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Resistance Distance and Kirchhoff Index of a New
Join of Two Graphs
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Abstract—Given graphs G; and G, let E(G:) =
{e1,e2,...,em, } be the edge set of Gi. A new join of two
graph G, and G2, denoted by G1 ® G2, can be obtained from
one copy of Gi and m; copied of G2 by adding a new vertex
corresponding to each edge of G, letting the resulting new
vertex set be U = {ui,u2,...,uUm,}, and joinning u; with
each vertex of i-th copy of G2 and with endpoints of e; for
¢t = 1,2,...m1. In this paper, the explicit closed formulas of
resistance distance and Kirchhoff index of G1 ©G2> whenever G
is an r;-regular graph and G- is arbitrary graphs are obtianed.

Index Terms—Resistance distance; Kirchhoff index; a new join
of two graphs; Generalized inverse

I. INTRODUCTION

N 1993 Klein and Randié¢ [1] first came up with the

concept of resistance distance on graphs. The resistance
distance r,, between nodes u and v on the network is defined
as on every edge of a network one puts a unit resistor and the
effective resistance between nodes u and v on the network.
A well-known resistance distance-based parameter, called the
Kirchhoff index, was given by K f(G) =3¢, ,1cv(a) Tuv-
The resistance distance and Kirchhoff index have attracted
extensive attention due to their wide applications in physics,
chemistry and others. Up till now, many results on the
resistance distance and the Kirchhoff index are obtained. See
([2]-[10]) and the references therein to know more.

Let G = (V(G),E(G)) be a connected graph
with |[V(G)] = n and |E(G)] = m. Let Dg =
diag(dy,dz,---djy(q)y) be the diagonal matrix with all
vertex degrees of G as its diagonal entries, where d; be
the degree of vertex 7 in G. For a graph G, the matrix
Lg = Dg — Ag is called the Laplacian matrix of G, where
Ag denote the adjacency matrix of G. We use u1(G) >
uz(G) > -+ > un(G) = 0 to denote the eigenvalues of L.

The hot topic about resistance distance and Kirchhoff
index is computation of two indices. However, it is difficult
to compute the resistance distance and Kirchhoff index
because they are highly sensitive to small perturbations
on the network. Thus this has prompted researchers try to
find some techniques to compute the resistance distance
and Kirchhoff index. In [11f], a new join of two graphs
of G1 ® G4 is investigated. The adjacency spectrum, the
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Laplacian spectrum and the signless Laplacian spectrum of
G1 © G are determined. This paper we will considers the
explicit formulas of resistance distance and Kirchhoff index
of G1 ® Gs.

Definition 1 [11] Given graphs GG; and G5 with ny, ng
vertices, respectively. let E(G1) = {e1,e2,...,€en} be the
edge set of G, the graph G; ® G2 can be obtained from
one copy of G; and m; copies of G5 as follows. Firstly,
we add a new vertex corresponding to each edge of GGy, the
resulting new vertex set U = {u1,ua, ..., Uy . Then join u;
with each vertex of i-th copy of G2 and with the endpoints
of e;, fort =1,2,...,mq.

Note that the graph G; ® G2 in Definition 1 contains
ny+mq (n2+1) vertices. As instance, Cy© P is as illustrated
in Fig.1.

Up until now, many studies have been focused on com-
posite graph of resistance distance and Kirchhoff index, such
as subdivision-vertex join and subdivision-edge join [12], R-
vertex join and R-edge join [[13]]. corona and neighborhood
corona [|14]], circulant graph [[15]], abelian Cayley graph [16],
noncommutative groups [17]. Motivated by the results, in
this paper, we explore the generalized inverse of G1 ® G2 in
terms of the generalized inverse of the factor graphs. Thus
the resistance distance and Kirchhoff index of G; ® G4 can
be derived from the resistance distance and Kirchhoff index
of the factor graphs.

II. PRELIMINARIES

The {1}-inverse of M is a matrix X such that M XM = M.
If M is singular, then it has infinite {1}- inverse [7]. For a
square matrix M, the group inverse of M, denoted by M7,
is the unique matrix X such that M XM = M, XMX = X
and M X = X M. It is known that M# exists if and only if
rank(M) = rank(M?) ( [9]l, [7],). If M is real symmetric,
then M# exists and M# is a symmetric {1}- inverse of M.
Actually, M# is equal to the Moore-Penrose inverse of M
since M is symmetric [9].

It is well known that resistance distances in a connected
graph G can be obtained from any {1}- inverse of G ( [2]).
We use M) to denote any {1}- inverse of a matrix M, and
let (M), denote the (u,v)- entry of M.

Lemma 2.1 ( [9]]) Let G be a connected graph. Then

TUU(G) = (Lg))uu + (Lg))v’u - (Lg))uv - (LS))vu
(Lﬁ)uu + (Lg)vv - Q(Lﬁ)u@

Lemma 2.2 ( [12]) For any graph, we have Lgl =0.

Let 1,, denote the column vector of dimension n with all the
entries equal one. We will often use 1 to denote an all-ones
column vector if the dimension can be read from the context.
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Fig.1 Graph Cy ® Ps

Lemma 2.3 ( [18]]) Let

ve(e3)

be a nonsingular matrix. If A and D are nonsingular, then

M-lo— Al 4+ A 1BS~1CcA™! —A'BS!
o —StcA! St
B (A—BD'C)"! —A'BS!
- 757101471 Sfl )

where S =D — CA™1B.

Lemma 2.4 Let G be a connected graph. For any i,j €
V(@)

rip(G) =d [ 14+ ) (@) -
kET(i)

Z rkl(G)

k,LET(4)

For a square matrix M, let tr(M) denote the trace of M.

Lemma 2.5 ( [10]) Let G be a connected graph on n
vertices. Then

Kf(G) =ntr(LS)) = 17191 = ntr(LE).
Lemma 2.6 ( [13]) Let G be a graph of order n. For any

a,b > 0 satisfying b # a, we have

1

L I, ——Jnxn-
( G ta +a(b—n)j'x

b]nxn) = (LG + aIn)il

Lemma 2.7( [19]) Let

A B
(s p)

be the Laplacian matrix of a connected graph. If D is
nonsingular, then

- H# —H#BD™!
“\ =D 'BTH# D-'4+ D 1BTH#BD™!

is a symmetric {1}-inverse of L, where H = A— BD~'BT.

ITII. THE RESISTANCE DISTANCE OF G7 ® G

In this section, we focus on determing the resistance distance
of graph G1 ® G4 whenever GGy is an ri-regular graph and
G5 is an arbitrary graph.

Theorem 3.1 Let G; be an r;-regular graph with n; vertices
and m, edges, G2 be an arbitrary graph with ny vertices and
mg edges. Let L;, R; be the Laplacian matrix and incidence
matrix of G;, for i = 1,2, respectively. Then G; ® G5 have
the resistance distance as follows:

(i) For any 4,5 € V(G;), we have

2 2 4
rij(G1©Gg) = g(Uf)u‘ + g(Ufﬁ)ja‘ - g(fff)ij
2
= 37”1] (Gl)
(ii) For any i,j € V(G2), we have
ri5(G1 © Ga)
1 . _
= (L2 + En, — m]ngxnz) '® En )i+
1 . _
((L2 + En2 - g + 2]712 an) ! ® Eml)jj
—2((Le + E,, — mjnzmz)fl ® B, )ij
(iii) For any ¢ € V(G1), j € V(G2), we have
Tij(Gl © GQ)
2 . _
= g(ﬁf)n‘ + (L2 + By, — m]ngxnz)

9
®FEm, )i — g(ﬁf)ij

@iv) For any ¢ € I(Gl), j € V(Gl) @] V(Gg), Let u;v; €
E(Gy) denote the edge corresponding to 4, we have
rij(G1 © Ga)

1

1 1
= 5 + §ruij(G1 © GQ) + §rvij(G1 © GQ)

1
—ZT‘uivi (G1 O) GQ)

(v) For any ¢, j € I(G1), Let w;v;, u;v; € E(G1) denote the
edges corresponding to ¢, 7, we have

Tij (Gl © G2)
1
= 1+ Z (Tuiuj (Gl © G2) + Tujv; (Gl © G2)
FTvu, (G1©G2) + Tv,v; (G1 O Gy)
—Tu;v; (Gl O) G2) - Tujvj (Gl © G2)) :

Proof With a suitable labeling for vertices of G; ® Ga, the
Laplacian matrix of G; ® G2 can be written as follows:

L(G1 ® Go) =
r1Bny + Ly —Ry —1T’}1®0n1 Xng
-rT (2 + n2)Emy 1, ® Bmy .
“lmy ®Opgxn, —lng ® Bmy  (Bng + L2) ® Bmy

r1En, +L1, B = (

) and
_152 ® Eml
(E7L2 + L2) & Em1

= _Rl _1%1 & On1 X 1o )s
o
m1 ® 07L2 Xni
2+ ng)Ep,
p((
( TL2 ® ET)’L1
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First we compute the DL By Lemma 2.3, we have
Ay - B DOy

= (2 + nQ)Eml - (_122 ® Eml)
((LQ + Enz)_l ® Eml))(_]‘n2 ® Eml)
= (2 + ng)Em - ngEm = 2Em ;
1 1 1
so (A4 — B1D7'Ch) "t = 4E,,.
By Lemma 2.3, we have

S = (Dy—CiAT'By)

= (LQ + Enz) ® Eml
2J,»1n2 (_122 ® Eml)

(L2 + Eﬂ2) ® Eml

(L2 + En2

50 571 = (Ly + Ep, — 75 dnaxns) " © B,

- (_1712 ® Eml)

1 .

- n2+2.7n2 & Em1
1 .

- n2+2jn2><n2) ® Em17

By Lemma 2.3, we have
—A;lBls_l

= _ﬁEwn(_la ® Em,)
(1-[%_"’_ Eng - ﬁjngxng)
= §1n2 ® Em1 N

1 ® Em1

Similarly, —S71C1 A" = 11, ® E,p,,.
So D1

-

Next we begin with the computation of {1}-inverse of
La,oa,-

3Em,

317, ® Bmy
I1ny ® Emg

1 . —1
(La + Eny = 5bging xny) ™! © Bmy

By Lemma 2.7, we have

H = 7“1En1 + L — ( —R; 1%12 ®0n1><n2 )
1Bm, 317, @ By
( %1n2 ® Emq (L2 + Eng — ﬁjnz)il ® Emy
_Rif
_1n2 ®On2><n1
= 1By +Li—(—3R —iR(1,0F))
_RT
1
( _1n2 ®On2><n1 )
= nE+(rnE, — AGh)) - 5(nE + A(Gy))
= %le
so H# = 2LF.

According to Lemma 2.7, we calculate —H#BD~! and
~D'BTH#,
~H#BD™!

= _%Lfﬁ( —R 1Zn1 @ Ony xny )
3 Em,y 31, © Bmy
Slng ® Bmy (L2 + Bny — moboging) ™ ® By
= —%LZ( —%Rl# 1R (1L ® E,,) )
( %L1 Ry %Ll Rl(lgz ® Eml) )

and
—D-1BTH#
_ ) 3Bmy —%13;2 ® Emy
- “3lny ® Bmy (Lot Bny — 5olging) ' ®© B
—R{ #
( ~lmg ® Opnyxng ) Ll

_ ( sRILY )

We are ready to compute the D"'BTH#BD~!. Let M =
1o, © Ep,, then D-'BT H#BD~!

1,7
_ ( 31ny ® Bmy )

1 : —1
- n2+2‘7”2><”2) ® Emq
# T
LG1 ( —R 1"‘1 ®0m1 Xng )

1 14T

3 Bmy §1n2 ® Emy
1
31lng ® Emy

S 1
naF3ingxng)” @ Emy

%R'{L#RlMT

MR ¥ Ry MT
Let P = (L2 + En, — ﬁjnzxm)_l @ Em,.Q = %(1712 ®
Eml)RlTLéRl(lfz ® Em,), T = %R?L#Rﬂlﬁ ® Em, )
and M = L¥ R (11, @ Byy).

3 Bm,

31y ® Emy (Lo + Eny

(Lo + Engy

1 pT 1 #
s R1 LT R1
1 T #
5]WRl LY Ry

Based on Lemma 2.3 and 2.7, the following matrix

2L 1¥ Ry M
1 T [ # 1 1 pT 1 # 14T
ERATIRR gEmy + R LT B 5l5, ® BEmg +T (1)
MT tlny ® Emq + 17T P+Q

is a symmetric {1}-inverse of L¢, oc,-

For any ¢,j € V(G1), by Lemma 2.1 and the Equation (1),
we have

2 2 4
1ij(G1 © G2) = g(Lf)n‘ + g(Lf)J‘j - g(Lfé)ij

2

gh‘j(Gﬁ),

as stated in (7).

For any ¢,j € V(G2), by Lemma 2.1 and the Equation (1),
we have

1ij(G1 © Ga)

1 . _
= ((LQ + Eng - g + 2.7n2 ><n2) ! ® Eml)ii +
1 . _
(B2 + Bna - mynzw) '@ Em,)jj
1 . _
—2((L2 + Ey, — m]nzxnz) L ® Emy)ij,

as stated in (i4).

For any ¢ € V(Gy1), j € V(G2), by Lemma 2.1 and the
Equation (1), we have

1ij(G1 © Ga)

2 1. _
= g(L?&)n + (L2 + En, — m]nz xns)
2
®Em, )ii — g(fj)ij,

as stated in (47).

For any i € I(G1), j € V(G1) UV(G2), Let u;v; € E(G1)
denote the edge corresponding to i, By Lemma 2.4, we have
735(G1 © Ga)

1 1 1

5 + 57”1”]‘(01 ©) G2) + §rvrzj(G1 © GQ)
_i"ﬂuwi(Gl O] G2)7

as stated in (iv).

For any ¢,j € I(G1), Let w;v;,ujv; € E(G1) denote the
edges corresponding to %, j, By Lemma 2.4, we have
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ri;(G1 © G2)

1 1 1
= =+ *Tuij(Gl O] Gz) + *rvij(Gl O] Gg)
2 2 2
1
—Z?”uwi(Gl ® GQ)

1
= 1 + Z ('ruiuj (Gl @ GQ) + {rui'Uj (G] @ GQ)
+7‘Uiuj (Gl O] Gz) + rvivj (Gl O] Gg)
7TU1:1)7:(G1 © GQ) - Tujvj (Gl © G2)) y

as stated in (v).

IV. THE KIRCHHOFF INDEX OF G| ® G5

In this section, we focus on determing the Kirchhoff index
of graphs of G; ® G2 whenever (G; is an ri-regular graph

and G is an arbitrary graph.

Theorem 4.1 Let G; be an r;-regular graph with n; vertices
and m, edges, G be an arbitrary graph with no vertices and
mg edges. Let L;, R; be the Laplacian matrix and incidence
matrix of G;, for i = 1,2, respectively. Then G; ® G5 have

the Kirchhoff index as follows:

Kf(Lg,0a.)

no 1

= (nm+mi(nz+1)) (37211Kf(G1) Z pi(Ga) +1

1
+tr(6<1n2 Y Em1)R1TLglR1(1£2 ® Em1)
+3m1 —ny + 1) B

6

my + n3(na + 2)
5 .

Proof Let m = nj +mq(ne +1). By Lemma 2.5, we have

Kf(LG1®Gz)
2 (I 1 1 pr s
= m gtT(Lle) + t’f‘(§Er,n1 + éRl L01R1)+

1
no + 2

1
tr(6(1m ® By )RTLE R1 (1 © B, ))

tr((Lay + B, — T ®Enm,) +

jn2><712)

-1TN1
— le(G)—l-@—!-l Z [(2L#)~
B T VT T < G )i
1<j,t,JEFE(G1)
(ZL# )i — Tig(G)] +tr((Le + En,—
1
no + 2Jn2) ! ® Eml) + tr(g(lnz ® Eml)RTLgl
Ri(1}, ® Enp,)) —17N1
2 mq 1 # ny — 1
= —K — + —tr(Dg, L —
m(3n1 fG)+ 5 +girPale,) = =5
+t7’((L2 + En2 - mjn2><n2)_1 024 Em1)+

1
tr(s(ln, ® B )RTLE R1(1E, © By, )) —17N1.

no

By Lemma 2.6, we have .
((L2 + En2 - n2+2]n2><”2) ! ® Em1>

_ 1.
= (LGZ + Enz) ! + ijnsxns'

Note that the eigenvalues of (Lg, + I,,) are p1(Gz2) +
L, pa(Go) +1,. ,Hm(Gz) + 1. Then
tr((LQ + Enz - n2+2]ngxn2) & Eml)

L) S @

' — pi(G2) +1°

Next, we calculate the 17(L})1. By Lemma 2.2, L1 =0,
then
1"N1

1 1
= Dl 1T (RT(GOEE, RGY) 1+ 17 <6R1T

Note that R1 = m, where 7 = (d1, da, ..

2 6

1
LE,(5, © Bp,)) 1417 (

1
T

1
17 ((Lny ® By )RY LERD)L+ 517 (L, © Epn,) 1

+17(Ly + By — 1o E,)1

.]7L2 an)

ng + 2
1
+61T((1n2 ® Eml)R?LﬁlRl(lT ® E'"Ll))

na

.,dy), then

17"N1

= 7—|——

Since 1T RT

mi Tr# Lor (prp# (T
o L 2l (RlLG1(1n2®Eml))1

1 1
+17 (2122 ® Eml) 1+ 61T((1n2 ® Em, )R

LER)L + %1T (Lny ® Epy) 1 +17((Ly + E,,
1

n + 2

LE Ri(1E, © Byl

1
! ® Eml)l + 71T((1n2 ® Em1)R{

———Jny) " 6

= R1 =171, then

1T((1n2 ® Em)R?Lé Ry (177;2 ® Em1 ))1

B,
- (1T, 1T iz oy B
En,

RTL Em1 m1 E"Ll )

) =m317 RTLY Rily, =0.

1TRTLE ( 1{2 ® Eml)l

= 1V"R{L{ ( Em, Em, Epm, )
Lo,
Lo,
Lo,
= 1"R{L{ 1, =0. (3)
Similarly, 17 (( ny ® Eml)RTL#Rl) - o
17 (417 @ B, ) 117 (31, ® B, ) 1= 0.
Let P = ((L2 + By — ity naxng) L ©® Eml)> ©1,,, then
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T p—1
P (1, 1. 17,)
]371 0 0 0 1712
0o P11 0 0 Lo,
0 0 0
0 0 0 p-t Ln,
= moll (Lo+ Epy — ———Jnaxns) 1
no 2 n2+2 2 2 2
ng + 2
= n3 22 : (4)

Plugging (2), (3) and (4) into K f(Lg,0a,), we obtain the
required result in vi).
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