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Homogenization of the Helmholtz Problem with

Layered Viscoelastic Media Including Finite Size
Effect

Rachid BELEMOU, Member, IAENG, Amine SBITTI, Jean-Jacques MARIGO, and Hassan EL AMRI

Abstract—We propose a homogenization method based on a
matched asymptotic expansion technique to obtain the effective
behavior of a two-dimensional linear viscoelastic periodically
stratified slab, which accounts for the finite size of the slab. The
problem is investigated for shear waves, and the wave equation
in the harmonic regime is considered. The obtained effective
behavior is that of a homogeneous anisotropic slab associated
with jump conditions, for the displacement and the normal
stress at the boundaries of the slab. These jump conditions
are implemented in a numerical scheme in the case of layers
associated with Neumann boundary conditions and compared
to the results of the direct problem.

Index Terms—Homogenization; Matched asymptotic expan-
sion; Effective jump conditions; Viscoelastic; Stratified media;
Finite size effects.

I. INTRODUCTION

N complex geometries, it is not always possible to solve a

wave propagation problem analytically, and this requires
a numerical resolution. The heterogeneity of the domain
is considered to be one of the sources of complexity in
numerical calculations, since the existence of scales of very
different lengths has a great impact on wave behavior. This
requires that the mesh must be able to resolve the rapid
variations associated with a small scale, while the propa-
gation domain must be sized to the largest scale. Therefore,
if the heterogeneity of the propagation medium is that of
wavelength, a well-adapted numerical method is sufficient to
choose. Otherwise, the model can be simplified by using
the classical homogenization technique, which derives an
equivalent homogenized problem. For example, if the entire
propagation medium (or a large part) has a micro-structuring
whose smallest scale is under the wavelength [[1]]-[2]]. In other
situations, where only a small or thin region contains a micro-
structuring; they are originally developed in the context of
acoustics [3[]-[4]. Interface homogenization has been studied
at certain problems, particularly in electromagnetism [S]-[6]
and solid mechanics [4]-[7]-[8].

In this present paper, we extend a study of shear wave scat-
tering by a slab that is periodically stratified in elasticity[9].
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This time, the periodic layers are considered to be viscoelas-
tic and satisfy ¢ = Krh < 1, where K is the real part of
the complex shear wavenumber K *, and h is the periodicity
of the structure. We noticed that the wave equation of the real
problem takes the same form in the case of elastic media.
Except in our case, the coefficients of physical parameters
entering the equation are complex, which did not change the
homogenization procedure or even the form of the homoge-
nized wave equations obtained at different orders. We have
shown that this problem can be replaced by an equivalent
slab whose scattering parameters accurately describe those
of the actual structure. Furthermore, we have established
that, in addition to the mass parameters entering the effective
wave equation, homogenization reveals interface parameters,
which enter the conditions of jump at the boundaries of the
equivalent slab (Figure [I)).

The paper is organized as follows. In Sectll we sum-
marize the results of the asymptotic analysis in the case
of two-dimensional linear viscoelastic periodically stratified
slab which accounts for the finite size of the slab, whose
main steps of derivation are given in the Appendix [Al The
resulting system (7)) represents the homogenized problem as-
sociated with jump conditions of the displacement and of the
normal stress across an equivalent homogeneous anisotropic
slab. In Sect[TlL we discuss the discrepancy between the
homogenized and the actual solution, by representing the
transmission coefficients as a function of the frequency K rh,
the thickness of stratified medium e/h and the reciprocal
quality factor Q! of viscoelastic media. We finish the study
in Sect[[V] with concluding remarks and perspectives.

II. THE PHYSICAL AND THE HOMOGENIZED PROBLEMS
A. Position of the physical problem and notations

We start with the viscoelastic wave equation for the scalar
displacement field U (X) written in the harmonic regime (and
U is anti-plane), with X € () the spatial coordinates and
Q={(X1,Xs) e R x (—H/2,H/2)} (Figure [I)).

div(MVU) + pw?U =0 (1)

With M and p being the complex shear modulus and the mass
density respectively, and w the frequency. Equation () can
be written in terms of the non-dimensional parameters.
M(X,w) p(X)

My, Pm

With M, the complex shear modulus and p,, the mass
density of the substrate surrounding the stratified medium

a*(X)

and B(X) =
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Fig. 1. On the left,

the actual configuration of a viscoelastic body (in blue) with a viscoelastic

stratified medium Qg =

{(X1,X2) € (—e/2,e/2) x (—H/2,H/2)}. On the right, the homogenized configuration where the stratified medium is replaced by an equivalent
homogeneous anisotropic slab, which associated with jump conditions apply at the boundaries of the slab.

occupying the region Qg; with K* = wy/pm/M,, the
complex wavenumber in the substrate /€, we get

div(a*VU) 4+ BK*?U = 0 )

This allows us to write the Helmholtz equation in the
substrate as follows

AU+ K**U =0

In the harmonic regime, we consider viscoelastic waves
with a minimum wavelength 27/ K g larger than the typical
periodicity of the stratified structure h (K being the real
part of the complex shear wavenumber K *), such that

EZKR}L<<1

To be consistent, we shall work in dimensionless coordinate
and on a problem simplified regarding that in (Figure [I) in
the sense that we consider a single interface, which means
that we focus on a region near the boundary of the stratified
medium at X; = e/2; and to achieve that, we define it as
follows:

xr1 = KR(Xl — 6/2),$2 = KRX2

We shall assume that the stratified medium occupies the
region 1 < 0. Doing so, we assume implicitly that the wave
passing through the stratified slab in the configuration of
(Figure ) feels the boundaries and the bulk of the stratified
medium. This means that the slab is thick enough, and
thickness means that the evanescent fields at both boundaries
of the slab do not interact. We shall define the actual problem
for x = (w1, 22) € Rx (—KrH/2, KrpH/2), and we denote
it as follows:

a*®(x) = o (X),

b (x) = BX)(5,)°

o°(x)

Where the functions a* and b* are 1-periodic and piecewise
complex constant, such that

uf (x) = U(X), = K 'o*(X)VU(X).

Q*S(X> . 1, 1 >0
] af (”“6—2) , 11 <0

* 3)
b*s( ) _ (§3)27 z1 >0
b* I—;) , x1<0

Moreover, we explicitly indicated the dependence of (u®, %)
on ¢ being the periodicity of the stratified medium in
dimensionless form. Now, (@) reads the following
diveo®(x) + b* (x)u®(x) = 0 (4a)
{ 0°(x) = a**(x)Vu(x) (4b)
With x € R x (—KrH/2,KrH/2). At the boundaries
between two layers within the stratified medium and at the
boundaries between the layers and the substrate at x; = 0
(Figure 2)), the continuity of the displacement, and the conti-
nuity of the normal stress o°.n apply. Finally, appropriate
boundary conditions at |x|— 4oco and xo = +KrH/2,
often referred to as radiation conditions, apply once the wave
source has been defined. For the moment, we do not need to
specify their form.

B. The homogenized problem

Below we summarize the main results of the analysis
developed in the Appendix. [Al and which provides the so-
called (homogenized problem) where the stratified medium
is replaced by an equivalent anisotropic slab associated with
the jump conditions for the displacement and the normal
stress across two interfaces at X1 = e (Figure [I). The
homogenized problem of a welded boundary between infinite
layers and substrate (@alldh), is done by defining the fields

(u”, o) satisfying the following homogenized problem:
divoh 4 (b*)u" =0, x1 <0
h_ [ (a%) 0 h
= ( 0 (1/a*)! ) Vu
div " (K Yul =0, o' =vul, x1 >0
eB
1= 2 [0} (07,a2) + of (07,2)
eC 82 h 82 h
3 - +
S el 0
Io!1 =~ 5 | G (070) + G (072)
)

Where (B, C) the interface parameters (39441)) and we defined
[[fﬂzf(o-’_v:rQaT)7f(0_;$277_)5 (6)

For any outer terms, f being discontinuous across an equiv-
alent interface at x; = 0, with (f~; fT) its values on both
sides. And the average over y» € Y for any function f, is
defined by

<mwaéwﬁ@m
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Fig. 2. Single interface between the stratified medium occupying the region x1 < O and the substrate occupying the region 1 > 0. The usual continuity
conditions apply at the boundaries between the layers (u‘S , 05) and at the boundaries between the layers and the substrate (us, o‘f) at 1 = 0.

Finally, from (3) coming back to the real space with a welded
boundary is considered at X; = e, in the X = x/Kp
coordinate and with U"(X) = u"(x), 2"(X) = Kroh(x),
we get an effective problem

divS" + (") Kp*U" =0, Xy <e/2
h _ (a*) 0 h

2= (5 wa )0

divy" + K**Uh =0, x"=vU", X >e/2

0% = 22 (5% ((e/2)7, o) + 5% ((e/2)*, )]
[t] =
o |G (/27 + G e/ x%0)|

The above problem, written for a single interface at X; =
e/2, correspond to the problem when two interfaces at X; =
+e/2 are considered. It reads as follows

divy" + (0" Kg*U" = 0, X e,
n_ [ (a*) 0 h
) ( 0 (1/an)-1 >VU ,
dive" + K**Uh =0, x"=vU", X €Q/9,
hB [, -
[t = %2 (zh + 2”) N
he (Ut Ut
h . —_— —_——_—
[=1-N 2<8X22+8X22
(7N

With the convention + refers to the direction of the normal
N.

III. ACCURACY OF THE HOMOGENIZED SOLUTION
REGARDING THE ACTUAL SOLUTION

In this section, we inspect the accuracy of the homoge-
nization. To do so, we shall consider the particular scattering
problem of the reflection of rectangular voids, free of stresses
(with Neumann conditions on their boundaries), periodically
spaced in a homogeneous matrix being composed of the
same linear viscoelastic material as the substrate. We shall
work with complex fields (because the physical fields are the
real parts of the computed complex ones); in the harmonic
regime, the complex fields (and we shall consider the dis-
placement field U(X)) have a time dependence in e~'“* and
it will be omitted in the following. An incident wave arrives
from X; < 0 and hits the array at oblique incidence 6 with

degree of heterogeneity ~ (Figure[3). This type of shear wave
is defined as a Type-II S wave [10], of the following form

UinC(X) — e—iwteiI?»F _ e—iwte—j?eiﬁ»f‘- (8)

Where 7 = (X1, X5) is the position vector, and K the
complex wave vector is given by

K= ﬁ—l—lgz Ksi + Kijpedo

And the corresponding propagation and attenuation vectors,
are given by

P = ‘]3’ cos (0) @2 + ’15 sin (0) 2o
= Re [Ks] 71 + Re [Klnc] To

A= ’A”cosw*’y)x} + ‘/Y
=Im [KS] -I'Al + Im [Kinc] :EAZ

sin (0 — ) @2

With (21, @2) are orthogonal real unit vectors for a Cartesian
coordinate system, k;,. the complex wave number for the

assumed general SII wave, and Kg = /K** — K;,.°,

where ” ” is understood to indicate the principal value of
the square root of a complex number z = zp + 42 defined
in terms of the positive square root of real numbers by

—|Z|J2rZR + isign [27] 4/ —|Z|;ZR

sign[er] = g 271 <0

Hence, the complex wave numbers K;,. and Kg reads

V7=

with

Kinc = ‘ﬁ

sin (0) + 1 ‘ff

sin (6 — )

Kg = ‘13‘ cos (0) +1 ‘ff‘ cos (6 — ).

Where the magnitudes of the propagation and attenuation
are specified in terms of the given material parameters, the
complex wave number K* or wave speed (v,, = w/KRg)
and the reciprocal quality factors (Qn, ' = My /My ),
and the given degree of heterogeneity ~ [10].

A. Solutions of the actual problem

The actual problem is solved numerically by using the
same multimodal method [9], which reduces to the determi-
nation of a set of scattering coefficients R™*" and 77"
for | X1| > e/2. The reference numerical solution U™*™ is
sought in the substrate where the Helmholtz equation applies
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Actual problem

Q
le
0 0 Xx; H
U_inc_ e ¢h

Fig. 3.

Homogenized problem
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Left: Actual problem of the scattering of a plane wave at oblique incidence 6 of an array of rectangular voids, with degree of heterogeneity

~. Right : The homogenized problem involves a slab of same thickness e filled with a homogeneous anisotropic material, which associated with jump

conditions and apply at X1 = *e/2.

with Neumann boundary conditions on the boundaries of the
voids occupying the subdomains €2;, ¢ = 1,...,N,, and
Q, = U;Q;. Such a problem is solved in 2\, with Q =
{(X1,X2) e Rx (—H/2,H/2)} and reads

AU + K**U =0,
VU -n=0,
lim

8 inc : inc .
i {71 (U — U FiKs (U —U )} ~0

H . H
U <X17 5) = elKinCHU <X15 5) ’

oU H\ o OU H
X, (X1’§) - X, (Xl’ 2 ) » X1ER
©

Where the scattered waves (U — Ui“C) are the radiation
condition at X7 — ®oo [11]], and are considered in the low
frequency regime [12]]. The last condition is referred to as the
Floquet condition (pseudo-periodicity) [13]], which applies in
the case where H = nh, with n an integer, for the incident
wave and for the total field.

in Q\Q,
on 9Q;,i=1,..,N,

X1 €eR

B. Solutions of homogenized problem

To numerically validate the homogenized problem, we
treat the case of scattering by an array of rectangular voids.
In acoustics, this corresponds to an array of sound hard
material in a fluid; in electromagnetism, it corresponds to
a perfect conducting metallic array in a dielectric or in the
air. For the first validation, we consider rectangular voids
spaced periodically in a homogeneous matrix composed of
the same viscoelastic material as the substrate. In the second
case, the stratified medium is considered to be elastic and
the substrate to be viscoelastic.

1) The case of the substrate and layers is the same
viscoelastic media: The homogenized problem can be solved

exactly in the limiting case of voids with a = b = 0
(leading to the Neumann boundary condition at the boundary
with any other material). Hereafter, we consider a* = 1,

b* = (K*/KRr)? in the substrate, and ¢ the filling fraction
of the substrate in the layers. The bulk parameters in the
equivalent medium become (a*) = ¢, (b*) = (?—;)2@ and
(1/a*)~% = 0, where the homogenized wave equation (30)

reads

divE" + pK*2U" =0,
Eh —_ ( ¥ 0 )VUh

0 0
It follows that the homogenized problems read

82Uh 2 €
— + KU = X1 < =
8X12 + U 0, | X1] < 5
AU" + K*2Uh = 0, X, > g
jump conditions (), X1 = :I:g
: h _ rrinc : h _ rrinc —_
Jim L% (U — U T iKs (U — U )} 0

H ; H
u" (Xl, 5) = ¢ineyh (Xl, 5) : X eR

oun H . OUM H

— (X1, = ) = Fime — [ X}, ——= X; €R

8X2(1’2) ‘ axg(l’ 2)’ 1€
(10)

To obtain the effective parameters (B3,C) entering the jump
conditions (@), we use the same method based on the modal
methods [9] for solving numerically the elementary problems
@2 and (BY) in the case of an array of rectangular voids.
The solution of (I0) with (8) is of the form

U(X) = eKs(Xite/2) gifine Xz
+ Re—Ks(Xate/2) iKin Xz X, < 7%
U(X) = [aeiK*Xl + be’iK*Xl} etfimeXe X | < g
U(X) = TetKs(X1—e/2)hikine Xz X, > g
(I1)

With (R, T, a,b) are given by using jump conditions (Z) with
(). In particular, the scattering coefficients (R, T) read

R ZleilK 624 _ e’LK 62322
efiK*eZ42ieiK*eZB2 (12)
—21%23 + 2224
T =

e—iK*ez42 _ eiK*ezg2
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Actual problem Homogenized problem

Fig. 4. (a) The numerical solution U™ in the actual problem of low-loss viscoelastic media (Q—! = 0.05), for an oblique incident plane wave
0 = /3 with degree of heterogeneity v = 7/6 and Kgh = 1 on an array made of rectangular voids (e/h = 10 and ¢ = 0.5); the right shows the
homogenized fields U. (b) Same representation as (a) with Q~! = 0.2 in the case of low-loss viscoelastic media.

Actual problem Homogenized problem

\ “ &\\\\\
SR

Fig. 5. (a) Same representation as in Figure ] with the reciprocal quality factor Q;Ll = 0.1 for viscoelastic layers of rectangular voids €25 and anl =0
for elastic substrate. (b) Same representation as (a) with ¢ = 0.9.

With
Ksg . Kipe 2) The case of an elastic substrate with viscoelastic lay-
=(1—-— h| BK
“ ( K* >+l ( S+CK*Q0> ers: In this case, we consider a* = 1, b* = 1 in the
,BC Kg elastic substrate with reciprocal quality factor Qi_nl = 0,
+ (Kinch) 4 1= K*¢ and ¢ the filling fraction of the viscoelastic media in the
, layers with reciprocal quality factor Q! = 0.1. The bulk
KS . Kznc . . . m
2= (1-—=)—ih | BKs+C— parameters in the equivalent medium become (a*) = {p
K= K= (e — Moy ey (oK -1 _
A with (€ = o) (b) = (£)(£5 )% and (1) = 0,
+ (chh)ZT <1 I > where the homogenized wave equation (30) read
K (‘;{ (13) h 2:-h
z3= 1+ =2 ) +ih (BKg+C—=2< divEh + KU =0,
K*p K*p €5 0
BC Ks sh = ( ) vuh
Kinch)>— (1 0 0
o " < K *w)
2= (1 + Ks ) _ih (B K +CKinC) With M; the complex shear modulus and p; the mass
K*p K> density of the stratified medium occupying the region {2, =
e h)Q@ 4 Kg {(X1,X35) € (—e/2,¢/2) x (—H/2,H/2)}; with K =
e 4 K*p w+/pi/M; the complex wavenumber in layers of rectangular
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Actual problem

First order homog.

Second order homog.

o 1 1
~
c1 2
0 0 0
0 4 0 4 0 4
e/h
100%
50%
1%

Up: Transmission coefficients in actual problem |7™%“"™| and homogenized |T'| at first order (B8 = C = 0), and at second order as a function

First order Error

2n b ] 100%
E 50%
1%
0
0 4
e/h

Fig. 6.

Second order Error

0 e/h 4

of e/h and of the frequency Kph; (Q~! = 0.2, ¢ = 0.1, § = 7/3 and v = 7/6) have been considered. Down: Errors AT on the transmission
coefficient, which are calculated numerically. Errors smaller than 1% appear in dark blue, and errors greater than 100% appear in dark red.

voids €2, It follows that the homogenized problems read

02Ut

L KPUM =0 Xyl < <
oxz T ’ Xl <3
AU" + Kp2UM = 0, 1X1| > g
jump conditions ([T), X1 = ig
: (9 h inc . h inc
Xll;nima—)ﬁ(U -U )::FZKRCOSH(U -U )
H - . H
Uh <X1,§) :e’LKRslneUh (leg) , Xl ER
oun H - UM H
X, =) = 1K R sin 6 X, —= X R
6X2(1’2> ¢ axg(l’ 2>’ L€
(14)
The solution of (I4) with (8)) is of the form
U(X) — eiKR cos@(X1+e/2)eiKR sin X5
+ Re~ iR cos0(X1+e/2) iKp sin0X> X, < €
’ 2
U(X) = aet i X1 | pemiKI X1 | piKRsin0Xa X1 <§
U(X) — TeiKR cos0(X1—e/2)+iKR sin@Xz7 )(1 > €

(15%

with (R, T, a, ) are given by using jump conditions (Z) with
(T3). In particular, the scattering coefficients (R, T) reads

ze ey — oiKieaz,
R=- e il 2 oiKie 2 (16)
T — —2123 + 2224
e iKiey 2 oiKie .2

With
Kprcost

Kprcosf
DRYESY i K
Ko )—i—zh(B rcosf+C )

Ki&p
KRCOSH)
K¢y

) —ih (BKRcost9+C

21 = (1
Jr(hKRsinH)Q% (1
= (1 Kprcosf
Kigyp
+(hKRsin9)2% (1—
Kprcosb

=1
& (+ K:&p

+ (hKg sin9)2% (1 +

KRC089>
K&
KRCOSG)

K&p

. Kprcost

+ih (BKRCOSQ+C*7>
) K&y
KRCOSH)

Kilp
KRCOSH) ) ( KR(:059>
1+ —— | —ih | BKrcosf + C————
( K;éo i K;ép

BC Kprcost
Kpgsi 214+ —=—
+ (hKpgsinf) 1 ( + Kty )

24

a7

C. Numerical validation of the homogenized solutions

We shall inspect the validity of the homogenized solution
for an oblique incident wave. First, we report the fields U™™
calculated numerically and the fields U of the homogenized
solutions (I1) with (I2)-(13), for the low-loss viscoelastic
media Q™! < 1 and for no low-loss media Q! = 0.2
(Figure M)). For the second case of the elastic substrate with
viscoelastic layers problem (I3) with (I6)-(TZ), the reciprocal
quality factor Q;nl = 0.1 is considered for viscoelastic layers
of rectangular voids g, and @;,} = 0 for elastic substrate
(Figure [3)).

Defining AU = |U —U™™ | /|[U™™ | (for |X1]| > €¢/2 and
with ||.|| the L? norm), we get a discrepancy of 0.5% (Q~! =
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Fig. 7.
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1t
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0.01 Error 1st.order
100 4
Error 1st.order
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=
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<
\ = Error 2nd.order | |
0.01 Error 2nd.order Error 1st.order
1 0
10 10
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Left: Transmission coefficients |7™"™| and |7T'| as a function of K gh for e/h = 0.05 and e/h = 4 (C1,C2 profiles from Figure [@] ), with

|T™%™|: blue symbols and |T|: black lines at first order and red lines at second order. Right: The corresponding error AT of the homogenized predictions,
which are shown in percent (black lines at first order and red lines at second order).

num
T

T 1st.order T" 2nd.order

—— 1" 1st.order

T

K

T 2nd.order Thum

e/h

- Error 1st.order q

Error 2nd.order

Error 2nd.order
Error 1st.order

e/h

Fig. 8. Transmission coefficients |77"™| and |T'| and errors AT as a function of e/h for Kgh = 0.6m (C3 profile from Figure[f]). Same representation

as in Figure [1}

0.05) and 0.6% (Q~' = 0.2) for the first case, and almost
the same discrepancy 0.5% (¢ = 0.5) and 0.7% (¢ = 0.9)
for second case. It is worth noting that a small error was
found even at this relatively large kh = 1 value.

1) The error of the transmission as a function of fre-
quencies : We first inspect for Q=! = 0.2 (Figure [6),
for which we report the spectra of the transmission as a
function of kh and e/h, and the corresponding errors AT =
|7 — | J|T™™ |. We considered Kgh € [0,27], the
frequency range includes Krh > 27/(1 + sinf) ~ 1.07x,
corresponding to the Wood anomaly (cut-off frequency) [14].
This range is outside the range of validity of any homoge-
nization approach, since mode coupling is not possible at an
equivalent flat boundary.

In Figure (6), errors smaller than 1% appear in dark blue,
and errors greater than 100% appear in dark red. On average,
at the intermediate frequencies for K zh < 7/2 (C3 profile),
the error in the transmission coefficient for Q~' = 0.2, is
smaller than 1% in the whole range of e/h at second order,
and it is of 50% on average at first order (8 = C = 0). On the
other hand, the first order homogenization wrongly predicts
perfect transmissions for vanishing thicknesses e/h, while

including the jump conditions (@) at second order restores
the real scattering properties of an array of flat voids. This
is corresponding to the result of [[15]], in which the effective
permittivity of electromagnetic waves must depend on the
thickness (the effective bulk parameter in our case).

More specifically, we inspect (i) the profiles of |[7™™| and its
homogenized counterparts |T'|, with the corresponding errors
AT as a function of Krh for e/h = 0.05 and e¢/h = 4
(Figure [1). For a small thickness (C; profile from Figure
[5]), the homogenization at second order recovers the actual
transmission of the array, while the homogenization at first
order largely overestimates the transmission; for a larger
array (Cq profile) the first order homogenization is valid for
small Krh; and going up to the second order allows us to
increase the range of validity of the homogenized solution.
(ii) The variations of |T™™| and |T'| (and the corresponding
errors AT ) as a function of e/h for Krh = 0.67 are
reported in Figure [§] (C3 profile from Figure [6]). We notice
that the great error in the homogenization of the first order
seems to be a direct consequence of the disappearance of
e/h.
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Actual problem
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First order Error
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Up: Transmission coefficients in actual problem |7"“™| and homogenized |T'| at first order (B = C = 0), and at second order as a function

of Q’l and of the frequency K pgrh; with (e/h =4, ¢ = 0.1, 6 = 7/3 and v = 7 /6). Down: Errors AT on the transmission coefficient, which are
calculated numerically. Errors smaller than 1% appear in dark blue, and errors greater than 100% appear in dark red.
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Up: Transmission coefficients |77 |( blue symbol), |T'| (black lines at first order and red lines at second order) and errors AT'(black lines

at first order and red liens at second) as a function of Q;nl for elastic substrate (anl =0, Krh = 0.67), with (¢/h =4, ¢ = 0.1, 6 = 7/3 ). Down:
Same representation as a function of Q! for viscoelastic substrate (Q;n1 = 0.1, Krh = 0.67), with (e/h =4, ¢ = 0.1, 8§ = 7/3 and v = 7/6).

2) The error of the transmission as a function of reciprocal
quality factor: Finally, we report the transmission coefficient
and the corresponding errors as a function of Krh and
the reciprocal quality factor Q! (Figure 0). We considered
Kgrh € [0,27], Krh ~ 1.077 corresponding to the cut-off
frequency that exists in the actual problem.

In Figure 0] errors smaller than 1% appear in dark blue, and
errors greater than 100% appear in dark red. On average, at
the intermediate frequencies for Krh < /2 (Cy profile),
the error in the transmission coefficient is smaller than 1%
in the whole range of Q~1; it is of 40% on average at first

order.

More specifically, we inspect the variations of |7™™| and its
homogenized counterparts |T'|, with the corresponding error
AT as a function of Q;nl and Q! (Figure [I0). In both
cases, the homogenized solution at second order is valid for
Kgrh = 0.67 by noting that the AT error is less than 2.5%
in the whole range of Qi_nl or Q. In general, the second
order homogenized solution is more significant than the first
order because we recover almost the same results as those
observed in the other cases.
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IV. CONCLUSION

In this paper, we have studied a homogenized problem
that can replace the actual problem of the scattering of shear
waves at a periodically stratified viscoelastic media including
finite size e/h. The parameters characteristic of an equivalent
anisotropic slab enter into the jump conditions for displace-
ment and normal stress at the boundaries of the slab. They
are given by the resolution of elementary problems written
in the static limit, and they are therefore wave independent
by construction. A significant simplicity of the presented
approach is the derivation of effective bulk parameters, which
are simply averages of the bulk parameters in each layer.
These effective bulk parameters enter into the homogenized
wave equation. We have validated this model in the simple
case of rectangular voids with Neumann conditions on their
boundaries and for a plane wave at oblique incidence on the
stratified medium. Note that this simplicity would be lost if
periodic media had a more complex unit cell. Finally, explicit
expressions of the transmission coefficients deduced from the
effective interface parameters have been shown to be accurate
for the low-loss viscoelastic media and no low-loss media,
with a range of validity being Kph < m/2. The present
model can be extended to a large class of wave problems,
including those in acoustics and electromagnetism.

APPENDIX A
DETERMINATION OF THE HOMOGENIZED PROBLEM

From the position of a physical problem, we have noticed
that the wave equation is identical to the one homogenized
in[9]], except that in our case, the coefficients of physical
parameters entering the equation are complex; which did not
change the homogenization procedure and even the form of
the homogenized wave equations obtained at different orders.
For this reason, we will quote, in this paper, the main steps
of the results found.

A. The matched asymptotic expansion

1) Inner and outer expansions: We shall apply the same
asymptotic expansion technique as in[9] by spearing the
space into three regions. The inner region contains the
boundary between the stratified medium and the substrate
(Figure [[T). The two outer regions for 21 > 0 and 21 < 0
are the regions far enough from the interface, where the
evanescent field can be neglected. Next, the inner region
and the outer regions are connected using so-called matching
conditions, which will constitute boundary conditions for the
outer solutions. Owing to this approach, the expansions read

outer region x1 > 0, u® = u’(x) + eu'(x) +
0 =0%(x) +eot(x) + -
outer region 71 < 0, u® = u’ (x,y2) + eu’ (x y2) +
0° = 0" (x,y2) +e0” (x,y2) + -
inner region, uf =00 (19,y) +ev' (22,y) +
0 = 1% (z2,y) +e7! (z2,y) +

(18)
With the outer terms (u”,0™) for 3 < 0 and the inner
terms (v™,7™) being Y, periodic with Yo = (—1/2,1/2);
and now, (@a )and ( @b) can be written in the inner and in

the outer regions, owing to the expressions of the following
differential operator

in the outer region, V — Vi, 1 >0
(’)
V — Vi + 2, 1 <0
£ dya 2
. . . 0
in the inner region, V — 8—62 + - V
i (19)

Such as V, and V, means gradient with respect to z and
y respectively. Thus, in the inner region, the rapid variations
of (u®, o¢) are accounted introducing a new system of coor-
dinates y = x/e such that (|VU|~ U/h gives |Vyu| ~ u)
accounts for the rapid variations of the evanescent field of u°;
on the other hand, the slow variations along x5 are accounted
for by keeping x5 as additional coordinate. In the outer region
for z; > 0; there is no rapid variations due to the evanescent
field, and the natural coordinates x = (x1,z2) are adapted
to describe the propagating field with (|[VU|~ KgrU and
thus V,u ~ u). But for z; < 0 ; there is also experiences
rapid variations across the layers, and this is accounted for
by keeping the coordinate y,. Finally, from @), (a*,b*¢)
can be specified in the outer regions as

K*

a**(x) =1, b*(x)= (=) x1 >0
Kpg

N N

a**(x) =a (5)’ b**(x) =b <€)’ x1 <0

(20)
and in the inner region as a*(x) = a*(x/e) and b*(x) =
b*(x/e) with

~, a*(y2), n <0 - b (gz) Y1 <0
a*(y) = 0r(y) ={ K",

b y1>0 (=) 91>0

) @1)

with a* (y2) , b* (y2) 1-periodic and piecewise complex con-
stant.

2) Boundary conditions and matching conditions: Due to
the separation of the space into two regions, something must
be said regarding the boundary conditions. For the inner
solution, the continuities of the displacement and of the
normal stress apply at the boundaries between two layers
within the stratified medium and at the boundaries between
the layers and the substrate at y; = 0, whence

u”, "

-n are continuous everywhere, n=0,1... (22)
But boundary conditions at |y;| — +oo are missing.
Reversely, the outer solution is submitted to the radiation
conditions at |z1|— +oo, but the boundary conditions for
1 — 0% are unknown a priori. In fact, these boundary
conditions that will provide the jump conditions. The missing
conditions for the inner and outer terms are given simul-
taneously by so-called matching conditions, which indicate
that the two solutions have to match in some intermediate
region. Following[[16] the matching is written for z; — 0%
corresponding to y; — Foo (and we denote f (0F) the limit
values of f for z; — Oi). To do so, we use the Taylor expan-
sions of u® (21, z2) = u® (0%, 29)+2105,u’ (0F, 29)+- - - =

O(0%, z2) + Y105, u’ (0F, 29) + - -+, same for 0. Iden-
tifying the terms in €”,n = 0,1 in the inner and outer
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outer regjinner reg |outer reg
—

Fig. 11.

2
1 0 Y1

Left: configuration in the x coordinate; the periodicity along x2 is € = K gh; the inner region corresponds to the neighborhood of the boundary

between the stratified medium (1 < 0) and the substrate being a homogeneous medium (z1 > 0) . Right: the unit cell (inner region) in the y coordinate,

with y = x/e, and y € R x Yo, with Yo = (—1/2,1/2).

expansions (I8), we get, for n =0

W (07 ) = lim_ o (@ay)  (230)
Y1 —>—00
0 : 0
u (0+,;1;2) = yllinﬁoov (z2,y) (23b)
o0 (07 an ) = lim P (any) (230
Y1—>—0Q
JO (0+7 :CQ) - ylgliloo TO ($2, y) (23d)
and forn =1
u' (07, 29,y2) =
_ S
yll—i>n—1<>o _vl (x2,y) — y1a—z1 (0_7%’2792)]
ul (0+,x2) =
) [ ou’
yll_lg_loo _Ul (w2,y) — yla—zl (0+, 172)}
o' (07, 22,y2) =
_ 900
p _Tl (z2,y) — yla%l (07, 22, 92)}
ot (0+,J;2) =
[ a0
. 1 _ 99 i+
yll—lgi-loo _7_ (zQaY) Y1 axl (0 7$2)

(24)

B. The homogenized wave equations

We shall directly start by reporting the outer and inner
solution at first and second orders, which will be needed to
generate the wave equation, up to second order, satisfied by
the mean fields (@(x),d(x)) with

ﬁz<u0>+€<u1>, 5’E<JO>+€<0'1>.

and the average over y, € Y for any function f, is defined
by

(25)

<mm;ﬁwﬁmm

1) Solutions at first and second order: We note that if f
does not depend on yo, (f) = f, and using (I8) to @I) in
actual wave equations (4a)-(@h). We obtain the homogenized
wave equations at first and second orders in the following
forms : For outer solution x; > 0, pour (n =0, 1)

K* )2 " _0

u =

Kgr (26)

o" =V, u"

divx 6" + (

For inner solution z; < 0, reads at order ¢! :

{uo (x,y2) = u’(x)

27
09 (x, o) = o2(x) @7

at order €° :
divy (%) + (0*)u’ = 0
(o) 60 = (0") 2 (e + (1) 0 g, 2
at order &' :
dive () 60 + ) () () = 0
(o0 = @) 2 )

(S5
~
N
-
~

(08) () = (1/a") '

We got (29) at order ! thanks to the two following relations
demonstrated in [9]] (see subsection 2.2.2)

(FOu' () = (f) (u') (%)

and

(f(-)o3(x,-)) = (f) {o3) (x) for any even f

Both relations use the same property: consider a piecewise
differentiable function g(y), with ¢’(y) even; then (g — (g))
is odd, and for any function f(y) being even, f(g — (9)) is
odd.

2) Up to second order solution: Finally, to determine
the homogenized wave equation up to second order for

(a(x),5(x)), it is enough to apply 26), 28) and 29) in
@5

diva + (b*)u =0,
= (0 e )V

Next, 26) to (29) with the boundary conditions and the
matching conditions will be used to find the conditions to
be applied on an equivalent interface at 1 = 0, so-called
jump condition.

for x1 <0
(30)

C. The jump conditions and determination of the interface
parameters

We start with the jump conditions at the first order [v]
and [0¥], where we defined

[f1=f (0%, 22,7) — (07, 22,7)

For any outer terms f being discontinuous across an equiv-
alent interface at x; = 0, with (f~; fT) its values on both
sides.

€1y
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1) Jump conditions at first order: The actual wave equa-
tions (4a)-@D) for the inner problem at the leading order in
g™+ give

Vyr' =0, div,m® =0,

from which we deduce that v° does not depend on y. With
@7), u°(x) does not depend too on ¥z, thus

u® (07,.362) =0 (0+,$2) =’ (x2) (32)

Next, integrating div,7° = 0 over R x Y (Figure [[2)), and
using (i) the continuity of 7° - n between the layers along
, and (ii) the periodicity of 70 with respect to y», we get

/ dys [17 (22, +00,y2) — 7 (22, —00,12)] =0
Y

Finally, integrating the matching condition (23d) and (23d)
over Y, we get

(01) (07, 22) = o7 (0%, 22) (33)

By using (31), we deduce from (32)-(33) the jump condi-
tions at the first order

[«°] = [{o9)] = 0.

From(34), we note that the normal displacement and stress
are continued, which requires us to go up to the second order
to capture the effect of boundary layers at z; = 0. To obtain
the jump conditions at the second order, we need to find the
solutions of the elementary problems.

2) The elementary problems: From actual wave equations
(@a) at order ¢! and @B at order ¢°, the matching con-
ditions [@23d)-23d), it follows that the system satisfied by
v! (22,y) can be written as follows :

(34)

with
oul
e (0,22) €2 + Vyv' (z2,y)
1

v! and 70 - n continuous,
lim Vyvl (:L'va) = <a‘*>_1 <O—?> (07:62) €1

L) = () oud o

(1/a*) 0xo
<O’§)> (0, 1‘2) e

divy 7% =0

™ = a*(y)

(33)

lim Vyo! =
m Vyv (z2,Y)
with v! and 7° periodic with respect to -, and we have used
@2). The system (33) is linear with respect to <o(1)> (0, z2)
and 0,,u’ (0,25). Thus, we define V1 (y) and V(y)
such that

vl (2,y) = (09) (0,22) VIV (y)

ou®
+ G (02) [4% (1) + VO )]+ (a2)
0 ($2,Y) = <U(1)> (07$2) T(l)()’)
ou’ a*(y)/a* (y2) 2
+ e (0,z2) {WeQ + T3 (y)
(36)
v m 1/aty) -~ (1/a%)
* _ a\y)— a
A" () = /1/2 W
And
TW(y) =a*(y)VVI(y) ; TO(y) =a (y)VVP(y)

We notice that the field v! in (33) is defined up to a function
of 72, and it is denoted @ (x2) in (B6); we shall see that the
determination of ¢ (z2) is not needed. It is easy to see that
if (V, TW) satisfy the elementary problems.

divT® =0 with T (y) = a*(y)VV P (y)
VvV and TW - n continuous
V(l), T periodic with respect to ys

' W) (y) = &1 ' M) (y) —
m VYY) = e im VYV = e

(37
and
dwh®+i%%$@@]o with
T®(y) = a*(y)VVP(y)
*(y)/a* (y2)

V2 and [T(Q) + ¢ eg] - continuous,

(1/a%)

V@ T® periodic with respect to y»
lim VV®(y) =0,

oy 1) = (1/a")
5, YV (1/a%) ?

(38)
then v! (z2,y) satisfies (33). Next, by integrating the limits
of VV) (i = 1,2), with V1) are defined up to the constants
in 37] and B8] we can write the following

lim (v - |- _5 lim V® =_p
Y1 —>—00 <a*> Yy1—>—00

. : @) _ g
y1li>I£—1m {V(l) B yl} - 0 yll—lg-loov A (92)

(39)
For instance, we denoted by —B (it is the first interface
parameter) and — 3’ the constants at y; — —oo for V(1) and
V() respectively. Next, V(?) being odd with respect to s,
we have B’ = 0. Finally, since the unknown constants being
a priori different at y; — 00, we can set these constants
equal zero at y; — +oo for V(1) and V2,

3) Jump conditions at second order: In order to find <u1>
and <O’%>, one can use the same steps followed in [9] (see
subsection 2.3.3) by using the matching conditions (24). We
finally obtain the following results:

[[<u1>]] =B <O'(1)> (0, z2) (40)
And
9%yl
o)) = ~C 5oz (0.22) (1)

With C = fy dyTQ(Q) (y) is the second interface parameter.

4) Up to second order jump conditions: Finlay, we have
used 23) and (BI) to obtain the final jumps on @ and &, as
follows

[a] = [(u*)] +e[(uh)],  [B7] = [{o?)] +<[{o1)] @2)
Then, we deduce from B4@0) and (1)) the following:

2

24,0
[o1] = *EC—UQ (0,22)
2

[a] = eB <O’?> (0,22), 5

(43)
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Fig. 12. Thedomain Y =Y~ UY™, with Y~ = (—y*,0) x Y, Y+ =
1,b= (5—;)2 in Y+

D. The final homogenized problem

The equations in the substrate and the associated
jump conditions 34] could be used to solve the homogenized
problem iteratively: first compute (u°, (¢°)) (also compute
B and C) and use the results to get the right hand-side term
in (@3); then, compute (u',o') ; finally, we obtain (,7) in
(23) which approximate (u®, o) up to O (%) . As discussed
in [[17], it is preferable to handle a unique problem, and this is
done by defining the fields (u”, o") satisfying the following
homogenized problem:

divoh 4 (b*)u" =0, x1 <0
h_ [ (a®) 0 h
o= ( 0 (1/a*)! )V“
. K
divoh 4 (K_R)2Uh =0, z1 >0
ol = vuh
B
[u"] = % (o7 (07, 22) + of (01, 22)]
h eC [0%ul | _ 0?uh
[[O—lﬂ = 7? |: awg (0 a‘TQ) + 6.1'% (0+,IL'2)

(44)

REFERENCES

[1] D. Cioranescu and P. Donato, An Introduction to Homogenization, ser.
Oxford Lecture Series in Mathematics and Its Applications. Oxford
; New York: Oxford University Press, 1999, no. 17.

[2] Q. Li, W. Chen, S. Liu, and J. Wang, “A novel implementation of
asymptotic homogenization for viscoelastic composites with periodic
microstructures,” Composite Structures, vol. 208, pp. 276-286, Jan.
2019.

[3] A. S. Bonnet-Bendhia, D. Drissi, and N. Gmati, “Simulation of muf-
fler’s transmission losses by a homogenized finite element method,”
Journal of Computational Acoustics, vol. 12, no. 03, pp. 447-474,
Sep. 2004.

[4] J.-J. Marigo and A. Maurel, “Homogenization models for thin rigid
structured surfaces and films,” The Journal of the Acoustical Society
of America, vol. 140, no. 1, pp. 260-273, Jul. 2016.

[5] B. Delourme, “High-order asymptotics for the electromagnetic scat-
tering by thin periodic layers,” Mathematical Methods in the Applied
Sciences, vol. 38, no. 5, pp. 811-833, 2015.

[6] B. Delourme, H. Haddar, and P. Joly, “Approximate models for wave
propagation across thin periodic interfaces,” Journal de Mathématiques
Pures et Appliquées, vol. 98, no. 1, pp. 28-71, Jul. 2012.

[7] J.-J. Marigo and C. Pideri, “The effective behavior of elastic bodies
containing microcracks or microholes localized on a surface,” Inter-
national Journal of Damage Mechanics, vol. 20, no. Special issue of
ESMC2009, p. pages 1151, 2011.

[8] J.-J. Marigo, A. Maurel, K. Pham, and A. Sbitti, “Effective Dynamic
Properties of a Row of Elastic Inclusions: The Case of Scalar Shear
Waves,” Journal of Elasticity, vol. 128, no. 2, pp. 265-289, Aug. 2017.

(0, +y7) x Ya. a*(y) = a* (y2) and b*(y) =b* (y2) inY~, and a =

[9] J.-J. Marigo and A. Maurel, “Second Order Homogenization of
Subwavelength Stratified Media Including Finite Size Effect,” SIAM
Journal on Applied Mathematics, vol. 77, no. 2, pp. 721-743, Jan.
2017.

[10] R. D. Borcherdt, Viscoelastic Waves in Layered Media. Cambridge:
Cambridge University Press, 2009.

[11] N. Gumerov and R. Duraiswami, Fast Multipole Methods for the
Helmholtz Equation in Three Dimensions. Elsevier, 2004.

[12] J.-J. Marigo and A. Maurel, An Interface Model for Homogenization of
Acoustic Metafilms. World Scientific, Dec. 2017, vol. 2, pp. 599-645.

[13] R. Petit (auth.) and P. R. Petit (eds.), Electromagnetic Theory of
Gratings, 1st ed., ser. Topics in Current Physics 22. Springer-Verlag
Berlin Heidelberg, 1980.

[14] A. Maurel, S. Félix, J.-F. Mercier, and A. Ourir, “Effective birefrin-
gence to analyze sound transmission through a layer with subwave-
length slits,” Comptes Rendus Mécanique, vol. 343, no. 12, 2015.

[15] P. Lalanne and D. Lemercier-Lalanne, “Depth dependence of the
effective properties of subwavelength gratings,” Journal of the Optical
Society of America A, vol. 14, no. 2, p. 450, Feb. 1997.

[16] R. Abdelmoula, “The effective behavior of a fiber bridged crack,”
Journal of the Mechanics and Physics of Solids, vol. 48, no. 11, pp.
2419-2444, Nov. 2000.

[17] M. David, J.-J. Marigo, and C. Pideri, “Homogenized Interface Model
Describing Inhomogeneities Located on a Surface,” Journal of Elas-
ticity, vol. 109, no. 2, pp. 153-187, Oct. 2012.

Volume 53, Issue 1: March 2023



	Introduction
	The physical and the homogenized problems
	Position of the physical problem and notations
	The homogenized problem

	Accuracy of the homogenized solution regarding the actual solution
	Solutions of the actual problem
	Solutions of homogenized problem
	The case of the substrate and layers is the same viscoelastic media
	The case of an elastic substrate with viscoelastic layers

	Numerical validation of the homogenized solutions
	The error of the transmission as a function of frequencies 
	The error of the transmission as a function of reciprocal quality factor


	Conclusion
	Appendix A: Determination of the homogenized problem
	The matched asymptotic expansion
	Inner and outer expansions
	Boundary conditions and matching conditions

	The homogenized wave equations 
	Solutions at first and second order
	Up to second order solution

	The jump conditions and determination of the interface parameters
	Jump conditions at first order
	The elementary problems
	Jump conditions at second order
	Up to second order jump conditions

	The final homogenized problem

	References



