TAENG International Journal of Applied Mathematics, 53:1, [JAM 53 1 28

Analysis on the Fracture Mechanism of Cracked
Materials Considering the Influence of
Micro-cracks in the Vicinity of the Macro-crack
Tip

Huajing Guo

Abstract—In order to resolve the fracture mechanism of
engineering structures with a macro-crack, a multi scale
analysis method for crack tip fields with consideration to the
influence of micro-cracks has been proposed based on
continuum damage mechanics. The micro-cracks induced stress
field of cracked materials has been expressed and the plastic
area near the macro-crack tip has been represented considering
the influence of the micro-cracks. The equivalence principle of
stress has been put forward to study the influence of
micro-cracks behavior on stress intensity factor and analysis on
the fatigue macro-crack propagation has been performed based
on the developed equivalence principle. The analysis results
illustrated that the shape of the plastic area near the crack tip is
irregular in the structure service lifetime caused by the behavior
of micro-cracks. The micro-crack behavior along the crack tip
exhibits great influence on the macro-crack propagation under
cyclic loading.

Index Terms—damage, fracture mechanism, macro-crack,
micro-crack, plastic area

I. INTRODUCTION

racture caused by macro-cracks is the common failure

form of civil engineering structures, which has attracted
much attention from both engineers and scholars. Fracture
mechanics is traced back to the event that Griffith
successfully explained the phenomenon that the brittle
materials fail under the condition where the stress level is far
away its yield strength. The definitions of stress intensity
factor, energy release rate, J-integral and crack tip opening
displacement contribute to relate fracture mechanics to the
failure problem of engineering structures [1]. Westergaard [2]
put forward the stress solution in the vicinity of the crack tip,
namely the famous Westergaard solution. However, the
Westergaard solution indicates that the stress field exhibits
singularity in the crack tip, while the stress field will never be
infinite. As a result, the concept of plastic area along the crack
tip was introduced to explain this contradiction. lrwin
proposed that the crack length should be replaced by effective
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crack length to study the influence of plastic area on the crack
tip fields [1]. Dugdale and Barenblan [3, 4] assumed that the
plastic areas with the length of (c-a) were concentrated in the
crack tip, namely the profound D-B model. Up to now, there
are many studies concentrated on the fracture behaviors of
cracked materials and structures [5-8].

Although the fracture mechanics phenomenologically
described fracture of engineering structures, but failed to
explain the essential mechanism of fracture behavior.
Research [9-11] showed that there are a certain number of
micro-cracks in the material and the performance degradation
of structures is caused by the collective behavior of the
micro-cracks. Generally, the micro-cracks propagate much
faster than macro-cracks subjected to the same loading.
Therefore, scholars tended to pay attention to the influence of
micro-cracks on the macro-crack tip field. Kachanov et al. [12]
analyzed the mechanics of interaction of a macro-crack with
micro-crack arrays. Feng et al. [13] studied the fracture
process zone near the crack tip in a brittle damaged material
based on D-B model and elastic-damage model with residual
strength. Tai al et. [14] studied the damage evolution ahead of
a crack tip in high-impact polystyrene specimen. Bouiadjra al
et. [15] and Li al et. [16] analyzed the influence of
micro-cracks on the plastic zone near the macro-crack tip. Fan
al et. [17] developed an equivalent method to deal with the
external crack problem with a Dugdale cohesive zone. Zhu al
et. [18] analyzed the influence of surface tension on the
behavior of adhesive contact based on Maugis—Dugdale
model.

It is commonly accepted that the degradation of
engineering structures is caused by collective behavior of
micro-cracks inner the materials and its damage accumulation
process can be described by the micro-crack density [19-21].
The research [22-24] illustrated that the characters of micro
structure, such as micro-crack orientation and the grain size,
of metallic materials show great influence on the performance
of structures. Moreover, research [25] demonstrated that the
length of micro-cracks of the material shows a large scatter
subjected to cyclic loading.

Up to now, the majority of studies on the propagation of
macro-crack tended to ignore the influence of the
micro-cracks. Although some research tried to study
macro-crack tip fields with consideration to the influence of
micro-cracks, the current research was limited to analyze the
influence of a micro-crack or several ideal micro-cracks.
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However, the randomness of distribution and discreteness of
length of micro-cracks have not been considered. Therefore,
although many efforts have been made on the crack tip fields,
the mechanism of fracture failure problem has not been
resolved.

In order to resolve the fracture failure problem of cracked
engineering structures, a multi scale analysis method for the
damaged macro-crack tip fields has been proposed based on
continuum damage mechanics to study the influence of
micro-cracks near the macro-crack tip. The damage induced
macro-crack tip fields and the plastic area near the crack tip
have been described in which the influence of the
micro-cracks was considered. The equivalence principle of
stress has been put forward to express the micro-cracks
induced stress intensity factor and analyze the propagation of
macro crack in damaged materials.

Il. REPRESENTATION OF THE DAMAGED CRACK
TIP

According to continuum damage mechanics [26], the
damage variable D is used to describe the degradation of
materials, illustrated as Fig.1:

D = S~ Seff (1)

S
where S and Ser are the cross-sectional area and effective
cross-sectional area of the representative volume element
(RVE), respectively.

Fig. 1. Schematic diagram for the definition of damage

In this study, it is supposed that the structure of cracked
materials with a macro-crack can be divided into two areas to
study the influence of micro-cracks, illustrated as Fig. 2. The
area 1 is the damaged area with relative low stress level. The
area 2 is the plastic area in the vicinity of the crack tip in
which the stress level reaches its yield strength.
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Fig. 2. Structure of the crack tip

The collective behavior of micro cracks can be described
by the balance theory for micro-cracks number density
developed by Bai et al. [23]:

a(r(;((a:\,‘r;llg:l)f ) _ g (82N N ) an(a,N / Nfa)aa(a, N/Ng) (2)
where n(a, N/Ny) is number of crack with length a when cycle
ratio is N/Nr.

In practice, the majority of structural failure is related to
fatigue damage which caused by micro-cracks [27-29]. The
collective behavior of micro-cracks under cyclic loading can
be illustrated as Fig. 3. In the author’s previous research [30],
a multi scale fatigue damage model had been developed in
which the scatter of micro-crack length was analyzed. The
fatigue damage model was expressed as:
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where Lis, Aos, Bor are the model parameter, F(x) and H(x) are
probability distribution function and Weibull distribution
expectancy, respectively. Dg?° is a parameter depended on
Poisson's ratio.
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Fig. 3. The collective behaviors of micro-cracks under cyclic loading

I1l. MICRO-CRACK INDUCED PLASTIC AREA IN THE
VICINITY OF THE CRACK TIP

On the basis of damage mechanics, the relationship
between nominal stress and effective stress can be described
as:

Snom (4)
1-D
where oerr is effective stress, onom IS Nominal stress.

In the author’s previous research [30], the fatigue damage
evolution curve for alloy IN 100 was obtained, shown as Fig.
4(a). On the basis of the equation (4) and the damage
evolution curve, the normalized effective stress field for alloy
IN 100 can be represented in Fig. 4(b) in which the influence
of micro-cracks was considered.

Oeff =
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It can be obtained from Fig. 4 that the normalized effective
stress level increases greatly in the later stage of damage
evolution process. Therefore, the nominal stress should be
replaced by the effective stress to consider the influence of
micro-cracks near the crack tip.
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Fig. 4. The effective stress for alloy IN 100
(a) The damage evolution curve (b) The normalized effective stress

Ina polar coordinate system (r, 6) whose origin being at the
crack tip, the effective stress should be used to modify the
Westergaard solution for stress fields:

oy (r,0) :Lcosg(l—singsin%]
|10y, |V2ar

ayy(r,ﬁ) :chose[hsin gsin 30)
[l-D(n’t)]\/ﬁr 2 2 2
Lcosgsingcos% ®)

oy (r,0)=
a2
where r is the distance from the crack tip, @ is crack angle, ojj
is stress, K; is stress intensity factor for mode I, D(n, t) is the
damage caused by the n micro cracks in the unit area.
According to material mechanics, the Mises yield criterion
is expressed as:
2 2 2 2
(0,-0,) +(0,~0,) +(0,-0,) =20, ©)
The relationship between principal stresses and nominal
stresses is described as:
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The Westergaard solution implies that there is a singularity,
namely r—0, aij— <. In this study, the plastic area based on
Mises yield criterion is used to explain the contradiction.
Based on the modified Westergaard stress solution and Mises
yield criterion, the plastic area in the vicinity of crack tip can
be described in which the influence of micro-cracks was
considered. The size of the plastic area can be obtained by
combining the equations (5), (6) and (7).

The size of the plastic area for plane stress problem gives:

rzzanzl2 . {coszz(lwsinzzﬂ ®
[1—D(n,t)} o’
The size of the plastic area for plane strain gives:
1 K C)]

r:—7COSZQ{(1—2y)2+3Sin2g}
2n 2, 2 2
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Research [30] showed that the critical damage value of
metallic material ranges 0.2~0.8. It is assumed that the
average damage enables to describe damage evolution
process of metallic materials. Analysis on the shape of plastic
areas adjacent to the crack tip of metallic material with
different average damage level has been performed, shown as
Fig. 5. The growth of the point ro-p and re-g~ characterizes
size of the plastic area near the crack tip. The growth of
micro-cracks induced plastic areas for both plane stress
problem and plane strain problem has been studied, illustrated
in Fig. 6.

The conclusions can be draw from Fig. 5 and Fig. 6:

(1) The size of plastic areas increases due to the damage
accumulation, which illustrated that the collective behavior of
micro-cracks leads to significant growth of the plastic area in
the vicinity of the crack tip.

(2) The growth rate of reo and re=g ° exhibits
unproportional, which implies the shape of plastic areas is
irregular in the structure service lifetime, compared with
plastic areas with regular shape based on traditional fracture
mechanics.
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Fig. 5. The shape of plastic areas in the vicinity of the crack tip
(a) plane stress problem (b) plane strain problem
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Fig. 6. The growth of plastic areas in the vicinity of the crack tip

IV. THE EQUIVALENCE PRINCIPLE OF STRESS AND
THE APPLICATION

A. The Equivalence Principle of Stress

As stated above, there are two parts contribute to stress
intensity factor K in the crack tip, namely K™ caused by the
macro-crack and K™c° caused by micro-cracks. Therefore,
the K in the crack tip is described as:

K = K macro  « micro (10)

The influence of micro-cracks on the crack tip field
involves amplification effect and shield effect. Research [12]
demonstrated that the shield effect can be ignored under the
condition where the random of micro-cracks is considered. As
a result, only amplification effect caused by micro-cracks
should be analyzed in this study.

Fracture analysis on an infinite sheet with a line crack
under uniaxial tensile loading has been performed. The stress
intensity factor for mode I in the crack tip based on traditional

fracture mechanics is expressed:
macro

K, =Yp/za
where Y is shape parameter, p is nominal applied stress.

However, the traditional fracture mechanics failed to
describe the behavior of micro cracks, including the K ™o
caused by micro-cracks. On the basis of the continuum
damage mechanics, the stress of damaged body generated
under nominal loading can be equal to the stress of
undamaged body generated under effective loading. As a
result, the equivalence principle of stress can be developed to

(11)

calculate the stress intensity factor in the vicinity of the crack
tip considering the influence of micro-cracks, illustrated as
Fig. 7.
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Fig. 7. The equivalence principle of stress

Based on the developed equivalence principle, the
relationship between applied loading and the stress filed can
be obtained:

_ Peff _ p
S s[1-Dpy]

As a result, the micro-cracks induced stress intensity factor
can be expressed using the developed equivalence principle
of stress:

KM = K, macro KImicro = Ypefs VA=Y p
! 1-D(n, 1)

It is supposed that the applied stress p =10MPa and the
initial crack length ag=3mm. The stress intensity factor of an
infinite sheet under different damaged condition has been
calculated and the results based on the two different methods
are listed in Tab. 1. The normalized stress intensity factor
K™K ° in the damage evolution process is illustrated as Fig. 8.

The conclusions can be draw from Table T and Fig. 8:

(1) The relative difference between K,° and K™ gradually
increases in the process of damage evolution, which implies
that attention should be paid on the influence of micro-cracks
on the stress intensity factor.

(2) The normalized stress intensity factor is over-high
under the condition with high damage level, which revealed
the limitation of traditional fracture mechanics to be applied
into fatigue fracture analysis for the structures with high
micro-crack density.

(12)

Jra (13)
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Fig. 8. The curve of normalized stress intensity factor
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Table I
The values of stress intensity factor
D
0 0.05 0.10 0.15 0.20 0.25 0.30 0.35
K/MPa . mm??2
Ki° using Eg. (11) 30,70 30,70 30,70 30,70 30.70 30.70 30.70  30.70
Kim using Eq. (13) 30,70 3232 3411 3612 3837 4093 4386 47.23
Relative differences / % 0 5.26 11.11 17.65 25.00 3333 4286 53.85

B. The Micro-crack Induced Fatigue Crack Propagation

The majority of failure of engineering structures is related
to fatigue fracture caused by crack behavior, including
micro-cracks and macro-cracks. Paris law is limited to
describe the behavior of macro fatigue crack propagation and
it can be expressed as [32]:

da _ C (AKImacro )m

dN
where C and m are material constant.

In order to analyze the influence of micro-cracks along the
crack tip on macro-crack propagation, the Paris law has been
modified based on the developed equivalence principle of
stress. In the modified model, K™ should be replaced by
the micro-cracks induced K|™:

o =c(axp)” (15)

Itis assumed that C=1.3*10"*%, m=2.2 and the applied stress

(14

amplitude Ao =205.5MPa. The damage parameters of D(n,t)

in equation (3) were obtained in the previous study [29], and
the damage evolution curve of alloy IN 100 is shown as Fig. 4.
Fatigue crack propagation analysis for the alloy IN 100 has
been performed based on Paris law and modified Paris law,
respectively. Comparison has been made between the analysis
results based on different crack propagation theories. The
results are shown as Fig. 9 and Fig. 10. Note that curve C
describes the results with consideration to the influence of
micro-cracks and curve NC is for no consideration.
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Fig. 9. The curve of stress intensity factor amplitude VS crack length

It can be obtained from Fig. 9 and Fig. 10:

(1) The influence of micro-cracks on AK gradually exhibits
prominent in the process of the fatigue macro-crack
propagation.

(2) The fatigue macro-crack represented by curve C
propagates much faster than that for curve NC at later stage of
structure lifetime, which implies that micro-cracks near the

crack tip enable to remarkably accelerate the propagation of
the fatigue macro-crack.
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Fig. 10. The curve of fatigue crack propagation

V. CONCLUSIONS

In order to reveal the natural mechanism of fracture failure
of engineering structures with a macro crack, a micro-cracks
induced analysis method based on continue damage
mechanics has been proposed. The structure of cracked
materials has been divided into the damaged area and the
plastic area to consider the influence of micro-cracks on the
crack tip field. The damaged crack tip has been represented
and analysis on fatigue crack propagation has been performed
in which the influence of micro-cracks near the macro-crack
tip was studied. The main works and conclusions are listed as
following:

(1) The shape of the plastic area near the macro-crack tip is
irregular in the structure service lifetime due to the behavior
of micro-cracks, compared with the plastic area with regular
shape based on traditional fracture mechanics.

(2) The equivalence principle of stress has been put
forward to calculate the micro-crack induced stress intensity
factor and the limitation of traditional fracture mechanics to
be applied into fatigue analysis for the structures with high
micro-crack density has been demonstrated.

(3) The micro-cracks near the macro-crack tip enable to
remarkably accelerate the propagation of the fatigue
macro-crack.
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