
The Eigenvalue for a Class ofp-Laplacian
Equations with Integral Boundary Conditions

Yuejin Zhang

Abstract—We are interested in the eigenvalue for the differ-
ential equations with the conditions contain integrals

(φp(v′(t)))′ + λl(t)g(t, v(t)) = 0, 0 < t < 1,

v(0)− av′(0) =

∫ 1

0

h1(s)v(s)ds,

v(1) + bv′(1) =

∫ 1

0

h2(s)v(s)ds,

in which λ is a positive constant,φp is a classical p-Laplacian
operator. We prove the following results: wheng0 = g∞ = 0,
there exists a positive numberλ0, at least two solutions to the
problem are shown to exist forλ within the interval (λ, λ0), at
least one positive function satisfies the problem is shown to exist
if λ equals to λ0, we can also present nonexistence of positive
solution if λ is greater than λ0. We illustrate this fact by using
the fixed point index theory.

Index Terms—p-Laplacian equations; Eigenvalue; Positive
solutions; Fixed point index.

I. I NTRODUCTION

T HE key aim of studying this eigenvalue problem is to
understand the motion of equations with the boundary

conditions contain integrals. Many phenomena in physics
were expressed into nonlocal mathematical equations with
the conditions contain integrals. The boundary conditions
contain integrals It often appears in many fields of applied
science and engineering, like underground water flow, ther-
moelasticity, population dynamics and chemical engineering,
the researchers showed interest in [1-6,18,19].

W. T. Ang et al. [1] discussed the heat equation as follows:

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
=

∂u

∂t
, (x, y, z) ∈ V, t ≥ 0,

with the boundary conditions contain integrals
∫ ∫ ∫

V

u(x, y, z, t)dxdydz = m(t), t ≥ 0.

Bashir Ahmad [2]studied the equation with forced terms
involved the conditions contain integrals

u′′(t) + σu′(t) + f(t, u) = 0, 0 < t < 1, σ ∈ R− {0},

u(0)− µ1u
′(0) =

∫ 1

0

q1u(s)ds,

u(1) + µ2u
′(1) =

∫ 1

0

q2u(s)ds.
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In [3], the authors considered the wave equation

∂2u

∂t2
=

∂2u

∂x2
+

∂2u

∂y2
+ f(x, y, t), (x, y) ∈ Ω, t ∈ (0, T ],

with the following conditions

u(0, y, t) = r1

∫ 1

0

u(x, y, t)dx + g1(y, t),

u(1, y, t) = r2

∫ 1

0

u(x, y, t)dx + g2(y, t),

u(x, 0, t) = r3

∫ 1

0

u(x, y, t)dy + g3(x, t),

u(x, 1, t) = r4

∫ 1

0

u(x, y, t)dy + g4(x, t).

The authors in [4] developed the singularly perturbed
differential equations derived from engineering and applied
sciences

−εa(x)y′′(x) = f(µy′(x), y(x), b(x)), x ∈ (0, 1),

and

y(0) +
∫ 1

0

y(x)dx = G1, y′(0) +
∫ 1

0

y(x)dx = G2.

Due to the importance of the boundary conditions contain
integrals, there is a lot of literature devoted to the mathemat-
ical theory of it. Some representative literature includes: nu-
merical solution for parabolic equations with mixed boundary
condition [7]; parabolic equation with three order involved
conditions contain integrals [8]; positive solutions for the
differential equation involved conditions contain integrals
in Banach space [9]; approximate solution for the equation
with forced terms involved the conditions contain integrals
[10]; solutions to the classicalp-Laplacian fourth order
multipoint problem [11], nonlinear perturbed hammerstein
integral boundary value problems [12] and so on.

In [13], You-Yan Yang and Qi-Ru Wang discussed the
following problem

(φp(u′(t)))′ + h(t)f(t, u(t), u′(t)) = 0, 0 < t < 1,

u(0)− αu′(0) =
∫ 1

0

g1(s)u(s)ds,

u(1) + βu′(1) =
∫ 1

0

g2(s)u(s)ds,

by making use of Avery-Peterson’s theorem.
At the same time, there exist some good results about exis-

tence of solutions for differential equation with a parameter,
such as [14-16].

Based on the above facts, the eigenvalue for equations
with the boundary conditions contain integrals is not taken
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into accountcurrently. In the following, applying fixed point
index to obtain conclusions for the solution ofp-Laplacian
equations which the boundary conditions contain integrals.

In this article, we present existence of the model

(φp(v′(t)))′ + λl(t)g(t, v(t)) = 0, 0 < t < 1, (1)

v(0)− av′(0) =
∫ 1

0

h1(s)v(s)ds,

v(1) + bv′(1) =
∫ 1

0

h2(s)v(s)ds, (2)

here the parameterλ is positive, 1
p + 1

q = 1,φp(ω) =
|ω|p−2ω, p > 1, a, b ≥ 0, (φp)−1(ω) = φq(ω) = |ω|q−2ω.
Throughout the article, the following assumptions are given.
(H1) g(s, v) ≥ 0 ∀s ∈ [0, 1], v ∈ [0,+∞), g(s, v) > 0
for v > 0, s ∈ [0, 1] is nondecreasing aboutv, l ≥ 0 is
continuous for all[0, 1];
(H2) For i = 1, 2, hi ≥ 0, hi is integrable and

∫ 1

0
hi(s)ds ∈

[0, 1).

II. SOME LEMMAS

Under the standard norm‖v‖ := max
0≤t≤1

|v(t)|, the space

B = C[0, 1] is a Banach space. We mark

K = {v ∈ B| v(s) is nonnegative and concave
in the interval[0, 1]},

Pr = {v ∈ B : ‖v‖ < r}, ∂Pr = {v ∈ B : ‖v‖ = r},
C+[0, 1] = {v ∈ C[0, 1] : v(s) ≥ 0, s ∈ [0, 1]}.

Lemma 2.1 [13] Assume the condition(H2) hold, let x ∈
C+[0, 1], then the equation

v(t) =
−bφq(Ax−

∫ 1

0
x(r)dr)

1−
∫ 1

0
h2(s)ds

−
∫ 1

0
h2(s)

∫ 1

s
φq(Ax−

∫ τ

0
x(r)dr)dτds

1−
∫ 1

0
h2(s)ds

− ∫ 1

t
φq(Ax −

∫ s

0
x(r)dr)ds,

(3)

or

v(t) =
aφq(Ax)+

∫ 1

0
h1(s)

∫ s

0
φq(Ax−

∫ τ

0
x(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+
∫ t

0
φq(Ax −

∫ s

0
x(r)dr)ds,

(4)

meet theproblem

(φp(v′(t)))′ + x(t) = 0, 0 < t < 1, (5)

v(0)− av′(0) =
∫ 1

0

h1(s)v(s)ds,

v(1) + bv′(1) =
∫ 1

0

h2(s)v(s)ds, (6)

whereAx satisfies

aφq(Ax) =
∫ 1

0
h1(s)

∫ 1

s
φq(Ax −

∫ τ

0
x(r)dr)dτds

− ∫ 1

0
φq(Ax −

∫ τ

0
x(r)dr)dτ

− [1−
∫ 1

0
h1(s)ds][bφq(Ax−

∫ 1

0
x(r)dr)

1−
∫ 1

0
h2(s)ds

+
∫ 1

0
h2(s)

∫ 1

s
φq(Ax−

∫ τ

0
x(r)dr)dτds]

1−
∫ 1

0
h2(s)ds

,

(7)

then thereexists a unique constantAx ∈ (0,
∫ 1

0
x(r)dr)

satisfying (7). It can be seen there exists a unique constant
σx ∈ (0, 1) satisfyingAx =

∫ σx

0
x(r)dr.

Lemma 2.2 [13] Let (H2) hold. Then for eachx ∈
C+[0, 1], the unique functionv(t) satisfied (5),(6) meet with
(i) the functionv(t) is nonnegative;
(ii) the functionv(t) is concave, t ∈ (0, 1);
(iii) there exists a uniqueσx ∈ (0, 1), st v′(σx) = 0;
(iv) max

0≤t≤1
v(t) = v(σx), ∀v ∈ K.

Lemma 2.3 [13] Define the following mapS : K → B

(Sv)(t) =





aφq(
∫ σv

0
g(r,v(r))l(r)dr)

1−
∫ 1

0
h1(s)ds

+
∫ 1

0
h1(s)

∫ s

0
φq(

∫ σv

τ
g(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+
∫ t

0
φq(

∫ σv

s
g(r, v(r))l(r)dr)ds, 0 ≤ t ≤ σv,

bφq(
∫ 1

σv
g(r,v(r))l(r)dr)

1−
∫ 1

0
h2(s)ds

+

∫ 1

0
h2(s)

∫ 1

s
φq(

∫ τ

σv
g(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h2(s)ds

+
∫ 1

t
φq(

∫ s

σv
g(r, v(r))l(r)dr)ds, σv ≤ t ≤ 1.

(8)
ThenS mappingK to K. Moreover, theS is continuous and
compact. Moreover, ifv satisfiesλSv = v, thev is solutions
for (1),(2).

Lemma 2.4 [13] For θ ∈ (0, 1
2 ) andv ∈ K, let

θ‖v‖ ≤ v(t), t ∈ [θ, 1− θ].

Lemma 2.5 [17] We denoteK is a cone of Banach space
B. Ω with θ elements is a bounded open set inB. Suppose
S mappingK ∩ Ω̄ to K is continuous and it is compact.
Moreover, forµ ≥ 1 andx ∈ K ∩ ∂Ω, there haveSx 6= µx,
then the fixed point indexi(S,K ∩ Ω,K) = 1.

Lemma 2.6 [17]We denoteK is a cone of Banach space
B. Ω with θ elements is a bounded open set inB. If S
mapping K ∩ Ω̄ to K is continuous and it is compact.
Moreover, forµ ≥ 0, x ∈ K ∩ ∂Ω andx0 ∈ K\{θ}, there
havex− Sx 6= µx0, then i(S,K ∩ Ω,K) = 0.

Lemma 2.7 [17] We denoteK is a cone of Banach space
B. Ω with θ elements is a bounded open set inB. S mapping
K ∩ Ω̄ to K is continuous and it is compact. Moreover, for
µ ≥ 1, x ∈ K ∩ ∂Ω, there have inf

x∈K∩∂Ω
‖Sx‖ > 0 and

µSx 6= x, then i(S,K ∩ Ω,K) = 0.

We provide the following markings

g0 = lim
v→0+

min
s∈[0,1]

g(s, v)
v

, g∞ = lim
v→+∞

min
s∈[0,1]

g(s, v)
v

,

B = min{
∫ 1

2

θ

φq(
∫ 1

2

s

l(r)dr)ds,

∫ 1−θ

1
2

φq(
∫ s

1
2

l(r)dr)ds},

Ψ = {(λ, v) : λ > 0, v is a function satisfying

(1) and (2) inK},

Λ = {λ > 0, there hasv ∈ Ksatisfing(λ, v) ∈ Ψ},

λ0 = sup Λ.
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II I. M AIN RESULT

Lemma 3.1Let (H1), (H2) are true andg0 = ∞, we can
conclude thatΨ 6= ∅.

Proof: Fix a positive number R, we can get
λ∗ sup

v∈K∩PR

‖Sv‖ < R, if we chooseλ∗ > 0 small enough.

Obviously, the following relationship holds:

λ∗Sv 6= µv, ∀v ∈ K ∩ ∂PR, µ ≥ 1.

In the light of Lemma 2.5, one get

i(λ∗S,K ∩ PR,K) = 1. (9)

From g0 = ∞, we can find that the existence of numberr
belongs to(0, R) satisfies

g(t, v) ≥ 1
λ∗θ2B

v, ∀t ∈ [0, 1], v ∈ [0, r]. (10)

Then for K ∩ ∂Pr, λ∗S has no fixed point. Lete(t) is a
constant function identical to1 on [0, 1], thus e ∈ ∂P1,
therefore

v 6= λ∗Sv + µe, ∀v ∈ K ∩ ∂Pr, µ ≥ 0. (11)

Otherwise, there existsv∗ ∈ K ∩ ∂Pr, µ1 ≥ 0 satisfying
v∗ = λ∗Sv∗ + µ1e, thenµ1 > 0.

Next, we can prove it in two different situations.
(i) If σv ∈ [ 12 , 1). For t ∈ [θ, 1 − θ], in the light of Lemma
2.2, 2.3 and 2.4 and (10), one get

‖v∗‖ ≥ v∗(t) = λ∗Sv∗ + µ1e(t)
≥ θλ∗‖Sv∗(t)‖+ µ1e(t)
≥ θλ∗

∫ σv

0
φq(

∫ σv

s
g(r, v∗(r))l(r)dr)ds + µ1

≥ λ∗θ
∫ 1

2
θ

φq(
∫ 1

2
s

g(r, v∗(r))l(r)dr)ds + µ1

≥ ‖v∗‖+ µ1 = r + µ1.

(ii) If σv ∈ (0, 1
2 ). For t ∈ [θ, 1− θ], in the light of Lemma

2.2, 2.3 and 2.4, and (10), one get

‖v∗‖ ≥ v∗(t) = λ∗Sv∗ + µ1e(t)
≥ θλ∗‖Sv∗(t)‖+ µ1e(t)
≥ θλ∗

∫ 1

σv
φq(

∫ s

σv
g(r, v∗(r))l(r)dr)ds + µ1

≥ λ∗θ
∫ 1−θ

1
2

φq(
∫ s

1
2

g(r, v∗(r))l(r)dr)ds + µ1

≥ ‖v∗‖+ µ1 = r + µ1.

Thus, in all cases, a contradictionr ≥ r + µ1 has arisen.
Lemma 2.6 implies that

i(λ∗S,K ∩ Pr,K) = 0. (12)

Combining (9) and (12), one get

i(λ∗S,K ∩ (PR\Pr),K) = i(λ∗S,K ∩ PR,K)
−i(λ∗S,K ∩ Pr,K) = 1,

therefore,v∗ ∈ K ∩ (PR\Pr) satisfiesλ∗Sv∗ = v∗, which
means(λ∗, v∗) ∈ Ψ.

Lemma 3.2 Let (H1), (H2) are true andg0 = g∞ = ∞,
we can conclude that0 < λ0 < ∞.

Proof: From Lemma 3.1, we can see thatλ0 > 0. Since
g0 = g∞ = ∞ and (H2), for all t ∈ [0, 1] and v ≥ 0,
we can choose numberC > 0 satisfyingg(t, v) > Cv. Let
(λ, v) ∈ Ψ, in view of the coneK and Lemma 2.1, We can
prove it in two different situations.

(i) If σv ∈ [ 12 , 1). For t ∈ [θ, 1 − θ], in the light of Lemma
2.2, 2.3 and 2.4, one get

v(t) = (λSv)(t) ≥ θλ‖Sv(t)‖
≥ θλ

∫ σv

0
φq(

∫ σv

s
g(r, v(r))l(r)dr)ds

≥ λθ
∫ 1

2
θ

φq(
∫ 1

2
s

g(r, v(r))l(r)dr)ds

≥ θ2λC‖v‖ ∫ 1
2

θ
φq(

∫ 1
2

s
l(r)dr)ds ≥ θ2λC‖v‖B.

(ii) If σv ∈ (0, 1
2 ). For t ∈ [θ, 1− θ], in the light of Lemma

2.2, 2.3 and 2.4, one get

v(t) = (λSv)(t) ≥ θλ‖Sv(t)‖
≥ θλ

∫ 1

σv
φq(

∫ s

σv
g(r, v(r))l(r)dr)ds

≥ λθ
∫ 1−θ

1
2

φq(
∫ s

1
2

g(r, v(r))l(r)dr)ds

≥ θ2λC‖v‖ ∫ 1−θ
1
2

φq(
∫ s

1
2

l(r)dr)ds ≥ θ2λC‖v‖B.

Thus, in all cases this implies that‖v‖ ≥ θ2λC‖v‖B, then
λ ≤ 1

θ2BC .
Lemma 3.3 Let (H1), (H2) are true andg0 = g∞ = ∞,

then (0, λ0) ⊂ Λ. Furthermore, forλ ∈ (0, λ0), there are at
least two solutions which is positive for problem (1), (2).

Proof: Givenλ ∈ (0, λ0), we shall showλ ∈ Λ. In view
of the notation ofλ0, we can obtain the existence ofλ2 ∈ Λ
which satisfiedλ < λ2 ≤ λ0 and (λ2, v2) ∈ Ψ. We choose
R < min

t∈[0,1]
v2(t). From Lemma 3.1, there existsλ1 < λ, r <

R and v1(t) ∈ K ∩ (PR\Pr) that satisfied(λ1, v1) ∈ Ψ.
Condition(H1) implies that0 < v1(t) < v2(t), t ∈ [0, 1]. In
addition

(φp(v′1(t)))
′ + λ1l(t)g(t, v1(t)) = 0, 0 < t < 1,

(φp(v′2(t)))
′ + λ2l(t)g(t, v2(t)) = 0, 0 < t < 1.

Let’s discuss the modified problem:

(φp(v′(t)))′ + λl(t)g1(t, v(t)) = 0, 0 < t < 1, (13)

v(0)− av′(0) =
∫ 1

0

h1(s)v(s)ds,

v(1) + bv′(1) =
∫ 1

0

h2(s)v(s)ds, (14)

where

g1(t, v(t)) =





g(t, v2(t)), v(t) ≥ v2(t),
g(t, v(t)), v1(t) < v(t) < v2(t),
g(t, v1(t)), v(t) ≤ v1(t).

Obviously, for v ∈ K and t ∈ [0, 1], λg1 is a bounded
function. Moreover,λg1(t, v) is continuous aboutv. Let

(S1v)(t) =





aφq(
∫ σv

0
g1(r,v(r))l(r)dr)

1−
∫ 1

0
h1(s)ds

+
∫ 1

0
h1(s)

∫ s

0
φq(

∫ σv

τ
g1(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+
∫ t

0
φq(

∫ σv

s
g1(r, v(r))l(r)dr)ds,

0 ≤ t ≤ σv,
bφq(

∫ 1

σv
g1(r,v(r))l(r)dr)

1−
∫ 1

0
h2(s)ds

+

∫ 1

0
h2(s)

∫ 1

s
φq(

∫ τ

σv
g1(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h2(s)ds

+
∫ 1

t
φq(

∫ s

σv
g1(r, v(r))l(r)dr)ds,

σv ≤ t ≤ 1.
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Clearly, S1 : K → K is continuous and it is compact.
Moreover, the solutionv for the problem (13), (14) satisfies
the equationλS1v = v. Obviously, for∀v ∈ K, ∃ r0 > ‖v2‖
satisfied‖λS1v‖ < r0, in the light of Lemma 2.5,

i(λS1,K ∩ Pr0 ,K) = 1. (15)

Denote

W = {v ∈ K : v1(t) < v(t) < v2(t), ∀t ∈ [0, 1]}.
Now, we prove the fixed pointv ∈ K of λS1, must belong
to W. Noting that if v = λS1v, then

v(t) = (λS1v)(t)

=





λaφq(
∫ σv

0
g1(r,v(r))l(r)dr)

1−
∫ 1

0
h1(s)ds

+
λ
∫ 1

0
h1(s)

∫ s

0
φq(

∫ σv

τ
g1(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+λ
∫ t

0
φq(

∫ σv

s
g1(r, v(r))l(r)dr)ds, 0 ≤ t ≤ σv,

λbφq(
∫ 1

σv
g1(r,v(r))l(r)dr)

1−
∫ 1

0
h2(s)ds

+
λ
∫ 1

0
h2(s)

∫ 1

s
φq(

∫ τ

σv
g1(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h2(s)ds

+λ
∫ 1

t
φq(

∫ s

σv
g1(r, v(r))l(r)dr)ds, σv ≤ t ≤ 1.

<





λ2aφq(
∫ σv

0
g(r,v2(r))l(r)dr)

1−
∫ 1

0
h1(s)ds

+
λ2

∫ 1

0
h1(s)

∫ s

0
φq(

∫ σv

τ
g(r,v2(r))l(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+λ2

∫ t

0
φq(

∫ σv

s
g(r, v2(r))l(r)dr)ds, 0 ≤ t ≤ σv,

λ2bφq(
∫ 1

σv
g(r,v2(r))l(r)dr)

1−
∫ 1

0
h2(s)ds

+
λ2

∫ 1

0
h2(s)

∫ 1

s
φq(

∫ τ

σv
g(r,v2(r))l(r)dr)dτds

1−
∫ 1

0
h2(s)ds

+λ2

∫ 1

t
φq(

∫ s

σv
g(r, v2(r))l(r)dr)ds, σv ≤ t ≤ 1.

= (λ2Sv2)(t) = v2(t)

and

v(t) = (λS1v)(t)

=





λaφq(
∫ σv

0
g1(r,v(r))l(r)dr)

1−
∫ 1

0
h1(s)ds

+
λ
∫ 1

0
h1(s)

∫ s

0
φq(

∫ σv

τ
g1(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+λ
∫ t

0
φq(

∫ σv

s
g1(r, v(r))l(r)dr)ds, 0 ≤ t ≤ σv,

λbφq(
∫ 1

σv
g1(r,v(r))l(r)dr)

1−
∫ 1

0
h2(s)ds

+
λ
∫ 1

0
h2(s)

∫ 1

s
φq(

∫ τ

σv
g1(r,v(r))l(r)dr)dτds

1−
∫ 1

0
h2(s)ds

+λ
∫ 1

t
φq(

∫ s

σv
g1(r, v(r))l(r)dr)ds, σv ≤ t ≤ 1.

>





λ1aφq(
∫ σv

0
g(r,v1(r))l(r)dr)

1−
∫ 1

0
h1(s)ds

+
λ1

∫ 1

0
h1(s)

∫ s

0
φq(

∫ σv

τ
g(r,v1(r))l(r)dr)dτds

1−
∫ 1

0
h1(s)ds

+λ1

∫ t

0
φq(

∫ σv

s
g(r, v1(r))l(r)dr)ds, 0 ≤ t ≤ σv,

λ1bφq(
∫ 1

σv
g(r,v1(r))l(r)dr)

1−
∫ 1

0
h2(s)ds

+
λ1

∫ 1

0
h2(s)

∫ 1

s
φq(

∫ τ

σv
g(r,v1(r))l(r)dr)dτds

1−
∫ 1

0
h2(s)ds

+λ1

∫ 1

t
φq(

∫ s

σv
g(r, v1(r))l(r)dr)ds, σv ≤ t ≤ 1.

= (λ1Sv1)(t) = v1(t)

.

Hence, from (15), we havei(λS1,W,K) = i(λS1,K ∩
Pr0 ,K) = 1, which impliesS1 = S on W̄ , and thus

i(λS,W,K) = 1. (16)

Now we havew1 ∈ W is a fixed point ofλS. Which means
w1 is a positive solution for (1), (2), henceλ ∈ Λ, (λ,w1) ∈
Ψ and (0, λ) ⊂ Λ. In the following, we shall provide the
second positive function satisfies the problem (1), (2).g∞ =
∞ andg(t, v) is continuous aboutv implies that

g(t, v) ≥ 2v

λθ2B
− c

θB
,∀t ∈ [0, 1], v ≥ 0. (17)

for some positive constantc. For constant functione(t)
corresponding to 1, denote

Ω = {v ∈ K : for a nonnegative constantµ
satisfyingv = λSv + µe}.

We can prove thatΩ is a bounded subset ofB. We will
divide into two cases to complete the proof.
(i) If σv ∈ [ 12 , 1). For t ∈ [θ, 1 − θ], in the light of Lemma
2.2, 2.3, 2.4 and (17), one get

v(t) = (λSv)(t) + µe(t) = (λSv)(t) + µ
≥ θλ‖Sv(t)‖+ µ
≥ θλ

∫ σv

0
φq(

∫ σv

s
g(r, v(r))l(r)dr)ds

≥ λθ
∫ 1

2
θ

φq(
∫ 1

2
s

l(r)
[ 2v(t)

λθ2B − c
θB

]
dr)ds

≥ λθ
∫ 1

2
θ

φq(
∫ 1

2
s

l(r)
[ 2θ‖v‖

λθ2B − c
θB

]
dr)ds = 2‖v‖ − λc.

(ii) If σv ∈ (0, 1
2 ). For t ∈ [θ, 1− θ], in the light of Lemma

2.2, 2.3, 2.4 and (17), one get

v(t) = (λSv)(t) + µe(t) = (λSv)(t) + µ
≥ θλ‖Sv(t)‖+ µ

≥ θλ
∫ 1

σv
φq(

∫ s

σv
g(r, v(r))l(r)dr)ds

≥ λθ
∫ 1−θ

1
2

φq(
∫ s

1
2

l(r)
[ 2v(t)

λθ2B − c
θB

]
dr)ds

≥ λθ
∫ 1−θ

1
2

φq(
∫ s

1
2

l(r)
[ 2θ‖v‖

λθ2B − c
θB

]
dr)ds = 2‖v‖ − λc.

In conclusion, we have‖v‖ ≤ λc. It shows that as a subset
of B, Ω is bounded. Hence, there existsR1 > ‖v2‖ such
that

v 6= λSv + µe, ∀µ ≥ 0, v ∈ K ∩ ∂PR1 .

In the light of Lemma 2.6, we get

i(λS,K ∩ ∂PR1 ,K) = 0. (18)

Using the same derivation method as equation (12), one get

i(λS,K ∩ ∂Pr1 ,K) = 0, (19)

here0 < r1 < min
t∈[0,1]

v1(t). Hence, by (16), (18), (19), so

that

i(λS,K ∩ (PR1\(W ∪ Pr),K) = i(λS,K ∩ PR1 ,K)
−i(λS,W,K)− i(λS,K ∩ Pr1 ,K) = −1,

therefore, there existsw2 ∈ K ∩ (PR1\(W ∪ Pr) satisfying
the equationλSw2 = w2. Thus, we get another positive
function which satisfies the problem (1), (2).

Lemma 3.4 If (H1), (H2) are true andg0 = g∞ = ∞,
thenΛ = (0, λ0).

Proof: From Lemma 3.3, we only need to proveλ0 ∈ Λ.
Fromλ0 = sup Λ, there exists{λn} ⊂ Λ with λn ≥ λ0

2 (n =
1, 2, · · ·) satisfyingλn → λ0 as n → ∞. Considering the
definition ofΛ, there is a non-zero sequence{vn} ⊂ K\{θ}
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satisfying (λn, vn) ∈ Ψ. We now prove that the sequence
{vn} is bounded. In fact, if not, we can find a subsequence
of {vn} that satisfied‖vn‖ → ∞ as n → ∞. Lemma 2.4
implies vn ≥ θ‖vn‖, {vn} ⊂ K\{θ}. Choose sufficiently
largeµ such that

λ0θ2Bµ

2
> 1.

g∞ = ∞, implies g(t, v) ≥ µv for v > θR, t ∈ [0, 1], where
R is a positive constant. Considering‖vn‖ → ∞ asn →∞.
We can find a sufficiently largen0 such that‖vn0‖ ≥ R.
Let’s prove in two situations below.
(i) If σv ∈ [ 12 , 1). For t ∈ [θ, 1 − θ], in the light of Lemma
2.2, 2.3 and 2.4, one get

‖vn0‖ ≥ vn0(t) = (λn0Svn0)(t) ≥ θλn0‖Svn0(t)‖
≥ θλn0

∫ σv

0
φq(

∫ σv

s
g(r, vn0(r))l(r)dr)ds

≥ λ0

2 µθ
∫ σv

0
φq(

∫ σv

s
l(r)vn0(r)dr)ds

≥ λ0

2 µθ2‖vn0‖
∫ 1

2
θ

φq(
∫ 1

2
s

l(r)dr)ds

≥ λ0

2 µθ2‖vn0‖B.

(ii) If σv ∈ (0, 1
2 ). For t ∈ [θ, 1− θ], in the light of Lemma

2.2, 2.3 and 2.4, one get

‖vn0‖ ≥ vn0(t) = (λn0Svn0)(t) ≥ θλn0‖Svn0(t)‖
≥ θλn0

∫ 1

σv
φq(

∫ s

σv
g(r, vn0(r))l(r)dr)ds

≥ λ0

2 µθ
∫ 1

σv
φq(

∫ s

σv
l(r)vn0(r)dr)ds

≥ λ0

2 µθ2‖vn0‖
∫ 1−θ

1
2

φq(
∫ s

1
2

l(r)dr)ds

≥ λ0

2 µθ2‖vn0‖B.

In conclusion, we have

λ0µθ2B

2
≤ 1, (20)

this is a contradiction. Thus,{vn} is bounded,{Svn} is
equicontinuous imply that for each positiveε, there∃ positive
δ that satisfied

|vn(t1)−vn(t2)| = λn|(Svn)(t1)−(Svn)(t2)| < λnε ≤ λ0ε,

where t1, t2 are any two numbers on an interval[0, 1]
and |t1 − t2| < δ, n = 1, 2, · · ·, which means{vn} is
equicontinuous. Hence,{vn} is relatively compact by use
of the Ascoli-Arzela theorem. Therefore, we can find a
subsequence of{vn} and v∗ ∈ K that satisfiedvn → v∗

asn →∞. Letting n →∞ in vn = λnSvn, we get

v∗ = λ0Sv∗.

If v∗ = θ, turning to g0 = ∞, we can also get the
contradictions. Thusv∗ ∈ K\{θ} and soλ0 ∈ Λ.

Theorem 3.1 Let (H1), (H2) are true. Moreover,g0 =
g∞ = ∞, then we can find a positive constantλ0, if λ ∈
(0, λ0), there are at least two positive functions which solve
the equation (1), (2); ifλ = λ0, there is at least one positive
function which solves the equation (1), (2); ifλ > λ0, there
is no positive function which solves the relation (1), (2).

Proof: In the light of Lemma 3.1, 3.2, 3.3 and 3.4, we
can easily prove Theorem 3.1.
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