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Interior and Closure Operators on
Quasi-pseudo-BL Algebras

Jinfan Xu, Guangling Cao, and Wenjuan Chen

Abstract—In this paper, interior and closure operators on
quasi-pseudo-BL algebras are introduced and investigated.
First, we give the definitions of multiplicative interior operators
(mi-operators, for short), weak mi-operators, wmi-operators
and weak wmi-operators on a quasi-pseudo-BL algebra and
discuss the relationship among them. Meanwhile, we study
the related properties of these operators on a quasi-pseudo-
BL algebra and discuss the operators on the quotient algebra
with respect to a normal weak filter. Second, we introduce the
concepts of additive closure operators (ac-operators, for short),
weak ac-operators, sac-operators and weak sac-operators on a
good quasi-pseudo-BL algebra. We study the relations among
them and discuss the related properties. Moreover, we present
the connections between (weak) wmi-operators and (weak)
ac-operators on a good quasi-pseudo-BL algebra. Finally, we
investigate the properties of the induced operators on some
quasi-pseudo-MYV algebras.

Index Terms—quasi-pseudo-BL algebras, good quasi-pseudo-
BL algebras, interior operators, closure operators, weak filters.

I. INTRODUCTION

ECENTLY, the algebras based on quantum computa-
tional logic have been received more and more attention

[11, [2], [3], [4], [5], [6], [7]. In [6], quasi-pseudo-BL alge-
bras (qpBL algebras, for short) were introduced which can
be regarded as generalizations of quasi-pseudo-MV algebras
and pseudo-BL algebras. Quasi-pseudo-MV algebras were
studied by Chen and Dudek in [2] as a generalization of
pseudo-MV algebras and quasi-MV algebras, while pseudo-
BL algebras were investigated by Di Nola et al. which were
the non-commutative generalization of BL algebras [8], [9].
Since qpBL algebras form a larger class and have a vital
role in connection with quantum computational logic and
fuzzy logic, it makes sense to generalize and extend the
known results to gpBL algebras in order to study the common
properties and provide a more general algebraic foundation.
The study of interior and closure algebras originated from
topological Boolean algebras which generalized topological
spaces given by topological interior and closure operators
[10]. As the generalization of topological Boolean algebras,
Rachunek had introduced interior and closure MV-algebras
through the so-called multiplicative interior and additive
closure operators [11]. Since the multiplicative operation
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and additive operation were dual in an MV-algebra, we
have that there is the dual relation between multiplicative
interior operators and additive closure operators on an MV-
algebra. Subsequently, the concepts of multiplicative interior
operators and additive closure operators were extended to
commutative bounded integral residuated lattices satisfying
divisibility [12], commutative residuated ¢-monoids [13],
bounded integral residuated lattices [14] and so on. As
we have seen, multiplicative interior operators and additive
closure operators are successfully investigated in the algebras
which are related to fuzzy logic. In this paper, we want to
generalize and extend the multiplicative interior operators
and additive closure operators to some algebraic systems in
the setting of quantum computational logic.

This paper is arranged as follows: In Section 2, some
properties and results in qpBL algebras are recalled which
will be used in the following. In Section 3, we give the
definitions of multiplicative interior operators (mi-operators,
for short), weak mi-operators, wmi-operators and weak wmi-
operators on a qpBL algebra and then investigate the relations
among them. Meanwhile, we discuss the related properties
of these operators on a qpBL algebra and study the operators
on the quotient algebra with respect to a normal weak filter.
In Section 4, the concepts of additive closure operators (ac-
operators, for short), weak ac-operators, sac-operators and
weak sac-operators on a good qpBL algebra are introduced.
The relationships among them are studied and the related
properties are discussed. Moreover, we present the connec-
tions between (weak) wmi-operators and (weak) ac-operators
on a good gpBL algebra. In Section 5, we discuss the
properties of the induced operators on some quasi-pseudo-
MYV algebras.

II. PRELIMINARY

In this section, some definitions and results of quasi-
pseudo-BL algebras are recalled.

Definition 1. [15] An algebra (S;U,m) of type (2,2) is called
a quasi-lattice, if it satisfies the following conditions for any
K, 0, T €S,

(1) KUY =D Uk and kM =D MK;

(2) kKU(BUT)=(kUI)UT and kM (MW7) = (KMI)M
T;

(3) kKU(IMK) =KkUk and kM (BUK) = KMK;

(4) KUY =kU(BUDY) and kMS = kM (I MD);

(3) KUk =xMmkK.

On a quasi-lattice (S; WU, M), one can define a relation Kk < ¥
by kxU¥ = YUY, or equivalently, kM = km k. In [15],
Chajda showed that the relation < is qguasi-ordering.

Definition 2. [6] An algebra S = (S;U,m,Hd,—,—,0,1) of
type (2,2,2,2,2,0,0) is called a quasi-pseudo-BL algebra
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(gpBL algebra, for short), if it satisfies the following condi-
tions for any k,9,7 € S,

(QPBL1) (S;U,m,0,1) is a bounded quasi-lattice, i.e.,
(S;U,m) is a quasi-lattice and it has the least element 0 and
the largest element 1 (with respect to the quasi-ordering <);

(QPBL2) (S;[1,1) is a quasi-monoid, i.e., (kEH®)H1=
k(O E7), IDxk=xE1and 11 =1;

(QPBL3) kmx =xk[11 and 0M0 = 0;

(QPBLY) k<% —7iff k¥ <X71iff 3 <Kk — 1,

(QPBLS) (k — ¥9)Hl=x— Y and (kx — )1 =k —
¥

(QPBL6) kM ¥ = (k — ) Uk =k (k — 9);

(QPBL7) (k — B)U (¥ — k) = (kK — D)W (¥ — k) = 1.

In a qpBL algebra S, we denote R (S) = {x € S|k 1 = k}
the set of regular elements in S. Then R(S) =
(R(S); WRES) QR(S) [RS) __R(S) ,R(S) 0,1) is a pseudo-BL
subalgebra of S, where the operations are those of S restricted
to R(S) ([6]). Moreover, two unary operations ~ and

are defined on R(S): for any k € R(S), k" 2k~ 0 and

K 2 k — 0. Then the operations can be extended on S as
follows: for any k€ S, k™ € S with ¥ 1 = (k1) =k —0
and k'€ S with k' 1= (k1) =k 0.

Following from [6], a qpBL algebra S is,

13 ”

e a quasi-BL algebra iff the operations “—” and “—
coincide iff the operation “[:]” in S is commutative;

e a pseudo-BL algebra iff (S;[J,1) is a monoid iff
(S;U,m,0,1) is a bounded lattice;

o a quasi-pseudo-MV algebra iff K
Kes.

r
=Kk=k for any

Proposition 1. [6] Let S be a gpBL algebra. Then the
following results hold for any x,9,7T € S,

(P If Kk <0 and © =< K, then kD1 =9011;

P2) x <1l and xI1 S k;

P3) (k= H)Exk <k =<0 — (xkED) and (k — )LDk <
¥ <k— (38x);

P4) kH(k—%) =k X — (VLK) and x
(k—0) =209 2k— (xEB9);

Py ifk=<Y thent—x=1t—and 1 — K T — 9,

P6) if Kk U, then Tk X7V and kLT X071,

PHifk<0, theny —1<Kk—Tand ¥ —1TK— T,

P8) k¥ <K,V and k1% < kMY,

P K=<V iffk—0=1if ko0 =1;

(PI0) kK — O = (k- )1 = (k1) - ¥ =k — (8
1);

PI11) k— V=
1),

PI12) 1 —k=kB1=1—k;

P13)1"=1"=0and 0" =0"=1;

(P14) k <k — O and K <k — ¥;

(P15) k <k and x <K ;

(P16) if Kk < 0, then ¥ <k and 9 <k ;

(P17) k' 'Dl=xkOland x "EO1=x 01, if k €R(S),
then k' =K andK =%

P18 ¥ — Kk =k—0V =k —0O"
Ko d =KL

(P19) (xE0) =k — 0 and (kD) =0 — K.

Let S be a qpBL algebra. If ¥ '= k' for any kx € S,
then S is called good. Given a good qpBL algebra S, the

(k—)H1l=(x01)— ¥ =k— (81

and 9 — x =

binary ope;ation “H” can be defined on S as follows: kH Y =
(Kj G ﬂj) for any x,0 € S.

Proposition 2. Let S be a good gqpBL algebra. Then the
following results hold for any x,9,7T € S,

Gl) (k=09 " =x" =¥ =k—9 and (k —
19)FT — K_F‘I — 19!'7 — K NN 19F7

G2 (k=0 ) '=x—0 and (k— ") =x—
19“IF;

(G3) (KF‘I — K)!’T _ ] — (K_‘IF . K)‘H';

G4 (xO9) = (k'3 ;

(GS) (k)" =« O and (xE¥) =« OO’

(G6) kB = "B

(G7) (kEO®) =« B and (xE¥) =k B ;
(G8) (kB®) =« O and (xBY) =k DO ;
(G9) if Kk X1, then tHx <X THY and xH7T < 9H7.

Proof: We only prove (G6), (G7), (G8) and (G9). The
rest can be seen in [6].
(G6) For any k,¥ € S, we have K B

= (x
ﬁrjr)j _ (( o |I| 1) |Z| (19r‘|r E] )) _ ((K_r |Z| 1) |Z| 19

~r

-

1)) '=(x O0¥") =xB by (P17).
(G7) Since k0¥ € R(S), we have (kEH9) = (kE0) "
by (P17). Thus ¥ B9 = (k' 'O9 ) = (xE0) " = (k1

)" by (G5) and (P17). Similarly, we have (kD) = k' B
B

~r rar

(G8) We have (kB®¥) = (x 00 ) =« "Hd¢ " =
(K "DNEE "O)=(x01)E» D1)=« 0¥ by
(G5) and (P17). Similarly, we have (kB ®) =« 0.

(G9) For any k,® € S with k¥ < ¥, we have THKk = (7 [J
k) =2 (r' 00" =t@Y by (P16) and (P6). Similarly, we
have xkH7T <O HT7. |

Below we list the related properties of filters in qpBL
algebras.

Definition 3. [6] Let S be a qpBL algebra. A non-empty
subset T of S is called a filter of S, if the following conditions
hold,

(F1) x,0 €T implies k1Y € T;

(F2) k€T and ¥ €S with x < ¢ imply 0 €T.

Definition 4. [16] Let S be a qpBL algebra. A non-empty
subset T of S is called a weak filter of S, if the following
conditions hold,

(WF1) x,9% € T implies x[[19 € T;

(WF2) k€T and 9 € S with k <9 imply 91 eT.

Remark 1. Let S be a qpBL algebra and T be a filter of S. If
k€T and 9 € § with Kk < 9, then ¥k < ¥ < ¥ [11, it follows
that 91 € T, so every filter is a weak filter.

Let S be a qpBL algebra. If T is a (weak) filter of S
and Kk — 0 €T iff k — 9 €T for any x,0 €S, then T is
called a normal (weak) filter of S. If } is a congruence on
S and for any x,9 € S, (k[01,9E1) € x implies (k,?) €
X, then x is called a filter congruence on S. Let  be a
(filter) congruence on S and D be a normal (weak) filter of
S. Define the set D, = {k € S| (x,1) € x} and the relation
xp = {(k,9) € S’k — ¥ €D and ¥ — k € D}.

Proposition 3. [6] Let S be a qpBL algebra, ¥ be a filter
congruence on S and D be a normal filter of S. Then we
have,

(1) Dy is a normal filter of S;
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(2) xp is a filter congruence on S;

(3) x =2xp,;
(4) D =Dy,

Proposition 4. [16] Let S be a gpBL algebra, X be a
congruence on S and D be a normal weak filter of S. Then
we have,

(1) Dy is a normal weak filter of S;
(2) xp is a congruence on S;

(3) x € xpys

(4) D C Dyy,

If D is a normal (weak) filter of a gqpBL algebra S,
we consider the quotient set S/D = {k/D|kx € S} where
k/D = {9 €S|x — ¥ €D and & — k € D} or equivalent-
ly, x/D= {0 € S|k — ¥ € D and ¥ — Kk € D}. On the set
S/D, we define (x/D)3(8/D) = (x89)/D, (x/D)U
(9/D) = (kWD)/D, (k/D)A(8/D) = (kA B)/D, (/D) —
(9/D) = (k — ©¥)/D and (x/D) — (¥/D) = (k — ©¥)/D.
Then S/D = {S/D;U,m,d,—,—,0/D,1/D} is a pseudo-BL
algebra ([6], [16]). Moreover, we have (x/D)" =k /D and
(k/D)' = x'/D for any kK € S.

Let S be a qpBL algebra and denote D(S) =
{keS|K'=1=x«"} the set of dense elements of S.

Proposition 5. Let S be a good gpBL algebra. Then D(S)
is a normal weak filter of S.

Proof: Clearly 1 € D(S). Let k,® € D(S). Then ¥ ' =
1=1"", it follows that (kE®)" "=« Ed =101=1by
(G5), so k1Y € D(S). If xk € D(S) and 7 € S with kK < 7, then
1=x"=<17 by (PI6),so (t01) =7 'Ol=101=1
and then T[J1 € D(S). Therefore D(S) is a weak filter of S. In
addition, let ,9 € S and k — O € D(S). Then (x — ) '=
1, it follows that ¥ ' — © =1 by (G1), so k¥ ' <0 ' by
(P9). Since S is good, we also have (x»— ¥) =k '
¥ =1 by (G1) and (P9), so k — © € D(S). Similarly, we
can prove that Kk — ¥ € D(S) implies kK — ¥ € D(S). Hence
D(S) is a normal weak filter of S. [ |

—

Lemma 1. Let S be a good gpBL algebra. Then for any
kKES k—k €D(S)and K — Kk €D(S).

Proof: Since k <k and 1 € D(S), we have k — k' ' =
1 € D(S) by (P9). In addition, we have (K '— k)" ' =1 by
(G3), so K ' — k € D(S). [ |

Proposition 6. Let S be a good gqpBL algebra. Then S/D(S)
is a pseudo-MV algebra.

Proof: Since D(S) is a normal weak filter of S by
Proposition 5, we have that S/D(S) is a pseudo-BL algebra.
By Lemma 1, we have k/D(S) =k '/D(S) = (k/D(S)) .
Moreover, since S is good, we have K '=x«x", it follows
that x/D(S) = (x/D(S))" ' = (x/D(S)) ". Hence S/D(S) is
a pseudo-MV algebra. ]

III. INTERIOR OPERATORS ON QUASI-PSEUDO-BL
ALGEBRAS

In this section, the definitions of multiplicative interior
operators, weak mi-operators, wmi-operators and weak wmi-
operators on qpBL algebras are given. We study the prop-
erties of these operators and discuss the relationship among
them.

Definition 5. Let (S;W,M) be a quasi-lattice and I" : S —
S be a mapping. Then I' is called an interior operator on
(S;u,m), if for any k, 0 € S,

an r(x) = «;

(12) I'(I' (k) = I (k);

(I3) x X O implies I" (x) X T" (9).

Definition 6. Let S be a qpBL algebra. A mapping I : S —
S is called a multiplicative interior operator (mi-operator, for
short) on S, if for any k, 9 € S,

MI) I'(xkE09) =T (k)T (8);

MI2) I (k) < &

(MI3) I (I (k) = T (k);

M4 I (1)=1.

A gpBL algebra S having an mi-operator I is called an
interior gpBL algebra and denoted by (S,I").

Definition 7. Let S be a qpBL algebra. A mapping I : S —
S is called a weak multiplicative interior operator (weak mi-
operator, for short) on S, if for any x,9 €S,

(WEMID) I' (k%) =T () (9);

(WEMI2) T (k) < k;

(WEMD3) I' ("' (k)01 =TI (x)H1;

(WEMI4) I" (1) =1.

Proposition 7. Let (S,I") be an interior gpBL algebra. Then
I' is a weak mi-operator on S.

However, if I is a weak mi-operator on a qpBL algebra
S, then it is not an mi-operator in general.

Example 1. Let S={0,0,®,v,1}. We define the operations
on § as follows:

Ui0jo|@m|v|l m{Olo|@|v|1
0(0|0|m|@|1 0]/0[0|0[0]0
0|0|0|o|@|1 0]0[0/0(0]0
O o ol o0|0|0|0|o|®
v|io|olo|lo|l V00| ||
(L1 |1]1]1 10/0|m|@|1
H|0jo|lm|v| 1 —|0]o|@| V|1
0(0|0/0|0]|0 O[1 (1|11l
0(0[0/0]|0]|0 o|l1|1]|1|1]|1
(00|00 | o|oo|l11|1
v|0|0|0|0|@ violo|l|1]1
10|0|o|@| 1 110/0|m|o|1

Then S = (S;U,m,, —,0,1) is a quasi-(pseudo)-BL alge-
bra. Define the mapping I' : S — S by I'(0) =0, I'(0) =0,
I'(@)=0,I'(v) =0 and I'(1) = 1. Then the mapping I"
is a weak mi-operator on S. However, I'(I'(v)) = 0 and
I'(v) = o, we have I'(I'(v)) # I'(v). Hence I' is not an
mi-operator on S.

Definition 8. Let S be a qpBL algebra. A mapping I : S —
S is called a wmi-operator on S, if for any x,9 €S,
(WMID) I'(xE9) =T (k)T (9);
(WMI2) I'(k) <k 'or (k) <k ";
(WMI3) I (I" (x)) = " (K);
(WMI4) I'(1)=1.

Definition 9. Let S be a qpBL algebra. A mapping I : S —
S is called a weak wmi-operator on S, if for any x, 9 € S,
(WWMIL) I'(k@08) =T (k)T (9);
(WWMI2) I'(k) <k "or (k) <k ";
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(WWMI3) I' (I (k)31 =T (k)3 1;
(WWMI4) (1) =1.

Remark 2. Let S be a pseudo-BL algebra. Then wmi-
operators and weak wmi-operators are same.

Proposition 8. Let I be a wmi-operator on a gpBL algebra
S. Then I' is a weak wmi-operator on S.

However, if I" is a weak wmi-operator on a qpBL algebra
S, then it is not a wmi-operator in general.
Example 2. Let S = (S;0,U,m,—,0,1) be a quasi-(pseudo)-
BL algebra defined in Example 1. For any element in S, we
define the unary operation on S as follows:

/

—~lc|Q|o |
oca»—»—

Then I'" defined in Example 1 is a weak wmi-operator
on S. According to Example 1, we have I'(I'(v)) # I'(v).
Hence I" is not a wmi-operator on S.

Since k <« 'and Kk <k hold in any qpBL algebra S, we
have that any mi-operator is the wmi-operator and any weak
mi-operator is the weak wmi-operator on S. The relationship
among these operators can be seen in Fig. 1.

weak wni-operators

wi-operators

A Relational Diagram

weak mi-operators

wini-operators

Fig. 1.

Lemma 2. Let I be a weak wmi-operator on a gpBL algebra
S. Then I'(I'(x)) = I'(x) for any k € R(S).

Lemma 3. Let I be a weak wmi-operator on a gpBL algebra
S. Then I' is monotone.

Proof: For any kx,9% € § with k < ¢, we have kM ¥ =
k1 and kM® = (¥ — k) by (QPBL3) and (QPBL6),
it follows that I'(x) < I'(k) D1 =T (x)OIC(1) =T (xQ
N=r(xkm¥)=TVED — k) =T)EOI(S — k) =
I'(®)01 2I(9) by (P2), (WWMI4), (WWMI1) and (P6),
so I'(x) <I'(9). |

According to Lemma 3, we have the following results.

Proposition 9. Let I" be a weak wmi-operator on a gpBL al-
gebra S. Then I'(kM®) < I'(k)MI' (V) and I'(k)UI(¥) <
I'(kW®) for any x,9 € 8.

Proposition 10. Let (S,I") be an interior gpBL algebra.
Then I' is an interior operator on (S;U,M).

Proposition 11. Letr I' be a weak wmi-operator on a
gpBL algebra S. Then I'(k — ) 2 T'(x) — ['(®) and
I'(k — ) X (x)— (V) for any x,9 €S.

Proof: For any x,9 € S, since k[ (xk— ) < 0¥, we
have I' (k)OI (k — ¥) < I'" (%) by (WWMII) and Lemma

3,s0 I'(k — ) <I(k)—I(9¥) by (QPBL4). Similarly,
we have I' (k — &) < T (x) — I (9). [ |

Let S be a qpBL algebra and I" : S — S be a mapping.
We define two mappings I' : S — S by I (k) = (I’ (Kr))1
and I :S— Sby I (k) = (I (Kj))r for any k € S.

Proposition 12. If " : S — S is a monotone mapping on a
gpBL algebra S, then the mappings I and I', are monotone.

Proof- Let x,9 € S with ¥ < 9. Then we have ¥ [1 =
% —0=<Kk—0=x E1by(P7),s0d <0 Hl=<x 1=
K by (P2) and then I'(¥") = I' (9" 1) =T (x L1) =
I'(x"). Hence II'(k) = ([(x)) < (I'(x 31)) =
(C' (v 31)) <('(¥)) =I'(9) by (P16). Analogously
for I . [ |

Proposition 13. Let I' : S — S be a weak wmi-operator on
a gpBL algebra S. Then for any x,0 € S we have,

(1) ¥ '=ID' (k) or k" < I (K);

2) I (kmd) < IF (k) AT () and I (k@) < I3 (k)M

KU () = (kU®) and [ (k) U (¥) <

(4) I (0) =0 and I/ (0) = 0.

Proof: (1) If I'(x) < k" for any Kk € S, we have
Fr)=(x)",sox ' =x ' Ol=(x01)' = "0O
)’ =k~ =(x)" 2((x)) =I(x) by (P2), (P17)
and (P16). If I'(x) < k', then we can show k' <T7 (k).

(2) and (3) Follow from Proposition 9.

(4) We have I'(0) = (T (07)) = (I"(1)) ' =1" =0 by
(P13). Analogously for I (0) =0. [ ]

Below we use the notion (S,I") to represent a qpBL
algebra S with a weak wmi-operator I'. If T is a (weak) filter
of S and x € T implies I'(x) € T, then T is called a (weak)
I-filter of (S,I"). If x is a congruence on S and (k,9) € x
implies (I'(x),I"(9)) € x, then ¥ is called a congruence on
(S,I'). According to Proposition 3 and Proposition 4, we
have the following results.

Proposition 14. Ler (S,I") be a gpBL algebra S with a weak
wmi-operator I', x be a filter congruence on (S,I") and D
be a normal T'-filter of (S,I"). Then we have,

(1) Dy is a normal I"-filter of (S,I);

(2) xp is a filter congruence on (S,I);

(3) x =2xp,;

(4) D =Dy,.

Proposition 15. Let (S,I") be a gpBL algebra S with a weak
wmi-operator I', ) be a congruence on (S,I') and D be a
normal weak I'-filter of (S,I"). Then we have,

(1) Dy is a normal weak I"-filter of (S,I");

(2) xp is a congruence on (S,I');

(3) x S ap,s

(4) D C Dy,

Let (S,I') be a qpBL algebra S with a weak wmi-operator
I' and D be a normal weak I"-filter of (S,I"). Then S/D is a
pseudo-BL algebra. Define I": S/D — S/D by I'(k/D) =
I'(x)/D for any k € S. We can show the following results.

Theorem 1. Let (S,I') be a gpBL algebra S with a weak
wmi-operator I' and D be a normal weak I'-filter of (S,I).
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Then I is a wmi-operator on S/D and (S/D,T") is a pseudo-
BL algebra with a wmi-operator I

Proof: We check the conditions one by one. For any

K,%€S:

(WMI1) We have I'((x/D)0(8/D)) =I"((kE9)/D) =
I'k 0 9)/D = (I'(x) O I'(¥)/D = (I'(x)/D) O
(I'(%)/D) =I'(x/D) ] I(v/D).

(WMI2) We have I"(k/D) =I"(x)/D <« '/D=(x/D)""
or ['(k/D) =T'(x)/D<x" /D= (Kk/D)" -

(WMI3) We have I'(I (K/D)) = I'(I'(x)/D) =
I'(I'(x))/D=(I'(I'(x))/D)BE(1/D) = (I'(I'(k))H1)/D =
(I'(x)B1)/D=(I'(x)/D)2(1/D) =I'(k)/D =1 (k/D).

(WMI4) We have I'(1/D)=TI(1)/D =1/D.

Thus I is a wmi-operator on S/D and (S/D,I) is a
pseudo-BL algebra with a wmi-operator I". [ |

Corollary 1. Let (S,I') be an interior gpBL algebra and D
be a normal weak I'-filter of (S,I"). Then I is an mi-operator
on S/D and (S/D,I') is an interior pseudo-BL algebra.

IV. CLOSURE OPERATORS ON GOOD QUASI-PSEUDO-BL
ALGEBRAS

In this section, the definitions of additive closure operators,
weak ac-operators, sac-operators and weak sac-operators on
good qpBL algebras are given. We study their related prop-
erties and discuss the relationship among them. Moreover,
we present the relations between (weak) wmi-operators and
(weak) ac-operators on good gpBL algebras.

Definition 10. Let S be a good gpBL algebra. A mapping 1" :
S — S is called an additive closure operator (ac-operator,
for short) on S, if for any x,9 €S,

(ACD) T (xkHY) =T (x)HY (9);

(AC2) Kk < T ();

(AC3) T (T (x)) = T (K);

(AC4) T (0)=0.

A good gpBL algebra S having an ac-operator 1" is called
a closure gpBL algebra and denoted by (S,T).

Definition 11. Let S be a good gpBL algebra. A mapping 1" :
S — S is called a weak additive closure operator (weak ac-
operator, for short) on S, if for any x, 9 € S,

(WAC1) T (xkEBY) =7 (x)BY (3);

(WAC2) ¥ =T (k);

(WAC3) T (Y (x))HO =T (x)HO0;

(WAC4) T (0)=0

Proposition 16. Let (S,Y) be a closure gpBL algebra. Then
Y is a weak ac-operator on S.

However, if T is a weak ac-operator on a qpBL algebra
S, then it is not an ac-operator in general.

Example 3. Let S={0,0,®,v,1}. We define the operations
on § as follows:

Wi0|lo|@D|v|l m{0lo|@|Vv|1
0|0 |m|lo|o|l 0(0{0|0]0]0
o|D|D|\D|O|1 ol0|lo|0|w|®
Oo0oo o|l OO0 oo
V| oo o ol VIO|lo|\D||@
111 |1]1]1 10|lo|o|w|1

Cl0jo|@|v]|1 —|0]|o|@| V|1
0(0/0|0]0|0 Oj1|1|1|1]1
0|0/0]0|0|@ o|l@|1|1|1]1
@|0/0|0|0|@ olo|1]1]1]1
v(0(0|0|0 | viw|1|1|1]|1
10w o1 10|lo|o|o|1

Then S = (S;U,m,,—,0,1) is a quasi-(pseudo)-BL algebra.
For any element in S, we define the unary operation on S as
follows:

—~lc|Q|o |
[«=IESRES IR

Then S is a good quasi-(pseudo)-BL algebra. We define
KB® = (K'D¥) for any k,9 € S and define T : S — S
by Y(0)=0,T(0)=0, (@)=, T (v)=0and T(1) =
Then the mapping 1" is a weak ac-operator on S. However,
Y(Y(v)) =v and Y (v) =0, we have T (T (v)) # T (v).
Hence T is not an ac-operator on S.

Definition 12. Let S be a good qpBL algebra. A mapping
Y : S — Sis called an sac-operator on S, if for any k, 9 € §,

(SACI) Y (xHBY) =Y (x)BY (9);
(SAC2) ¥ ' < T (x);
(SAC3) T (T (x)) =T (x):
(SAC4) Y (0) =0.
Definition 13. Let S be a good qpBL algebra. A mapping

Y :S— S is called a weak sac-operator on S, if for any
K,0ES,

(WSAC) T (kB 9) =
(WSAC2) k' ' <Y (x);
(WSAC3) Y (Y (x))B0 =T (x)BO0;
(WSAC4) Y (0) =0.

Y ()BT (8);

Remark 3. If S is a good qpBL algebra, then k¥ =k ' for
any K€ S, s0 Kk <Y (k) is equivalent to k" < T (k).

We have T'(1) = Y(180) = Y(1)BTY(0) = Y(1) B0, so
Y (1) is regular. Moreover, we have 1 =1 ' < Y(1) and
Y(1)=<1,s0Y(1)=1

Proposition 17. Let 1" be an sac-operator on a gpBL algebra
S. Then T is a weak sac-operator on S.

However, if 1 is a weak sac-operator on a qpBL algebra
S, then it is not an sac-operator in general.

Example 4. Let (S,7) = (S;[0,U,m,—,0, 1) be a good quasi-
(pseudo)-BL algebra defined in Example 3. Then 1" defined
in Example 3 is a weak sac-operator on S. According to
Example 3, we have Y(Y'(v)) # Y(v). Hence 1 is not an
sac-operator on S.

Since k <k '=k ' holds in any good qpBL algebra S, we
have that any sac-operator is the ac-operator and any weak
sac-operator is the weak ac-operator on S. The relationship
among these operators can be seen in Fig. 2.
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weak ac-operators

sac-operators

Fig. 2. A Relational Diagram

weak sac-operarors

ac-operators

Below we will see the relationship between (weak) wmi-
operators and (weak) ac-operators.

Theorem 2. Let S be a good gpBL algebra. If I' is a weak
wmi-operator on S, then the mappings It and I) are weak
ac-operators on S.

Proof: We check the conditions one by one. For any
K, €S:
(WACI) We have I[I'(k@Y) =

(C((x 8 9)))
(r (Kmﬁ) (

( ( ’__H—Izlﬁr—”_))—‘ (1_,( K‘
(0" " 1)) (r((x Dl)D(ﬂ 1) = (k"
r o )) = (C(x)BrQ) o (s ) B0r))
(COHDIEN®)B1) = (MK )BE©) = (k)

(r(¥"))' =L'(x)BIL(¥) by (GS), (P17) and (G7).
(WAC2) Since k < ¥ = k', we have k < I (k) by

Proposition 13(1).
(WAC3) We have I'(x' ) < I'(x ) D1 =I'(I'(x" )01 =<
k) by (P2) and (WWMI3), so I'' (I ' (k)) B0 =

Bl OO

rr(

(T (x ) )BO= (N(I())")) 80 % (M(I(x))) &
0 < ("(x)) B0 =TL'(x)B0 by (PI5), (P16) and
(G9). Moreover, we have I''(k) B0 < (I' (x))” B0 <

I (I;“(K)) HO by (P15), (G9) and Proposition 13(1). S-
ince I (I (k)) B8O and I7 (k) B0 are regular, we have
I (I (x)) BO= I (x) HO.

(WAC4) Follows from Proposition 13(4).

Hence IT' is a weak ac-operator on S. Analogously for
I n

Let S be a good gqpBL algebra and T : § — S be
a mapping. We consider two mappings X' : S — S by
Y (k)= (Y (K)) and Y7 : S — Sby i (k) = (Y (k)
for any Kk € S.

Proposition 18. Let S be a good gqpBL algebra and T be a
weak ac-operator on S. If T is monotone, then the mappings
Y. and Yo are monotone.

Proof: Let T be monotone and k¥ < . Then Y <K by
(P16), it follows that Y (9" ) < T (k ), s0 17 (k) = (Y (x')) ' =
(Y(9"))' =1'(¥). Analogously for 1 .

Theorem 3. Let S be a good gqpBL algebra. If T is a weak
ac-operator on S, then the mappings v and Yo are weak
wmi-operators on S.

Proof: We check the conditions one by one. For any
K, 0 €St

(WWMIl) We have X' (kE9) = (Y(kE9))) =
(r(x @) = ) BrE) = K)o
r(®)) =1 (k)01 (¥) by (G7) and (GB).

(WWMI2) Since ¥ =< Y(x'), we have X '(x) =
(Y(x))' = k' by (P16). Note that S is good, we have
r—_‘(K’)j K‘\I‘.

(WWMI3) We have Y- (7' (k)) D1 =Y ((X(x)"))
= @@ )) B = X((TK)) E0)

I

(X (r(x")80))" = (r(r(
(r(x )B0) = (r
(G6) and (WAC3).

K))E0) =
y (P13), (G8),

-
J
J

(WWMI4) We have 17" (1) = (Y (1)) =(Y(0)) =0 =
1 by (P13).

Hence 17' is a weak wmi-operator on S. Analogously for
. n

Let S be a good gpBL algebra. We denote 3(S) the set of
weak wmi-operators on S and R(S) the set of monotone weak
ac-operators on S. Suppose that 3(S) and R(S) are pointwise
ordered. Define the mappings ¢, ®:3(S) — R(S) such that
¢(I')=TI7" and ®(I") =T+ for any I" € 3(S). Also define
the mappings y, ¥ : R(S) — 3(S) such that y(¥) =1
and ¥(Y) =1, for any I € R(S).

Theorem 4. Let S be a good gpBL algebra. Then we have,
(1) ¢ and ¥ have an antitone Galois connection, i.e.,

' <¥X)if Y <¢(I"), for any I € 3(S) and Y € R(S).
(2) ® and y have an antitone Galois connection, i.e.,

C2y() iff Y X&), for any I' € 3(S) and T € R(S).

Proof: (1) For I € 3(S) andYE?R( ),if L X¥(T)=
Y5, then for any k € S, F( )<Y¥( )= (Y(x")" holds,
it turns out that (1 ( j)) = (I'( )) by (P16), so Y(x) =
Y(x )= (r(x ")) =(I'(x")) =I'(x) by (P15) and then
(k) < ¢(I')(x) for any x € S. Hence T’ < ¢(I'"). Conversely,
let Y < ¢(I') =1I;". Then for any k € S, we have 1(k) <
II'(x) = (C(x)), it follows that (F( r))T =< (Y(x))", so
F(k) 2T(c") 2 (D)™ 2 (X(k ) =T (k) by (P15)
and then I'(x) < ¥(Y')(k) for any x € S. Hence I' < ¥(Y').
(2) The proof is similar to (1). [ |

Theorem 5. Let S be a good gpBL algebra.

(1) If T is a weak wmi-operator on S and h= (I% ) =
(IF)5, then I |g(s) = he |r(s) and I |g(s) = ha[g(s)

QIf T is a monotone weak ac-operator on S and k =
(13 )r = (1), then Y-'[g(s) = ke [g(s) and 1= |g(s) = ko |r(s)

Proof (1) Let I" be a weak wmi-operator on S. Since
h="Y(I") € 3(S), we have I:' < ¢(h) by Theorem 4, so
II' < h'. Meanwhile, since ¢(I') = ¢(I"), we have I' <
W¢ (I") using Theorem 4 again, so I’ < W¢ (') = (I1)5 = h.
It turns out that for any k € S, I'(k' ) < h(x ) and then
hr( k) = (h(x")) = (F(Kr))j = I (k) which means that
hr =< T". Hence we have I'' (k1) = h' (k1) and then
I '[g(s) = hr'|g(s)- Analogously for I |g(s) = h|g(s)

(2) The proof is similar to (1). [ |

Below the notion (S,T") also denotes a good qpBL algebra
S with a weak ac-operator 1". According to Proposition 5, we
have that D(S) is a normal weak filter of S.

Proposition 19. Let (S,Y) be a good gpBL algebra S with
a weak ac-operator Y. If x € D(S), then Y (xH0) € D(S).

Proof: For any kx € D(S), we have k < Y(x) < Y(x)[J
L2 @B = () B1) = (k) D0) —
Y(k)BO0=T(xB0) = Y(kB0)E1 by (WAC2), (P2),
(P15) and (P13). Since D(S) is a weak filter of S, we have
Y(xEB0) € D(S). [ |

Theorem 6. Let (S,Y) be a good gpBL algebra S with
a weak ac-operator Y. Define T : S/D(S) — S/D(S) by
T(x/D(S)) = Y (xB0)/D(S) for any k € S. Then T is an
ac-operator on S/D(S) and (S/D(S),T) is a pseudo-MV
algebra with an ac-operator T.
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Proof: First, we show that the mapping T is well-
defined. For any x/D(S) = ©¥/D(S) € S/D(S), we have
k€ ®/D(S) and ¥ = =1=9"" =« |, it follows
that & <o "and 9 <k by (P9),sod Hl=x @I
by (P1). Since kB0 = (x 0" )'=(x D1)' =« 1 and
YH0 =1 "E1, we have kB0 = M0, so Y'(kH0) =

TY(9E0) and then Y'(kEH0)/D(S) = T (¥ B0)/D(S), it
follows that T'(k) = T'(1%).

Now, we check the conditions of Definition 10 one by one.
(1) We have T((x/D(S)) B (9/D(S))) = T(kEB9)/D(S)) =

Y(k B9 B0)/D(S) = (k) B I(9) B T(0)/D(S) =
(Y(x) BT (9) B Y(0) BY(0))/D(S) = ((Y(x) BT(0)) B
(X(8) B Y(0)))/D(S) = (T <K530>mw 0))/D(S) =
(Y(x B0))/D(S)) B (Y( E0))/D(S)) = T(x/D(S)) B

Y (8%/D(S)) by (WAC4) and (WACI).
(2) By Proposition 6, we have that S/D(S) is a pseudo-
MV algebra, so x/D(S) = (x/D(S))" ' = (x/D(S))" ' &

(1/D(S)) =~(K/D(S)) B(0/D(S)) = (x8B0)/D(S) 2 T (xHB
0)/D(S) =T (k/D(S)).

(3) We have T(T (x/D(S))) = T (Y (xEB0)/D(S)) =Y (Y (kB
0)80)/D($) = T(I(x) BY(0) BTY(0))/D(S) = r(T(x) B
0)/D(8) = (Y (Y (x)) BT (0))/D(S) = (Y (Y (x)) B0)/D(S) =
(Y'(x)80)/D(S) = T(x8B0)/D(S) =T (x/D(S))-

(4) We have T(0/D(S)) =T (080)/D(S) =0/D(S).
Hence Y is an ac-operator on S/D(S) and (S/D(S),Y) is
a pseudo-MV algebra with an ac-operator T ]

V. OPERATORS ON QUASI-PSEUDO-MV ALGEBRA K(S)

Let S be a good gpBL algebra. We denote K(S) =
{keS|k=k""=«"}. Then we have the following results.

Lemma 4. [6] Let S be a good gpBL algebra. Then for any
K,0 €S we have,

M1) 0,1 € K(S);

(M2) ¥ 1, k'E1 € K(S). Especially, if x € K(S), then
K, k' €K(S);

(M3) kB € K(S);
For any x,0 € K(S) we have,

M4) k008 € K(S);

M5 k—0=0 —K andk —0=0 — K ;

M6) kB9 = (kK O9") = (k' 08 ) =k —9=0" —
K.

Following from [6], we have that K(S) =
(K(S);@,",",0,1) is a quasi-pseudo-MV subalgebra of
S.

Theorem 7. Let (S,I'") be a good gpBL algebra S with a
weak wmi-operator I'. If a mapping I'* : K(S) — K(S) is
defined by I'*(x) = (['(x))" "1 for any x € K(S), then I'*
is an mi-operator on K(S).

Proof: For any k, 9 € K(S), then k[ € K(S) by (M4).
So,

(MI1) We have I'*(k[E9) = (I'(xE0))" ' D1 = (I'(x)1
r(9)) 01 = (F(x) BC() 01 = (I () E1)E
(F(9)) " B1) = [*(k) BT (9) by (GS).

(MI2) Since S is good, we have I'*(k) = (I'(x))
(M(x) "= (k) =(x") "=xby (P2)

(MI3) We have I'*(x) = (I gj N
(P (=) E1) = (N(I(x) 5 - (T (o)
| = () ) 8181 = () )3 1) 81
(C((C(x) D) B = (M (x) B =T (k).

= ((F(x) " @1) = (T(x)
Thus we have I'*(I'*(k))
D101 =I*(I*(x))

Conversely, I'*(I'*(k))

B
1 = I'*(x) by (MI2). -
o

(C(Ir(x) "B1 =TT (x))"
1 =I*(x)E1=TI"*(x) by (P1).

(MI4) We have T'*(1) = (I'(1))" 'O1=1"01=101=1
by (P13).

Thus I'* is an mi-operator on K(S). [ |

Theorem 8. Let S be a good qpBL algebra and I' be a weak
wmi-operator on K(S). If a mapping I'" : S — S is defined
by IT'*(k) =T (x 'G1) for any x €S, then I'* is a weak
wmi-operator on S.

Proof: Let I' be a weak wmi-operator on K(S). For any

K,V € S, we check the conditions of Definition 9 one by one.

(WWMI1) We have I'(kE00) =T((kDv¥) O1) =
k' 00 '01N)=rk "800 ' 01010 =r(k 010
9 'O = 'ONEC® '01)=rt(x)art(s) by
(G5).

(WWMI2) Note that S is good, we have I'" (k) = '(k" '&
D=(x 01 "=« 'O1=<k '=«" by (M2) and (P2).

(WWMI3) We have I't(I't (k)01 = T'((I'(x)) 'O
NEl=r(r'0n) 'ongl=rrx '0nans
1=[(C(x ' O1)01=C"'ON01=T*(x)31.

(WWMI4) Since 1 € K(S), we have ' (1) =I(1" 'TJ1) =
'(1)=1 by (P13).

Thus I'" is a weak wmi-operator on S. ]

Theorem 9. Let (S,Y) be a good gpBL algebra S with a
weak ac-operator Y. If a mapping Y* : K(S) — K(S) is
defined by Y*(x) = (Y (x))" 80 for any x € K(S), then Y*

is an ac-operator on K(S).

Proof: Let " be a weak ac-operator on S. For any k, 9 €
K(S),

(AC1) We have T*(xkB9) = (Y (kB )"
Y(9)) 'Bo="(x)BY(d)BH0=
(Y (k)" BO)B((X(9)) B0)
and (G6).

(AC2) We have k¥ < T (k), then k = k¥ ' < (Y'(x ))“ =

B0 = (Y(x)H@
(X(x) B(r(v)) Bo=
= T (x)BT*(¥) by (M3)

(T(K))ﬁDl=((T(K))rlﬂl) Y(x)BO=(Y(x)) B0=

T*(x) by (P2) and (P13).

(AC3) We have I*(Y*(x)) = (Y((X'(x)) '80)) 'HO=
(X(r(x)E0))" 80 =T (X (k) B0) HO =T (T (k) HOBH0 =
Y(Y(x)) B0 =1Y(k)E0 = (Y(x)) B0 =1T*k) by (G6)
and (P13).

(AC4) We have Y*(0) = (Y(0))" 'H0=0" 'B0=0B0=0
by (P13).

Thus 1* is an ac-operator on K(S). [ |

Theorem 10. Let S be a good gpBL algebra and T be a
weak ac-operator on K(S). If a mapping T+ :S — S is
defined by Y+ (x) =Y (k" 'B0) for any k € S, then Y is a
weak sac-operator on S.

Proof: Let T be a weak ac-operator on K(S). For any
K, € S, we check the conditions of Definition 13 one by
one.

(WSAC1) We have YH (kB d) =T ((xB9) 'B0) =
Y(kBOHE0)=Y(x B9 'B0)=_(x B9 BOHE0)=
Y(x 'BOEY 'H0)=Y(x BO)BY (¥ HB0)=_"(x)B
Y+ () by (M3) and (G6).

(WSAC2) We have ¥ ' <k 'H1=x BHO<Y(x B
0) = T*(x) by (P2).
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(WSAC3) We have T+ (Y (x))BO=T((Y*(x)) 'B0)H
0="(T(x 'B0) BO)BO=_(Y(x B0)BO)BO =
Y(Y(x 'B0)B0="_(x 'H0)B0O="_"*(x)BO0 by (G6)
and (M3).

(WSAC4) Since 0 € K(S), we have Y+(0) =1 (0" 'H0) =
Y(0B0)=1(0) =0 by (P13).

Thus T is a weak sac-operator on S. ]

VI. CONCLUSION

In this paper, we introduce and investigate the multiplica-
tive interior operators, additive closure operators and the
relations between them on qpBL algebras. This is the study
of gpBL algebras in operator theory. In the future, we will
further study qpBL algebras from the perspective of algebraic
structure.
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