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Eigenvalues of Discrete Second-order Coupled
Boundary Value Problems with Sign-changing
Weight

Yalin Zhang

Abstract—This paper is concerned with discrete second-
order coupled boundary value problems with sign-changing
weight. We find that these problems have 7' real eigenvalues
(including the multiplicity). Specifically, the numbers of positive
eigenvalues are equal to the number of positive elements in the
weight function, and the numbers of negative eigenvalues are
equal to the number of negative elements in the weight function.
Furthermore, the relationships between the eigenvalues under
three different coupled boundary conditions are established.
These results extend the relevant existing results of periodic
and anti-periodic boundary value problems with sign-changing
weight and the coupled boundary value problems with definite
weight.

Index Terms—eigenvalues, second-order difference equations,
coupled boundary condition, sign-changing weight.

I. INTRODUCTION

ET T > 2 be an integer, T = {1,2,...,T}. In this
paper, we consider the second-order difference equation

Lu = Alp(t—1)Au(t—1)]—q(t)u(t)+Aa(t)u(t) = 0,t € T
)]

with the coupled boundary conditions

(in )=o) ©

where Au(t) = wu(t + 1) — u(t), o is a constant
parameter, —m < a < T,

K:(kl L)

0 ks ) Jki,ko, kg € R, with k1ks =1,

qg: T — [0,400), p: {0,1,...,T} — (0,400) satisfies
p(0) = p(T), and the weight function ¢ : T — R satisfies
the following condition:

(HO) a(t) changes sign on T, i.e., there exists a proper subset
T4 of T such that

a(t) >0 fort € Ty, and a(t) <0 for t € T\Ty.

Let n be the number of elements in T. Then T" — n is the
number of elements in T\T..

When the weight function a(t) in the equation (1) is not
sign-changing, Atkinson [1], Jirari [2], Kelley and Peterson
[3] studied the boundary condition

u(0) — hu(l) =0, uw(T +1) — lu(T) =0, 3)
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they obtained that this problem has 7' real eigenvalues, which
can be ordered as A\ < Ay < -+ < Ap. Sun and Shi [4]
discussed the boundary condition (2), where p(t), q(t), a(t)
are real functions with p(t) > 0 fort € {0,1,...,T}, a(t) >
O0forteT, p(0)=p(T)=1, and

K:(kl 0

ko kg)akj€R7.7:1;2,3W1th]<}1k‘3:1,

They obtained the following result.

Theorem 1 (Theorem A). Assume ks > 0. Then, for every
a € (—m,0) U (0,7), the eigenvalues n;(1 < i < T) of
(1)-(2) satisfy the following inequalities:

m(K) <m(eK) <m(—K) <na(—K) < (e K)
< m(K) <n3(K) <n3(e“K) < n3(—K) < na(—K)
< nu(eK) <mu(K) < <mro1(—K) < nr—1(e"K)
< nr1(K) <nr(K) < nr(e*K) < np(-K)

if T is odd, and

m(K) <m(e“K) <m(=K) <n(-K) < (e K)
< p(K) <na(K) <m(eK) <n3(—K) < m(-K)
< m(eK) <mu(K) <o <nroa(K) <nroa(e°K)
< nroa(=K) <nr(=K) < nr(eK) < nr(K)

if T is even.

For the case when a(t) is not sign-changing, further
important results in linear Hamiltonian difference systems,
including the oscillation properties of solutions, can be seen
in Shi and Chen [5], Bohner [6], Agarwal et al. [7] and the
references therein.

However, there are few results on the spectra the weight
function a(t) in the equation (1) changes its sign on T.
In 2007, Ji and Yang [8], [9] studied the structure of the
eigenvalues of (1) and (3), and they obtained that the numbers
of positive eigenvalues are equal to the number of positive
elements in the weight function, and the numbers of negative
eigenvalues are equal to the number of negative elements in
the weight function. In 2018, Ma et al. [10] considered the
general separate boundary condition

au(0) — BAu(0) =0, yu(T + 1) + dAu(T) =0, (4)

where o, 3,7,6 € R satisfy af > 0,75 > 0 with o? +
B2 £ 0,72+ 824 0,pt) >0,t € {0,1,...,T},q: T —
[0,00), and a(t) satisfies (HO). They obtained that if ¢(t) #
0,t € T or o® + 2 # 0, the problem (1)and (4) has T
real eigenvalues, which can be ordered as Ap_,, _ < --- <
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A,— <0< A4 <o < Ap 4. In 2015, Gao and Ma [12]
discussed the periodic boundary condition
u(0) = w(T), w(l) = u(T +1) (5)
and the antiperiodic boundary condition
w(0) = —u(T), u(l) = —u(T +1), (6)

where p(t) > 0 for t € {0,1,...,T}, p(0) = p(T),
q(t) > 0 and a(t) satisfies (HO). They found out the
following very beautiful results (see [12, Theorem 2.3, The-
orem 2.4, Theorem 2.5 and Theorem 2.6]): the periodic and
antiperiodic boundary value problems with sign-changing
weight respectively have exactly 7' real eigenvalues, N}
and {\;,},v € {4+, —}, which satisfy

)\Tfn,f < )\Tfn,f < )\Tfnfl,f < )\Tfnfl,f
< e K )\37_ < )\27_ < )\27_ < )\17_ < )\1,_ <0
Ap <Ap S Ao p <Aop S Az << Apoag

IN

< Ap—14 S A4 < Ap 4 if T is even and n is even;

XT_,L_ <Ar—p,— SAr—p_1,- < XT_,L_L_
< <Ao< <A <A <A_<0
< Mg < XLJF < Xg,+ <A 4 S A3y <0 < Xn,17+
< Ao S A4 < Xn,Jr if T is even and n is odd;

XT—n,— <Aren— S Arpo1,—- < XT—n—l,—
< <Ao< Ao <A <A_<M_<0
< Mg <A SAog <Aor SAgs << Aasig
< Xn_1,+ < X,H_ < Ap,+ if T'is odd and n is even;

AT—p,— < XT,m, < XT,n,l,, < AT—p—1,—
< <Ao< A <A <A_<A_<0
< At < X1,+ < X2,-s— <Ay < M3 4 <0< }\Vn—l,—&-
< Mo1g < Ang < Ay if T is odd and n is odd.

Motivated by [4] and [12], we apply some oscillation
results obtained by [13] to prove the existence, the number
of eigenvalues of (1)-(2) with sign-changing weight and to
compare these eigenvalues as « varies. These results extend
above results obtained in [12].

This paper is organized as follows. Section 2 gives some
properties of eigenvalues of Neumann boundary value prob-
lem with sign-changing weight, which will be used in Section
3. Section 3 pays attention to comparison between the
eigenvalues of problem (1) and (2) as « varies.

II. PRELIMINARIES

Equation (1) can be rewritten as the recurrence formula

p)u(t+1) = [p(t)+p(t—1)+q(t)—Aa(t)u(t)—p(t—1)u(t-1)
(7

for t € T. Clearly, u(t) is a polynomial in A with real
coefficients since p(t), ¢(t) and a(t) are all real. Especially,
for t <T + 1, the degree of w(t) is ¢ if u(1) # 0, and t — 1
if u(0) # 0 and u(1) = 0.

Let 2(¢,\) be a solution of Lz
condition

= 0 with the initial

2(0,A) =1, Az(0,\) =0 (8)

and y(t, \) be a solution of Ly = 0 under the initial condition
y(0,A) =0, Ay(0,\) = 1. ©))

Then (¢, \) and y(¢, A) are two independent solutions of
(1), and they are all polynomials of degree ¢ of A.

Now, multiplying both sides of Lz = 0 and Ly = 0 by
y(t, A) and x(t, \) separately, summing from¢t =1tot =T,
then subtracting these two equations, we get

AT NY(T +1,0) =T+ 1L Ny(TN) =1, (10)
Ma et al. [13] discussed the spectra of the problem (1) with
the Neumann boundary condition

Au(0) = Au(T) = 0. (11)

They obtained the following result.

Lemma 1. Suppose p:{0,1,...,T} = (0,+0), q(t) =0
on T and (HO) hold. Then the problem (1) and (11) has T
real eigenvalues n;,,j € T, v € {+, —}, which satisfy

Nr—n,— <+ <m,- <0< < <npp.  (12)
The eigenfunction 1; ,, which corresponds to n; ,, exhibits
j — 1 changes of sign on the integral [0,T).

Furthermore, Ma et al. [10], [12] indicated that 7; _ and
71,4+ are not zero when ¢(t) # 0,¢ € T, that is,
M= < <M,— <0< < <7y (13)
Lemma 2. Let n;,,j € T,v € {+, -}, be the eigenvalues
of (1) and (11). Then x(t,n;,) is the eigenfunction with
respect to n;,,, that is, x(t,n;,.) is a nontrivial solution of
(1) satisfying
Az(0,n;,) = Az(T,n;.,) = 0. (14)
Lemma 3. If j is odd, x(T,n;,) > 0 and if j is even,
(T, n;.) <O0.

Proof: Since x(0,m;,) = 1, Az(T,n;,) =
Az(0,n;,) = 0, then x(T,n;,) > 0 if =(T,n;,) has an
even number of sign changes in the interval [0,7"), and
z(T,n;,) < 0 if z(T,n;,) has an odd number of sign
changes in [0, T"). This can be obtained directly from Lemma
1. |

IIT. MAIN RESULTS

Let x(t,\) and y(¢, \) be defined as in Section 2, and let
\jwv(e"*K), j € T,v € {+,—}, be the eigenvalues of the
coupled boundary value problem (1)-(2). We now present the
main results of this paper.

Theorem 2. Assume that ks > 0, k1 > ko and (HO) holds.
Then (1)-(2) has T real eigenvalues \;,(e'"*K), among
which n non-negative eigenvalues and T — n non-positive
eigenvalues.
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(i) If T is an even number and n is an even number, then

Mon(K) < App,_("K) < Ap_p,_(—K)
Nr—n,—

Mon1,—(—K) < Ar—p_1,(€"“K) < Ap_p_1_(K)
< Ao (K) < Ag_(e"K) < Ny (—K)
Mo <A _(—K) <A\ _(e"K) < M\ (K)
m,— <0< m 4

M4 (K) <A1 (eK) <\ (—K) <may
Aot (—K) < X1 (e"K) < gy (K)

T S Nn—1,+

An—1,4(K) < /\n—l,-&-(emK) < An-1,4(—K)
Mt < At (K) < A (€K) < Xy 1 (K).

(AN VAN VAN VAN VAN VAN VANRN VANRR VARSI VAN

(ii) If T is an odd number and n is an even number, then

Mon—(—K) < Ap—p_("K) < Ap_p,_ (K)
Nr—n,—

AMon—1,—(K) < Ar—p_1,(e"“K) < Ap_p_1—(—K)
< A (K) < Ag_(e"K) < Xy (—K)
Mo <A, (—K) <M\, _(e"K) <\ _(K)
m,— <0< m 4

M4+ (K) < A4 (e°K) <A —(—K) <oy
Aot (—K) < do 1 (e"K) < Aoy (K)

e < Mn—1,+

M1+ (K) < Aot 1+ (eK) < M1+ (—K)
M+ < )‘n,-&-(_K) < /\n,-i-(emK) < )‘n,-&-(K)-

AN VAN VAN VAN VANS VAN VANRN VAR VARSI VAN

(iii) If T is an even number and n is an odd number, then

Mon—(—K) < Ap—p_("K) < Ap_p,_ (K)
Nr—n,—

AMon-1,—(K) < Ar—p_1,(e"“K) < Ap_p_1—(—K)
<A (K) < Ag_(e"K) < Ny (—K)

Mo <A (—K) <M\ _(e"K) < A\ _(K)

m,— <0< m 4

M (K) <A g (€9K) < Mo (=K) <oy

Aot (—K) < Xa 1 (e"K) < g4 (K)

L A1 (K) < A1 1 (€9K) < A1 4 (K)
Mo+ < )‘n,-&-(K) < /\n,—&-(emK) < >‘n,+(*K)-

(AN VAN VAN VANRN VAN VAN VAN VAN VAN

(iv) If T is an odd number and n is an odd number, then

Mon—(K) < Ap—p,—("K) < Ap—p— (= K)
nr—n,—

Mon1, - (—K) < Ar_p_1,(€K) < Ap_pn_1_(K)
<A (K) < Ag—(e"K) < Ao _(—K)

ne— <A,—(—K) < /\17_(€iQK) < A1,—(K)

m,— <0<+

M4 (K) <M (e°K) < M\, (—K) <oy

Aot (—K) < Xa 1 (e"K) < Ag 4 (K)

L A1 (K < A1 4 (e9K) < A1 4 (K)
Nt < An,(K) < At (€ K) < Ay (—K).

AN VAN VAN VAN VAN VANRN VANRR VAR VAN

Coroll_ary 1. For every fixed a # 0, —m < a < m,
Ajv(e*K) is a simple eigenvalue of (1)-(2).

Corollary 2. If T — n is even, then Ap_, _(K) is simple,
otherwise \p_,, _(—K) is simple.

Corollary 3. If n is even, then \,, 4 (K) is simple, otherwise
An,+(—K) is simple.

Remark 1. If k3 < 0, k1 < ko, a similar results can be
obtained by applying Theorem 2 to —K. In fact, ¢“K =
'm0 (~K) for a € (—7,0) and K = /"™ (~K)
for a € (0,m). Hence, the boundary condition (2) in the
case of ks < 0, k1 < ko and a # 0, —m < a < 7, can be
written as condition (2) replaced by ™ + « for a € (—m,0)
and —7 + « for a € (0,7), and K is replaced by —K.

Remark 2. Theorem 2 extends [4, Theorem 3.1] and [12,
Theorem 2.3, Theorem 2.4, Theorem 2.5 and Theorem 2.6].

Before proving Theorem 2, we prove the following lem-
mas.
Lemma 4. )\ is an eigenvalue of (1)-(2) if and only if
f(A) =2cosq, (15)
where
FO) :=ksx(T,\) + k1 Ay(T, \) — ko Ax(T, M), (16)
Proof: If the general solution of equation (1) u(t,\) =
Chz(t, \) + Coy(t, \) satisfies (2), then
0
0

( (T, \) —e®ky  y(T,\) — ek
a7

Ax(T, ) Ay(T, ) — k3
It is evident that A € C is an eigenvalue of (1)-(2) if and
only if (17) has a nontrivial solution (C7, C5), i.e.,

det(x(T,)\)e kv y(T,\) — ks ):0,

Ch
Cs

)

Az(T, \) Ay(T, \) — ek
which, together with (10) and k; k3 = 1, implies that
e f(\) = 0.

Then (15) follows from the above relation and the fact e %@+
e'® = 2 cos a. This completes the proof. ]

1+e2io¢ o

Lemma 5. Assume that k3 > 0 and (HO) holds. Let n; ,,
v € {+, -}, be the eigenvalues of (1) and (11), and they are
arranged as (12). Then

(i) f(njn) > 2 when j is an odd number;

(ii) f(n;n) < —2 when j is an even number.

Proof: From (14) and (10), we have
(T, nw) Ay(T, i) = 1.
By (18), (16) and the fact that k1k3 = 1, we obtain
1
i) =ksx(T,mi) + —————.
F5) = Koo (Tm10) + e
Hence, noting k3 > 0, and by Lemma 3, we have that if k is

odd, then f(n;,) > 2 and if k is even, then f(n;,) < —2.
This completes the proof. [ |

Lemma 6. Assume that ks > 0, k1 > ko and (HO) holds.
Let np—_p,— and ny, + be the minimum and the maximum
eigenvalue of (1) and (11), respectively. Then for every

(18)
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fixed a € (—m, 7], there exist two roots, A7 — (69K,
An,+(€"K), of f(A\) =2cosa such that

/\T—n,—(eiaK) S nT—n,— (19)

and

At (€K) >y (20)

Proof: By the discussion in the first paragraph in Section
2, x(t,\) and y(t, \) are both polynomials of degree ¢ of A
for t <T + 1. By (7)-(9), it is not difficult to see that

_ N\ T(1. _ a(l)a(2)- (T) T
_ (_1\n _ a 2 a(T)| \r
= k) e iy

+Q7r-1(N),

where Qr_1(\) is a T' — 1 degree polynomial of A.
If T' and n are both even number, it is easy to see that,
for k1 > ko,

f(A) = o0 if A — £o0.

On the other hand, from Lemma 5, we know that
fr—n—) < —2 and f(n,+) < —2. So, there exist two
numbers Ap_,, _(e“K), A\, 4 (e'*K), such that

—00 < )\T,n,,(emK) <Nr_n,—,
FOr_n_(e"K)) = 2cos
and
Nt < Mg (“K) < +00, f(A4(e"K)) = 2cosa.

Similarly, for the cases of (i) 7" and n are both odd number,
(i1) 7" is an even number and n is an odd number, (iii) 1" is
an odd number and n is an even number, we have the same
conclusion. This completes the proof. ]

Lemma 7. Assume that ks > 0, k1 > ko and (HO) holds. Let
N V € {4+, —}, be the eigenvalues of (1) and (11) and be
arranged as (12). Then there exists unique root, A, (e'*K),
of f(\) = 2cosa such that

(i) for a € (—m, ) and o # 0,

il < [N (€ K)| < [mig1,]; 1)
(ii) for a« = 0,
m2j—10] < [Aoj—1.(K)
< i (K| < n2ja10ls (22)
(iii) for a = m,
m2j—10] < [Agj1u(—K)| < [m2)0]
< o (=K)| < [n2j41.0]- (23)

Proof: From the proof of Lemma 6, we get that f()\)
is a polynomial of degree 7" of A with real coefficients.
By Lemma 5, f(n2;—1,+) > 2 and f(n2;,+) < —2. The
existence of the eigenvalues of (1) and (2) which satisfy the
inequations (21)-(23) can be obtained from the intermediate
value theorem of continuous functions and the fact that
FOu(K)) = 2. fyu(-K)) = =2, [ (\u(d@K)) €
(—2,2) for a € (—m,m), o # 0. The uniqueness of such
eigenvalues can be obtained by the fact that the equation
f(A) = 2cosa has and only has T zeros. ]

Lemma 8. Let \;,(e"*K), v € {+,—}, be the eigenvalues
of (1) and (2). Then for o € (—m,7) and o # 0,

A2j1,0 (B)| < Agjo1p(€K)| < [Agjo1,(—K)| (24)
A2 ()] < [Agju (€ K)| < Ao (K- (25)
Proof: We only prove (24) for the case v = +.
The inequality relations (24) for the case v = — and the
inequality relations (25) can be obtained similarly.
Firstly, let us prove that for j = 1,2, | [g} ,
Azj1,4(K) < Agj1,4 (e K), (26)

where [%w is the largest integer less than or equal to 3

On the contrary, suppose that
Agj—1,4(K) = Agj1,4 (e K).
If Aoj_1,4+(K) = Aoj_1,4(e"K), then

fRoj14(€°K)) = f (Agj-14(K)) =2,

which contradicts f(Xg;j—1,+(e*K)) = cosa < 2 for a #
0. Therefore, Aoj—1.+(K) > Aaj—1,+(e'®K). This combines
(21), we have

Nj—1,4 < A2j_1,4(€"“K) < Agj_1,4(K).

By Lemma 5 and Lemma 7, f(ny_1,4) > 2,
A2j—1,+(K) is the unique root of f(A) = 2 in the interval
[M2j—1,4:72j,+) - Then we get that f(12;_1,4) > 2 and then
F(A2j—1,4(e"*K)) > 2, which is a contradiction. Thus

Aoj1,4(K) < Agjo1,4 (e K).
Secondly, we claim that for j =1,2,--- | b],
)\Qj_17+(6iaK) < )\2j_17+(—K). 27

Similarly, from (21)-(23), we known Xgj_1 4+ (e*K) €
(M2j—1,4+M2j,+), and Agj_1 4 (—K) is the unique root of
f(A) = cosm = —2 in the interval (n;_1,4,72;,+]. On
the contrary, suppose Agj_1 1 (e"“K) > Ayj_1,(—K). If
)\2j71,+(€i04K) = /\2]‘71,1/(_[(), then

FQ2j14(e°K)) = f (Agjm1,+(—K)) = —2,

which contradicts f(A2;j—1,+(e!*K)) = cosaw > —2 for v €
(—m,m) and « # 0. Therefore,

A2j1,4(€"K) > Agj_1.,(—K).

By Lemma 5, f(12;,+) < —2, this combines with that
fact that )\2]‘_17y(7K) < )\gj_lﬂ_(emK) < 1254 and
A2j—1,+(—K) is the unique root of f(A) = —2 in the
interval (m2;—1,4,72j,+], we get that f(ne;4+) < —2 and
then f(A2j_1+(e’*K)) < —2, which is a contradiction.
Thus

)\2]'_17_5_(6“1[() < )\2‘7‘_174_(7[().

Thirdly, if n is an odd number, the inequality relations
Ant (K) < )‘n,+(emK) < Anwu(—K) (28)

can be proved in a similar way as we used in the two cases
above. But we use the conditions f(7, +) > 2 and f(\) —
—o00 as A — +oo instead of the conditions f (n;_1,4) > 2

and f (n25,+) < —2. u
Proof of Theorem 2: From Lemma 5, Lemma 6, Lemma
7 and Lemma 8, we can get the comparison theorem. ]
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From (13) and the proof of Theorem 2, we immediately
come to the following conclusion

Theorem 3. Assume that ks > 0, k1 > ko and (HO) holds.
If q(t) £0 fort € {1,2,--- , T}, then

A (K) <0< Ay (K),

i.e., A\ _(K) and M\ 4 (K) are simple eigenvalues of (1)-(2)
with o = 0.
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