y equivalent to X¢ # V¢, X¢ £Y¢ « (X, A) £
(Y€, B). So p(X,A) < (Y, B). Thus, ¢ is a injective.

Finally, we show that it is an anti isomorphism. In fact,
(X,A) < (Y, B) equivalent to X <Y. X # Y equivalent to
XC4Ye X4 Y= (X, A) > (Y, B). So p(X, A) >
o(Y, B). )

From what has been discussed above, C L=L,,.

Theorem 3.4 Suppose (G,M,I) be a DC, then NL=
OEOL.

Proof Suppose § : NL — OEOL be a map, for any
(X,A) € NL, B(X,A) = (X¢, (A, X). In fact, we can
have 8 = a o ¢ by Theorem 3.2 and Theorem 3.3. Through
the properties of composite mapping, we can obtain [ is an
anti isomorphic mapping.

B. The relationships between L, and OEOL based on the
DIC

In order to facilitate research, we recalled the definition of
the dual intersection context firstly.

Definition 3.3 [30] Suppose (G, M, I') be a formal context,
a€e M. IfG\a* = Naj where a; € M, then a is called a
dual intersection attribute.

Definition 3.4 [30] (G, M, 1) is called a attribute-induced
dual intersection context when every a € M is a dual
intersection attribute. Let’s simply write it down as DIC.

By comparing above definitions, we note that DIC is the
promotion of DC.

Theorem 3.5 Suppose (G, M, I) be a DIC, then the extent
set L, includeds in the extent set of NL,.

Proof Taking (X,A) € L,, we have X% = {m €
M|m* C X¢} ={m e M|XNm*} ={m e M|XNm* =
0} = {m € MIXNnm* = 0} = {m € M|gl°m for
all g € X} = X*. Thus, A = X% = X, Similarly,
X¢ = A% = {glAng* # 0} = {glAng" =0} =
{g|A C ¢g*} = A*. Thus, A = X* and X°¢ = A*.

Due to the dual intersection property of (G, M, I), for any
m € M, we have G \ m* = Nm;*, that is m* = Nm;* .
For the above X¢, X¢ = ﬂm;, where m € A. So, X¢ =
N Nm;*. Thus, we get X“** = X¢ is the extent of the formal
concep by the properties of .

In addition, X** = {m € M|X® C m*} = {m €
M|m* € X} = X" And for any B C M, BY =
{9IBNg* # 0} ={g|Bng" =0} ={g|B C g*} = B*
Replace B with X“*, we obtain XexPe = X*_ Since

X = X¢ and X = X!, we get X°® = X Thus, X
is the extent of NL,.

Therefore, the extent set L, includeds in the extent set of
NL, by arbitrariness of X.

TABLE III
A FORMAL CONTEXT (G, M, I)

W[ =Q
el el =1 N o)
o|o|—|a
—_— O

b
1
1
0

el =R L S

In fact, L, and N L, are not isomorphic, when (G, M, I)
is a DIC. Let’s illustrate it.

Example 3.3 Table 3 is a formal context and Table 4 is its
complement context, where the object set G = {1, 2, 3}, the
attribute set M = {a,b,c,d,e}. I and I¢ shown in tables.
We can compute L,, NL, and OEOL which are shown in
Figure 4, Figure 5 and Figure 6 respectively. Firstly we can
easily verify that (G, M, I) is a DIC. But, we observed that
()L, and N L, are not isomorphic: (2)N L, and OEOL are
not isomorphic in the DIC.

G, M)

(12,bd) (13,ad) (23,ce)

(1,d)
(2, 9)
Fig. 4. L, of Table III
(G, M)
(23, abd) (13, bce) (12, ace)
@3, b) @, a) (1, ce)
(9. 9)
Fig. 5. NL, of Table III
(G, (M, M))

(23, (ce, abd)) (13, (ad, bce)) (12, (bd, ace))

@3, (3, b)) 2 (2,a) (1, (dce)

@, (2, 2)

Fig. 6. OEOL of Table III

Theorem 3.6  Suppose (G, M, I¢) be a DIC, then L, 22
OEOL.

Proof For any X is the extent of OEOL, we might as
well set (X, (A,B)) € OEOL, so A = X%, B = X% and
X = A®UB? by Definintion 2.5. According to the condition
and Theorem 3.5, we can obtain L,z (G, M, I¢) is a subset of
Lop(G,M,I). And then B¢ e Log(G,M,I). Thus, X =
A®UB® € L,g(G, M, I). Therefore, OEOLg (G, M, I) is
a subset of L,g(G, M, T).
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In addition, for any X € Log(G,M,I), obviously
(X, (X% X*%)) € OEOL by the properties of 4 and <). That
is, Log(G, M, I) is a subset of OEOLg (G, M,I).

To sum up, L,g(G, M, I) equals OEOLg(G, M, I). De-
fine ¢ : L, — OEOL, for any (X, X" € L,, (X, X") =
(X, (4, B)). Obviously, 7 is an isomorphic map.

Theorem 3.7  Suppose (G,M,I) be a DIC, then
CLENL,.
Proof We construct v : CL — NL,, v(X,A4) =

(X°,A), where (X, A) € CL. And prove it an isomorphic
mapping. ~
Firstly, (X, A) € CL, so X = {m € M|m* C X} =

{me MXnm*} ={me MXNnm* =0} ={m ¢
M| X nm* = 0} = {m € MlgIm for all g € X} =
X* = A. Secondly, A% = {g|Ang* # 0}c = {g|lANn

g } = {g|A C ¢g*} = A* = X. That is, A = X°.

Thu ( A) € NL,. Similarily, if (X,A) € L,, then
(X<, A) € N L. To sum up, ¢ is a surjection from C'L to
NLO.

In addition, if (X,A) # (Y,B)then X¢ # Y°. So
(X, A) # (Y¢,B), that is y(X,A) < (Y, B). Thus, 7
is a injective.

Finally, we show that it is an anti isomorphism. In fact,
(X,A) < (Y,B) isequivalent to X <Y. X <Y equivalent
to X¢ > Y° And we have (X A4) > (Y B) <
v(X,A) > ~(Y,B). Thus, (X, A) < (Y, B) is equivalent
to y(X, A) > (Y, B).

From what has been discussed above, CLEN L,.

Theorem 3.8  Suppose (G, M, I) be a DIC, then C' L=
OEOL.

Proof Letn = v ov|p,a m1), ¥ and v come from
Theorem 3.6 and Theorem 3.7, respectively. Obviously, it
is an anti isomorphic mapping through the properties of
composite mapping.

Combined with literature [30], the relations of concept
lattices are shown in the Figure 7 and Figure 8 below based
on the DC and the DIC, respectively.

NCL:isomorphic> CL ¢ _jsomorphic S OEL

anti isomorphic

L, ¢ |som0rph|c L, Jsomorphi% OEOL

Fig. 7. the relationships based on the DC
subsete |somorph|c
NCL === CLE==20EL
anti isomorphic
subsete isomorphic
L, S NI, (oMo OEQL
Fig. 8. the relationships based on the DIC

IV. CONCLUSION

In the paper, we study the relations between L, and OEOL
based on the DC and the DIC, respectively. Firstly, we prove
that L, and OEOL are isomorphic based on the DC but they

are not isomorphic based on the DIC. In addition, the anti
isomorphic relationship between C'L and OEOL are both
obtained based on the DC and the DIC, respectively. Finally,
the isomorphic relation between L, and OEOL is obtained
when its complement context is a DIC. In the future, the
relationship between L, and OEPL based on the DC and
the DIC will be studied, respectively. The necessary and
sufficient conditions for their isomorphism will be discussed.

REFERENCES

[1] R. Wille, “Restructuring lattice theory: An approach based on hierar-
chies of concepts”, Lecture Notes in: Rival I, Ordered Sets. Reidel:
Dordrecht-Boston 1982, pp. 445-470, 1982.

[2] B. Ganter and R. Wille, Formal Concept Analysis: Mathematical
Foundations, Berlin, Springer-Verlag, 1999.

[3] P. Tonella, “Using a concept lattice of decomposition slices for program
understanding and impact analysis”, IEEE Transactions on Software
Engineering, vol. 29, pp. 495-509, 2003.

[4] C.A. Kumar, S. Srinivs, “Ming associations in health care data using
formal concept analysis and singular value decomposition”, Journal of
Biological Systems, vol.18, no.4, pp.787-807, 2010.

[5] N.Y. Quintero, G. Restrepo, “Formal concept analysis applications
in chemistry: from radionuclides and molecular structure to toxicity
and diagnosis, Partial Order Concepts in Applied Sciences”, Springer
International Publishing, 2017.

[6] J.P. Xie , M.H. Yang, J.H. Li, et al, “Rule acquisition and optimal scale
selection in multi-scale formal decision contexts and their applications
to smart city”, Future Generation Computer Systems, vol.83, no.l,
pp.564-581, 2018.

[7]1 R. Belohlavek, E. Sigmund and J. Zacpal, “Evaluation of IPAQ ques-
tionnaires supported by formal concept analysis”, Information Sciences,
vol.181, no.10, pp.1774-1786, 2011.

[8] B.H. Long, W.H. Xu, X.Y. Zhang, and L. Yang, “ The dynamic update
method of attribute-induced three-way granular concept in formal
contexts”, International Journal of Approximate Reasoning, vol. 126,
pp. 228-248, 2020.

[9] X.Y. Chen, J.J. Qi, X.M Zhu, X. Wang, and Z. Wang, “Unlabelled text
mining methods based on two extension models of concept lattices”,
International Journal of Machine Learning and Cybernetics, vol. 11,
pp. 475-490, 2020.

[10] C.Z. Wang, Y. Wang, M.W. Shao, Y.H. Qian and D.G. Chen, “Fuzzy
rough attribute reduction for categorical data”, IEEE Transactions on
Fuzzy Systems, vol.28, no.5, pp.818-830, 2020.

[11] L.D. Wang and X.D. Liu, “Concept analysis via rough set and AFS
algebra”, Information Sciences, vol.178, pp.4125-4137, 2008.

[12] W.X. Zhang, J.M. Ma, and S.Q. Fan, “Variable threshold concept
lattices”, Information Sciences, vol. 177, no.22, pp.4883-4892, 2007.

[13] A. Jaoua, and S. Elloumi, “Galois connection, formal concepts and
Galois lattice in real relations: application in a real classiffer”, the
Journal of Systems and Software, vol.60, pp.149-163, 2002.

[14] L.K. Guo, FP. Huang, Q.G. Li, and G.Q. Zhang, “Power contexts and
their concept lattices”, Discrete Mathematics, vol.311, pp.2049-2063,
2011.

[15] JH. Li, C.L. Mei and Y.J. Lv, “Incomplete decision contexts:
approximate concept construction, rule acquisition and knowledge re-
duction”, International Journal of Approximation Reasoning, vol.54,
no.1, pp.149-165, 2013.

[16] J.Y. Liang and J.H. Wang, “A new lattice structure and method for
extracting association rules based on concept lattice”, International
Journal of Computer Science and Network Security, vol.6, no.l1,
pp-107-114, 2006.

[17] Y.Y. Yao, “An outline of a theory of three-way decisions”, Rough Set
and Knowledge Technology, Spring International Publishing: volume
7413 of Lecture Notes in Computer Science, vol.7413, pp.1-17, 2012.

[18] J.J. Qi, L. Wei and Y.Y. Yao, “Three-Way formal concept analysis”,
Rough Set and Knowledge Technology, Spring International Publishing:
volume 8818 of Lecture Notes in Computer Science, vol.8818, pp.732-
741, 2014.

[19] J.J. Qi, T. Qian and L. Wei, “The connections between three-way and
classical concept lattices”, Knowledge-Based Systems, vol.91, pp.143-
151, 2016.

[20] R. Shivhare, and A.K. Cherukuri, “Three-way conceptual approach for
cognitive memory functionalities”, International Journal of Machine
Learning and Cybernetics, vol.8, no.1, pp.21-34, 2017.

[21] H.L. Zhi, J.J. Qi, T. Qian and R.S. Ren, “ Conflict analysis under one-
vote veto based on approximate three-way concept lattice”, Information
Sciences, vol.516, pp.316-330, 2020.

Volume 52, Issue 2: June 2022



TAENG International Journal of Applied Mathematics, 52:2, [JAM 52 2 31

[22] S.C. Yang, Y.N. Lu, X.Y. Jia and W.W. Li, “ Constructing three-
way concept lattice based on the composite of classical lattices”,
International Journal of Approximate Reasoning, vol.121, pp.174-186,
2020.

[23] H. Mao and Y.L. Cheng, *“ Three-way rough semiconcept”, Journal of
Intelligent & Fuzzy Systems, vol.40, no.3, pp.4317-4330, 2021.

[24] L. Wei, L. Liu, JJ. Qi and T. Qian, “ Rules acquisition of formal
decision contexts based on three-way concept lattices”, Information
Sciences, vol.516, pp.529-544, 2020.

[25] X.W. Xin, J.H. Song, Z.A. Xue and W.M. Peng, * Intuitionistic fuzzy
three-way formal concept analysis based attribute correlation degree”,
Journal of Intelligent & Fuzzy Systems, vol.40, no.1, pp.1567-1583,
2021.

[26] I. Diintsch and G. Gediga, “ Modal-style operators in qualitative data
analysis”, Proceedings of 2002 IEEE International Conference on Data
Mining 2002, pp.155-162, 2002.

[27] Y.Y. Yao, “ A comparative study of formal soncept analysis and rough
set theory in data analysis”, Lecture Notes in Artifical lelligencen 2004,
vol.3066, pp.59-68, 2004.

[28] L. Wei and T. Qian, “ The three-way object oriented concept lattice
and three-way property oriented concept lattice”, Proceedings of the
2015 Intermational Conference on Machine Learning and Cybernetics
2015, pp.854-859, 2015.

[29] T. Qian, L. Wei and J.J. Qi, “ A theoretical study on the object
(property) oriented concept lattices based on three-way decisions”, Soft
Computing, vol.23, pp.9477-9489, 2019.

[30] T. Qian, S.Y. Zhao and J.T. Wang, “ Research on construction methods
and algorithms of three-way concept lattices based on isomorphism
theory”, Journal of Zhejiang University (Science Edition), vol.47, no.3,
pp.322-328, 2020.

Volume 52, Issue 2: June 2022





