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On Lambda-Ideal Statistically Convergent in
2-Normed Spaces over Non-Archimedean Fields

R. Sakthipriya and K. Suja*

Abstract—This paper aims to examine the notion of M-
ideal statistical convergence and M-ideal statistically Cauchy
sequence over non-Archimedean 2-normed spaces. Moreover,
we have also studied and proven some significant properties
for \-ideal statistically Cauchy sequence in 2-normed spaces
to be X-ideal statistically Cauchy with respect to ||.||cc. And
also we show that, \-ideal statistical convergence in 2-normed
spaces is \-ideal statistical pre-Cauchy in 2-normed spaces over
non-Archinedean field. Through this paper, I symbolizes a
complete, non-trivially valued, non-Archinedean field.

Index Terms—Ideal, statistical convergence, 2-normed spaces,
non-Archimedean field.

I. INTRODUCTION

HE notion of statistical convergence was first estab-

lished by Steinhaus[23] in 1951 but the expansion of
convergence of real sequences to statistical convergence was
given by Fast[7] and Schoenberg[22]. Statistical convergence
can find its applications in numerous fields of mathematics
like measure theory, approximation theory, trigonometric
series and summability theory. In the case of real sequences,
Fridy[8],[9] obtained the statistical analogue of the Cauchy
criterion for convergence. Over the year under different
names statistical convergence and the concept of summability
method has been examined in numerous fields of mathemat-
ics by many others see for instance[15], [24], [25].
A sequence x = {x} is defined as statistically convergent
to ‘L, if for every € > 0,

1
lim —{k<mneN:|z,—L|>e}|=0

n—o00 N,

stat — lim {zx} = L.
k—o00

Furthermore, Mursaleen[19] established the study of A-
statistical convergence as a generalization of the statistical
convergence and found its connection between statistical
convergence and summability theory.

Let A = {\,} be a non-decreasing sequence of positive
integers tending to oco. So that A\,,y1 < Ay + 1,0 =1
where n € N, where I, = {n — \,, + 1,n}.

More particularly, Connor[4] introduced an interesting con-
cept of statistical pre-Cauchy sequences, and it was proved
that statistical convergence is always statistically pre-Cauchy.
Also, under specific conditions, statistical pre-Cauchy is
statistically convergent of a sequence.

The theory of I-convergence was initiated by Kostyrko et
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al.[16]. Later on, Kostyrko et al.[17] gave some of the basic
properties of I-convergence and deals with I-limit points.
In recent years, I-statistical convergence by using ideals
was introduced by Das et al.[6]. We now define the basic
definitions and notions.

A non-empty subset J of the subset of R C N is an ideal in
R, if it satisfies the axioms listed below:

(i) A, B €7, which implies AU B €7,

(ii)) A€J,BeR,BC A, which implies B€7J .

An ideal is said to be non-trivial if N ¢ J and J # ¢, and if
{z} € T for each x € N, then it is said to be an admissible
ideal.

A non-empty class F C X is said to be a filter in X, if it
satisfies the axioms listed below:

i ®eF,

(ii)) A, B € F, which implies AN B € F,

(iii)) A € F, A C B which implies B € F.

The study of 2-normed spaces was proposed by Gahler[10]
in the 1960s and it has been extended widely in various
fields by many researchers[3], [5], [11], [12], [14], [20],
[21]. Subsequently, Gurdal and Pehlivan[13] investigated
statistical convergence in 2-normed spaces, and proved some
significant properties of a real number sequence in 2-normed
spaces. Also, studied the concept of a statistically Cauchy
sequence in 2-normed spaces and obtained various results
related to it. Let X be a linear space with a dimension greater
than 1 and ||.,.|| be a non-negative real valued function on
X x X meets the axioms listed below:

(i) ||z,y|]| = 0 if and only if = and y are not linearly

independent vectors,
@) ||z, yll = ||y, z|| for all z,y in X,
(i) ||az,y| = |a|l|z,y|| for all « is real,
@) [l +y,wll < fla,w] + [y, w] for all ¢, y,w € X.
Therefore, (X, ||.,.]|) is defined as linear 2-normed spaces.

[2] Throughout this article, /O denotes a non-Archimedean
field that is complete, non-trivially valued, and meets the
axioms listed below:

(i) |x| >0and |z| =0iff z =0.

(i) |zy| = [z|lyl.
(i) |z + y| < max{|z|,|y|]} for all z,y € K.

II. PRELIMINARIES

In this section we now propose the primary definitions of
this article.

Definition 2.1: [1], [18] Let X be a ‘d’ dimensional vector
space, where 2 < d < oo over a non-Archimedean valuation
|| with a valued fields . A non-Archimedean 2-norm is
said to be a mapping from ||.,.|] : X x X — [0,00) if it
satisfies the axioms listed below:
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(i) ||lz,y|| = 0 iff  and y are not linearly independent
vectors,
) Nz, yll = .
(i) |ax,y| = |a|||lz,y|| for all « € I,
i) ||z, y + w|| < max{||z,w]|, |ly,w|}; for all z,y,w €
X.
Therefore (X, ||.,.]|) is defined as non-Archimedean 2-
normed spaces.

>

Definition 2.2: A sequence {xy} of X is A\-J statistically
convergent to ‘L’ in 2-normed spaces, if for every € > 0
and for every non-zero w € X,

. 1
lim —
n— oo n

{k; € IyineN: |z — £, wl| 25} e 3\ =0
we write,
J —staty lim |z — L,w| =0
k—o0
where ‘L’ is the J-limit of the sequence {zj}.
Definition 2.3: A sequence {x} of X is A\-J statistically

Cauchy in 2-normed spaces, if for any € > 0, then there
exist n € N, for every non-zero w € X,

1
lim —
n— 00 n

{kze]n;neN: lxgt1 — xp, w]| 26} ej‘ =0.

III. EXAMPLE
Example 3.1: Let X = R2, is defined with 2-norm by
ll, yll

2, yll = maz{{|z1y1, zaya | }

where, z = (21,22),y = (y1,¥2).
Then ||., .|| is 2-norm on R2.

Example 3.2: Let x = {xp} and A = {\,} defined as
non-Archimedean valuation to be 2-adic,

k—1
o=+l if kis a perfect square,
0, otherwise.

The sequence are

{0,0,0,1,0,0,0,0,-,0,0,0,--- }.

1
1
Then the sequence is A-ideal statistically convergent to 0.
Therefore,

1
lim —
n— o0 n

Thus

{ke]n;kgn:\mkf(ﬂZs}63’:0.
J — staty — lim |z — L] = 0.
k—o00

Example 3.3: Let x = {x}}, J is an admissible ideal and
A = {\,} defined by

if k=2n, n=1,2,---,
if k # 2n, otherwise.

Hence,
1
lim — {k €Lk <n:lzy—1Lw|> 6} € 3‘
n—oo n
)\n +1
< I =0.
_nl)H;O 2>\n
and
1
lim — {k‘ €Ik <n:lzg—0,w| > 5} € 3‘
n—oo /\n
An +1
< li =0.
= 0% "o,
That is,
J — staty — lim ||zg, w] =1
k—o0
and

J — staty — lim ||z, w| = 0.
k—oo

Thus = = {z1} is A-ideal statistically convergent to both 1
and 0.

IV. MAIN RESULT

This section shows the necessary and sufficient conditions
for a sequence to be A-ideal statistically convergent and A-
ideal statistically Cauchy over non-Archimedean 2-normed
spaces.

Theorem 4.1: Let {x}} be a sequence in 2-normed spaces
(X, |1, .11), if £ and £ € X, for every w € X,
(i) J—staty lim ||z — L, w| =0,
k—o00

(i) J— staty lim |z — £, w| = 0.
k—o0
Therefore £ — £ = 0.
Proof: Let L — £ =0 (.e) L =L, there exist a non-
zero w € X such that £ = £ and w is linearly independent.

So, w exists as dimension of X, where 2 < d < oo,
therefore for every € > 0

1
lim —{kel,;neN:|z,—L,w|]|>e} €T =0. (1)

n—o00 A\,

1 /
le )\—|{k €l,ineN: |z, —L,w|]|>e} €T =0.
! @)

Now,

lim
n— 00

1 /
k€ Lin eN: £~ L ul| = e} €3]

. 1
:nh—%o)\in‘{kEI"’nEN'
||£—xk+mk—£/,w|| >e}t e
li 1 kel,;neN:
nggoxl{ n;n € N:
- >
< max | lex — L,w]| > e} €7,
nl;r{:ox|{k61n;n€N:
ok — £, w]| > e} € 7]
=0. (Using (1) and (2))
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Thus, £ — £ =0 (i.e) L= L. m
Theorem 4.2: If I—staty lim ||zg, w| = ||, w|| and T—
. k—o0
staty lim ||yk7w|| = ||y,W||
k—o0
Then
(i) T — staty kli_}m lzk + ye, w|| = ||z + y, w],
o0
(i) J— staty lim ||axg, w|| = ||az, w]| for all o € K.
k—o0
Proof: (i) Let J — staty klirn lzg, wl| = ||z, w|| and
— 00
J—staty lim ||yg, w|| = ||y, w]| for every non-zero w € X.
k—o0
Then

Ai(e) = lim —|{k €l,;neN:

n— oo

ey =z, wl| = e} €7| =0,

As(e) = lim —|{k €l,;neN:

n—oQ ’IL

lyr, — y,w|| > e} €3] =0,
for all w € X. Let

A(e) = lim —\{k €l,;neN:

n— 00
[(zk +yx) — (. +y),wl| > e} €7].
To show that,
A(e) = lim —|{k €l,;neN:

n— 00
I(zr +yx) = (2 +y),w]| > e} €T =0,

it is sufficient to prove that A C A; U As. Let Ay € A.
Then

Ap(e) = lim —|{k€[n,n€N

n—o0

[ +yko) —(@+y) vl =t eIl =0.
Assume that Ag € A1 U As. Then Ag € A1 and Ay € As.

3)

This implies,
lim —|{k’ €l,;neN:

[(zho — @), w]| = e} € 3] = 0.

lim —|{k e€l,;neN:

n—oo

4)
1(yko — ), w| > €} € 3] = 0.

We achieve,

lim —|{k €l,;neN:

n—oo
H('rko +y1€0) - (l‘—Fy),U)” = 6} € j'
lim -|{k € I,;n e N:
n—oo \n
. I(ar, — 2),ull > £} €3],

lim -|{k € I,;n € N:
n— oo n
[ (yro — y) 0|l = €} €7
(Using (4) and (5))

Hence (3) is True. Therefore, A9 € A; U Ay that is
AC A UA,.

(1) T — staty lim [azg, w|| = |Jaz,w|| for all « € K,
n—oo
and a # 0.
Then
. 1
lim — {ke[n;nEN:
n—o00 \,,
l@x =) wl = ©
T —x),w| > —} 67‘.
o

Now, we shall show that

J — staty lim |azg, w| = |az, w]|
k—o0
for all a € K.
This is to prove that,
J — staty lim |axy — oz, w| = 0.
k—o0

This implies,

nlgr;o %Hk €l,;neN: ||laxy —ax,w| > e} €T =0.
nh_}rrgo i|{k €lneN:|a(z, —x),w|| > e} €T

= lim —|{k €l,;neN:

’IZ‘)OO

lalll(zr — z), w|| = e} €7

= lim —|{k‘ €l,;neN:

TI—)OC

o[l (z), — ), wl| > e} €7

= lim —|{k €l,;neN:

TL—)OO n

€
[(zr — ), wl| = =} € 7],

|

Now using (6)
J — staty lim |azp —az,w| =0
k— o0

for all a € K. u

We suppose X to give d, where 2 < d < oo.

Let, v = {v1, v, ,v4} to be a basis for X.
We determine the norm |.|loc on X by [z]| =
max{||z,v;||} forall i =1,2,--- ,d.

Theorem 4.3: A sequence {x;} € X A-TJ statistical con-
vergence to x € X if and only if J — staty klim ler —
—00
z,v;|| =0 for every i = 1,2,--- ,d.
Proof: Let {z;} € X is A\-J statistically convergent to
zeX.

By the definition of \-J statistically convergent. We have,

J — staty lim ||z —z,w|| =0
k—o0
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where w = {aqv; + agve + - + agug} for
Qa1,009, - ,0q GIC.
Then

J — staty lim ||z —2,v;]| =0
k—oo

forevery : =1,2,--- ,d.

Assume that
J — staty lim ||zx — z,w| =0
k—o00

forevery : =1,2,--- ,d.
To show that

lim —\{k €l,;neN:

n— o0
|(zx — ), vi|]| > e} €T =0.

Now, let us consider the 2-norm ||(xy — x), w||.

Also v; = {v1,va, -+ ,vq} is a basis of X,
l(zr — ), w|| = ||lzx — 2, 0101 + agva + -+ -
Then we have,

(xx — ), g 1],
”(mk - x)>a202”7' )
[(zx — @), aqudl|

), vil[}-

[(xx — 2),w|| < max

< maz{|ol||(zy —

By our assumption (8), we have

J — staty lim ||z — z,w| = 0.
k— o0
Thus
lim —|{k €l,;neN:

’I’L‘)OO

[(zr —2),vil| = e} €T/ =0

J — staty lim ||z — z,v;]| =0
k—o00
for every i =1,2,--- ,d.
Conversely, suppose that,
J —staty lim |jzg —z,v;]| =0
k—oo

for every : =1,2,--- ,d.
To show that

J — staty lim ||z — z,w|| =0
k—o0
for all z € X.

Consider,
(g — ), w|| = [|zr — 2, 1v1 + aavs + -+ - + agvql|.

Then we have,
[(zr — ), crv1]],
@k — @), w]l < max{ (e — ), azval], - -,
[(zr — ), aqvdl
\

< max{|o||(zr —

), vil[}

all

)

®)

+ advdH.

which implies

lim —|{k: €lneN:|(zg —x),w| >e} €Tl

n—o0
Therefore we have,

lim —|{k: €L;neN:|(xp —x),w|| >e} €7

n~>oo

1
C lim —

n— oo n

{ke[n;neN:

UlGew =) lly 2 =} €3]

Hence the right-hand side be a member of ideal, thus the
left hand side.

Then
J — staty lim ||z — z,w|| =0
k— o0

for all non-zero w € X.

This completes the proof. ]

Theorem 4.4: Any A-J statistically Cauchy sequence
{z1} in 2-normed spaces (X,|.,.]|) is A-J statistical con-
vergence iff any A-J statistically Cauchy sequence is A-J
statistical convergence with respect to ||| co-

Proof: Clearly A-J statistical convergence in 2-norm is
equivalent to that in ||.||so-

J — staty klim lex — z,w|| = 0, for all w € X iff
— 00
J — staty klirn |zr — z|eo = 0. It suffices to prove that
e de el

{z1} is A-T statistically Cauchy sequence, with respect to
2-norm iff it is A\-J statistically Cauchy with respect to ||.||oo-

Let {x)} is A-J statistical Cauchy sequence with respect
to 2-normed spaces. Then there exist n € N. In such a way
that for all k£, m > N. Now we have,

o L
00 A

{ke[n;neN: lxx — Zm, w]| 25} 63‘.

Consider, ||z — Tm,w|| > €.
Now, we have ||z — T, v;|| > e forall i =1,2,--- ,n
Hence, mazx||zy — @y, vi|| > e forall i =1,2,---

, M.

By definition, > e.

Therefore, {x} A-J statistically Cauchy with respect to

[l oo-

Theorem 4.5: Let X be an 2-normed spaces and for
{An} € A If as inf 22 > 0 as n > oc.
Then, stat(X) C staty(X).
Proof: Assume that X is statistically convergent, then

1
lim —
n—oo N

{kgn;neN: lxx — T, w]| 26} ETJ‘ =0.

Since, inf%” >0asn>o00
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1
lim —|{k <nn eN: ||z — xm,w|| > e} €7
n—,oo N

1
Z#{ke]n;nEN:

[ = &, w]| > €} €7

An 1
> ——Nk e l; N:
= Anl{ €lpne
|z — Tm,w| > e} € 7.
Consequently, {zy} — L stat(X) implies
{zr} = L staty(X).
Thus, stat(X) C staty(X).
|

Theorem 4.6: Let X be an 2-normed spaces and if
{\n} € A such that lim 2= = 1. Then, stat(X) =
n—oo

staty(X).

Proof- Since, lim 2
n— 00

n
n

=1, then for € > 0,

1
—{k<nneN:|zp — zm,w| >} €7
n

1
<maz{=[{k<n-A,;;neN:
n

lxg — zm, w| > e} € T}

1
EHk e€l,neN: |zg — xm,w| > e} €7

-1

gmax{uﬂ{k <n—Ay;neN:
non

[z = 2m, wl| > e} € T}

— A Al
< maa:{u—’f\{k <n—Ay;neN:
nn
2 — @m, wl| = €} € T]}.
This is clear that if {xx} is A-statistically

convergent, then {xp} is statistically convergent. That
is stat(X) D staty(X).

Also, since lim %" = 1 implies that lim %’ > 0, by
n— n— oo
previous theorem we have stat(X) C staty(X).
Thus, stat(X) = staty(X). |

In this section we have provided essential condition
for a sequence to be A-ideal statistical pre-Cauchy over
non-Archimedean 2-normed spaces.

Definition 4.7: A sequence x = {zj} is A\-J statistical
pre-Cauchy sequence in 2-normed spaces, if for every € > 0
and for w € X,

lim
n—oo

{k €l;neN:||zpp —ag, w| > 6} € 3’ =0.
n2
Theorem 4.8: An \-J statistical convergence in 2-normed
spaces is A-J statistical pre-cauchy.
Proof: Let {x}} be A—7J statistically convergent to ‘L.
Let € > 0 be given. Therfore
1
A= lim —
im_

n—oo n

{kEIn;nEN:

|uk—zmmza}ejy

Then for n € A° where c¢ stands for the complement.

1
ILm — {k €L;;neN: |ap— L w] ZE} 63’.
. 1
lim — {kz €l;neN: |z, — L, w <5} 63‘.
n— oo n
Writing
1
B, = lgn /\—|{k€ I;neN:|xp — Liw|| <e} €7

we observe that for £+ 1,k € B,
b = wxswl < max { axss = £,0]), llox = £,wll} <e.
Hence
1
B, x B, C{lim —|{k€l,;neN:
n—o0 n
k41 — 2k, w|| <e} €T[}
which implies

2] < !

n—oo

{kel,;neN:

n?2

ks — axswll < 2} € 3},
Hence for all n € A°,
1
lim
n— 00

{kel,;neN:

7L2
~ |Bn| 2 c
|@M47xmwn<a}eﬂ}z[jfj c A°.
Therefore for all n € A,
1
lim

n—oo 712

{kel,meN:

leiss — i wl] > e} €31} € AL

V. CONCLUSION

In this article, we have extended the study of A\-ideal
statistical convergence in 2-normed spaces and A-ideal sta-
tistically Cauchy sequences in 2-normed spaces over non-
Archimedean field and proved some inclusion relations re-
lated to it. Also, it has been given that A-ideal statis-
tical convergence in 2-normed spaces is A-ideal statisti-
cally pre-Cauchy sequences in 2-normed spaces over non-
Archimedean field.
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