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Almost and Pseudo Almost Periodic Solutions in
Shifts Delta(+/-) for Nonlinear Dynamic Equations
on Time Scales with Applications

Lili Wang, Pingli Xie, Yuwei Wang

Abstract—In this paper, we first study two nonlinear dynamic
equations on time scales. By means of the theory of dynamic
equations on time scales and the properties of the shift operators
0+ as well as the Schauder’s fixed point theorem, some existence
theorems of almost periodic solution in shifts 51+ and pseudo (v-
pseudo) almost periodic solution in shifts 6. of the equations
are established. Secondly, based on the obtained results, we
bring two ecosystems under investigation on some specific time
scales to obtain more general results.

Index Terms—Almost periodicity; Pseudo almost periodicity;
Nonlinear dynamic equation; Delay; Time scale.

I. INTRODUCTION

N this paper, we study the following nonlinear dynamic
equations on time scales

y*(2) = D(y(2))y(z) + (2, y(2), y(0-(1,2))),x € T,

(1)
and
Yy (x) = D(z, y(x)y(z) + (2, y(2), y(0— (7, 2))), x € ’g)

where T is a time scale; D, x, and &,x1 are continuous
functions. The equations (1) and (2) can be used to describe
many phenomena in physics, ecology and other fields under
different time scales.

It is well known that periodic dynamic systems in nature
may exhibit almost periodicity and pseudo almost periodicity
due to the influence of external or human factors; see,
for example [1-11]. In recent years, by means of the shift
operators ., the concepts and properties of periodic and
almost (pseudo almost) periodic function in shifts L on
time scales have been defined and studied in [12-15] and
[16-18], respectively. The theory of periodic and almost
(pseudo almost) periodic dynamic equations in shifts 1 on
time scales have been rapidly developed and applied. The
existence and uniqueness theorems of almost (pseudo almost)
periodic solution in shifts 1 of the linear dynamic equation
on time scales

y*(z) = D(x)y(z) + {(z),z € T, 3)

has been studied in [16,17,18]. However, there is no result on
the existence of almost periodic and pseudo almost periodic
solutions for equations (1) and (2).
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On the basis of the above works, to further construct the
theory of almost periodicity and pseudo almost periodicity
on time scales, the main work of this paper is to explore the
existence theorems of almost periodic solution in shifts d1
and pseudo (v-pseudo) almost periodic solution in shifts d1
of (1) and (2).

Furthermore, we applying the obtained results to study
two ecosystems, i.e. a Schoener’s competition system and
a delayed dynamic equation, the corresponding examples on
some specific time scales are given to illustrate the usefulness
of our main results.

II. PRELIMINARIES

The theory of time scales and its applications on dynamic
equations, see [19].

Lemma 1. ([19]) If « € R, then

(1) eo(z,z) =1, eq(x,2) = 1
(2)  ealo(z),2) = (1 + p(z)a(z))ea(z, 2);
B ealds) = —s = conlzio)
(4) ea(t,2)eq(z,1) = eq(x,r);
(5) (eea(%z))i = (6a)(z)eca(; 2);
1 _ o)
© (otm) = sy

A comprehensive review on periodicity and almost (pseu-
do almost) periodicity in shifts 1 on time scales, see [12-
18].

Consider the linear equation

y*(2) = D(p(@))y(x),z €T, @)
where ¢(x) is a bounded continuous function.

Definition 1. ([20, 21]) Suppose that ¥ (z) is the fundamen-
tal solution matrix of (4), if there exist a projection P and
positive constants 3 and « such that

(¥ (2)PY(0(2))] < Becal(z,0(2)),
z,x € T,x > o(z),
(U (2)(I - P)¥~(0(2))] < Becalo(z), ),
z,x € T,z < o(z2),

then (4) satisfies exponential dichotomy on T, | - | is the

Euclidean norm.

In the following sections, suppose that B is a Banach
space, BC(T,B) is a set of all B-valued bounded continuous
functions.
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III. EXISTENCE RESULTS OF SOLUTIONS

We first consider the existence of almost periodic solutions
in shifts 4 of (1).
Define the sets:

APS(T,B) ={¢: T — B, is almost
periodic in shifts 64 };

APS®(T,B) = {4 : T — B, v is A—almost
periodic in shifts d. }.

Theorem 1. Suppose that u(x) is bounded on T, (4) satis-
fies exponential dichotomy, and D(y) € APS(R"™, R"*™),
¢ € APSA(T,R™), then (1) exists a solution y(x) €
APS(T,R™).

Proof: Let S = {g(z)|g(x) € APS(T,R") and g(x) is
continuous}, then (S, || - ||) is a Banach space with the norm
lg(x)]| = sup |g()|. Since

z€T
§(z, y1,y2)| < +oo,

sup
(2,y1,y2) ETXR2"

then one can choose a constant My > 0 such that

1

sup
MO (m7y1 ’yz)eTXR2n

1
) ) <5,
&(z, Y1, 92)| B

1 1
where o] = m =

Take So C S, Sy is a closed convex subset of S, and

So = {p(@)le(x) € 5, [l¢ll < Mo}

For any ¢(z) € Sy, consider the inhomogenous linear
equation

) = D(p(x))y(x) + &(x, p(x), (6 (7, 2))).  (5)

Since p(z) € Sp, then p(x) is bounded, and then the corre-
sponding homogeneous equation of (5) satisfies exponential
dichotomy, that is, (4) satisfies exponential dichotomy.

Moreover, p(z) € APS(T,R"), then by the Definition
2.2 in [17], for arbitrarily € > 0, there exists at least a p €
(2,64 (2)]([6" (), ]), such that

p(0%(2)) — p(2)| < &,Vo € T.
Let ' = 6" (x), since « € T, then 2’ € T, and
lp(0%.(6Z(2))) — (0T (x))] = |p(d4 (2")) — p(a’)] <,

that is, p(d_(7,x)) € APS(T,R"™).
By the theorems in [16,17], (5) exists exactly one solution
yo(x) € APS(T,R"), and

yso
U (0(2)E(2, 0(2), 9(6- (1, 2))) Az

+oo
/ )T~

x€ (2, ¢( ) (

\

Uy (x

P)w_ (o(2))

(1,2)))Az, (6)

then
Hyso

_ H / 5 (0(2))E(2 pl2), 96 (. 2)) Az
- / o (@)(I — P)US(0(2)
x&(z,0(2),0(6-(7,2)))Az

T +oo

< ( | ecatwotonast [ 5eea<a<z>,xmz)
X Sup 1€(z, o(z), p(0—(T,)))]|

< ﬂalitelgIf(w,so(w)w(&(ﬂx)))l

< My,

that is, y,(z) € So.
Define

®: Sy — So, P =y,. 7

Next we show that ® is a compact continuous mapping.
We first prove that ¢ is a compact mapping. Consider
the sequence {p,(x)} C So, then |Pp,(x)| < My. By (7),

Do, () =Yy, (x),n=1,2,---, and
Yo (€) = D(pn (), () + E(z, on(x), on (6 (T, x)))é
()
then .
Y, ()] < (M + M)Mo, ©)
where M = sup  |D(pn(x))].
[ (z)|<Mo

It follows from (9) that {y2 (x)} is uniformly bounded,
then {y,, (x)} is uniformly bounded and equicontinuous.
By the Arzela-Ascoli theorem, there exists a subsequence
{Ye,, (@)} of {ye, ()} such that {y,, ()} converges
uniformly on any compact set of T. Since {y,, (z)} =
{®pp, (x)}, then { Py, (z)} converges uniformly on T, that
is, ® is a compact mapping.

Now we prove that & is a continuous mapping. For
{¢n(z)} C Sp, we only need to prove that when {¢,(z)}
converges uniformly to ¢(x), there is ®{¢,(x)} converges
uniformly to ®p(z).

It is known from (8) that when {y,(z)} converges uni-
formly to ¢(z) on T, {y,, (x)} that is ®{¢, (x)} converges
uniformly to the solution y, of the equation (5) on T, and
Yy, € APS(T,R™). On the other hand, (4) satisfies expo-
nential dichotomy, that is, the corresponding homogeneous
of the equation (5) satisfies exponential dichotomy, then (5)
exists a unique solution y, € APS(T,R"). By (7), then
®p,, — Pp. Thus, ® is a continuous mapping.

By using the Schauder’s fixed point theorem, ¢ has a fixed
point, there exists ¢ € Sy such that dp = ¢, that is, (1) has
an almost periodic solution in shifts §.. This completes the
proof. ]

Next, we consider the existence of pseudo almost periodic
solutions in shifts 64 of (1).

Define the set

PAPS(T,B) = {¢: T — B, is pseudo almost

periodic in shifts d };
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PAPSy(T,B) = {¢(z) € BC(T,B) :

; . 5% (o) R
I 5T (o) = 0 (z0)) /mxo) [V(@)|Az = 0}.

Theorem 2. Suppose that p(x) is bounded on T, (4) satisfies
exponential dichotomy, D(y) € APS(R™ R"*™), &€ =& +
€0, and & € APSA(T,R™), & € PAPSy(T,R"), then (1)
exists a solution y(x) € PAPS(T,R™).

Proof: Under the conditions of Theorem 2, similarly to
the proof of Theorem 3.1 in [18], (5) has a unique solution
yo(x) € PAPS(T,R"™) as (6); then similarly to the proof
of Theorem 1, (1) exists a solution y(z) € PAPS(T,R").
This completes the proof. ]

Let U is a set of functions (weight) v : T — (0, +00), and

54 (o)
u(d, v) :/ v(z)Az,
62 (z0)
U ={veU: lim wu(d,v) =400},
d—+oco

Up = {v € U : v is bounded and irelfq;v(a:) > 0},

then Ugp C Uy, C U.
For v € U, set

PAPS(T,B,v) = {¢: T — B, is v—pseudo almost
periodic in shifts d };

PAPS,(T,B,v) = {1)(z) € BC(T,B) :

: 1 O A
dgrfoo u(d,v) /501(%) W(@)lv(@)Ae

Theorem 3. Suppose that p(x) is bounded on T, (4) satisfies
exponential dichotomy, D(y) € APS(R™, R"*™), £ =& +
&, and & € APSA(T,R™), & € PAPSy(T,R",v), then
(1) exists a solution y(z) € PAPS(T,R™,v).

0}.

Remark 1. Theorem 3 can be proved in a similar way as
the proof of Theorem 2.

Remark 2. If the linear equation

y®(z) = D(z,p(x))y(z),z € T,

satisfies exponential dichotomy, p(z) is a bounded contin-
uous function. Then the conclusions of Theorems 1, 2 and
3 also hold for equation (2). In fact, it is only necessary
to replace D(p(z)) with D(z,p(z)) and repeat the above
proofs processes.

(10)

IV. APPLICATIONS

In this section, denote ¢* =  sup  [((z)], and ¢! =
z€[xo,+00)T
inf

()], RT = (0, +00).
z€[xo,+00)T
Example 1. Consider the Schoener’s competition system

yi ()

ri(z)
exp{y1(5—(17'1a$))}+b1(x)
—an (z) exp{y1(z)}
—ayz(x) exp{ya(z)} — c1(z),

ra(x)
exp{yz2 (- (12,z)) }+b2(x)
—ag1(z) exp{y1(w)}
—ag(z) exp{ya(w)} — ca(w),

(1)

with the initial conditions
y1(z0) = y10,y2(x0) = Y20, Y10 > 0,920 > 0,20 € T.

Suppose that the coefficients of (11) are positive A-almost
periodic functions in shifts 64, and

w_ 1 1 ! w_ 1 1 1
T011 157G Ty —@g1 —0A33—Co

r .
(H) (e al, > L =l > b
. atye"24ct
(H2) (eMl—‘,-b“)a” ‘II;I > 1’
72 - az e l4cy
(eM24bY)ay, ag, > 1.

Applying the inequalities in [22,23], similarly to the proofs
of Theorem 9 and Lemma 10, one can obtain the following
lemmas.

Lemma 2. Suppose that (Hy) and (Hs) hold, then (11) is
permanent, and

mi < liminfy, (z) < limsupy, (z) < My, (12)
——+00

t——+oo

mg < ltigllnf yo(x) < limsupyz(z) < Ma, (13)

t——+oo
where
u 1 1 !
M, — TPt =031 — 012~ 1
1 — 1 1 -
(1+0})ay,
Ty — al21 - al22 - Cl2
Mg = - ]-7

(1+ bh)ahy

_ i afye™? + cf
my = In M u\ u ?
(e + b)afy ary
l u M u
_ Ty ag €' + ¢y
mz = In M. u\u U .
(eMz + by)as, (39

Let S(T) is the set of all solutions of (11).
Lemma 3. S(T) # 0.

Remark 3. Lemma 3 implies that S(T) is a positive invari-
ant set of (11).

Theorem 4. Suppose that (Hy) and (Hs) hold, and

—al, +a¥ < —a <0, (14)

aly —a%y < —a <0, (15)

where o« > 0 is a constant, then (11) exists a positive solution

(y1,y2) € APS(T,R>T).

Proof: From (11), we can get

()
(21, ()))}‘}+ bi(x)
eXp yl
(@) y1(z)
eXp{yz(iﬂ)}
y2(z)
7"2(33)
exp{y2(0— (72, 7))} + ba(z)

A
Y1 ({L‘) eXp{y1(

—an(x)

—anp(v) —=—=y2(x) — a1(2),
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that is
A
<y1(9€)>
Yya(z)
—a11($)‘exp%y(1m($ﬁ —alz(x)e‘xpézﬁi)wi
() SR () )
yl(l‘
2(13
(exp{ylw e Cl(m)) (16)
Tgr :
exply2(0_(72,2)) ] +ba (@) — c2(x)
From (14) and (15),
A
<91($)>
Yo ()
I

y1(w)
X
(m(:v))
satisfies exponential dichotomy. According to Theorem 1,
(16) exists a positive solution (y1,y2) € APS(T, R?"), that
is, (11) exists a positive solution (y1,y2) € APS(T,R?*).

This completes the proof. [ |
Now, we give a numerical example. Let

T = J[2¢.2¢+1],
LEZ
then

(z) = 0,2 € Upepl20,20+ 1),
EIZ 1,0 € Upep {20+ 1)

Take 9 =0, 6% (z) =a — 2z, 1 = T2 = 2, and

ri(z) = 1.8 — 0.1 cos(v/2z),

ro(z) = 1+ 0.1sin(V3z),

bi(x) =5+ 0.2cos(x),ba(x) = 6 + 0.1sin(x),
¢1(z) = 0.001, ca(x) = 0.005,

ai1(z) = 0.2 4 0.01 cos(z),

a2(x) = 0.003 — 0.001 sin(x),

a1 (z) = 0.004 — 0.001 sin(z),

asz(z) = 0.1 4 0.01sin(z).

By a direct computation, (H;) and (Hs) hold, and
M; = 0.3308, My = 0.4171,m1 = 0.1836, mo = 0.0929,
and

—al, +a%, = —0.185 < 0,

aly — aly = —0.986 < 0.

Furthermore, it follows from (16) that,
ri(z)

flz) = [ PO o Fh@) c1(z) 7
— ca(2)

T2(T
exp{y2(d— (72,2)) }+ba(x)
then f(z) € APS?(T,R?*"), and |f(z)| < +o0.
According to Theorem 1, (11) exists a positive solution
(y1,y2) € APS(T,R?*). Dynamic simulations of (11), see
Figure 1.

05
| (05,05)
0451 ——(0202)]]
- ) ———(0.3,0.3)
04}’ (0505 |
w
! (0.3,0/.3) _ ( \
it ala sy
ANV ARY \/ "\;" v \ \/ / Vol / \/ L
0,3K__-. - ‘-} : i S Y ,
02,02
0.2 i
02 1 1 1 1
0 20 40 60 80 100
X
05
(05,05)
045} |
——(0.20.2)
0.4 ——(0.3,0.3) [
0.35F | .-(0505) 1
B
(0.3,0.3) |
0.3</
WA s
025~ AV AL N e N o n \ A
J r a . B \.' \ . _,./
It VIR TAV ST ANA AT
020\ |
(0.2,0.2)
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X
Fig. 1. Numerical solutions of (11) (Example 1) with the initial

values (y1(0),y2(0)) = {(0.2,0.2),(0.3,0.3), (0.5,0.5) }.

Example 2. Consider the following delayed dynamic equa-
tion

+oo
k(2)n(y(9Z (x))) Az

a7

= —a(y(@)y(@) + b(a) /

Zo

+c(z), zg,x € T.

Suppose that a(y) € APS(R,RT),
c(z) = c1(x) + ca(x), and ¢1(z) € APSA(T,R™),
PAPSy(T,R*), and

b(x) € APSA(T,RY),
co(x) €

(Hs) a! >0, and 1 — p(z)a* > 0,Vz € [zg, +00)T;
(Hy) e C(R N
(Hs) 67¢(-,¢) is bounded, and 0 < d7¢

[0, 4+00));
(-,¢) < r, where
r > (0 is a constant.

Lemma 4. f n(p(6% (x)))Az € PAPS(T,R™).
Proof: Let qb(x) € PAPS(T,R"), and

n(é(z)) = m(x) +na(z),
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where 71 (x) € APS(T,R"),nm2(z) € PAPSy(T,R"), then

o (x)) —m(z)] < 2 Vo e,
) = m@l < A
] b [ m@iar =0
im LNar =1
d—+00 (5d (wo) — 0% (o)) 64 (zo) "

It follows that,

+oo
[ em L @)as

—+oo
/IU

k(2)m (3 () Az

—+oo
< / |k(2)]|n1 (6502 (2))) — m (6% (x))|Az
Yoo .
< [ menss
< g,
and
lim 1
d—+oo (5d (CCo) (5d (.’Eo))
6+(mg) +o0
/ / k(2)ma(67 () Az | Az
5% (z0) xg
< !
1m
T d—o+4x (5d (3}0 5d (.Z‘Q))
54 < (zo0)
/. / lm5* (2))|AzAe
8 (o) Jmo
dtoo (89 (o) — 5§ (z0))
+o0 5i(zo)
[ [ e @)jaea:
zo 54 (z0)
lim 1
= 1
d—+oo (51(%0) — 5(1 (fﬂo))
+o0 54 (o)
[l [ mop e oaca:
Zo 892 (o)
< lim r
T do+4x ((51(]}0) — (5(1 (l‘o))
+o00 6i+z(aco)
JC (O ACA
xo 8977 (z0)
= 07
that is
—+o00
/ k(2)m (6 (2))Az € APS(T,R*),
:Cioo
/ k(2)n2(6% (z))Az € PAPSy(T,R™T),
To
and then,

+oo

/ k(2)n(6(6% (2)))Az € PAPS(T,R™).

Zo

This completes the proof. ]
According to Theorem 2, we can obtain the following

theorem.

Theorem 5. Suppose that (Hs3) — (Hs) hold, then (17) exists
a positive solution y € PAPS(T,R™T).

Now, we give a numerical example. Let T = R, then
w(xz) = 0. Take g = 0, 6% (x) = = — z, and

1 1

aly) = 5 — 5 cos(y),

b(z) = % - ésin(x),

c(x) = (24 cos(z)) + ﬁlxz’

k(z) = e7%,0(0) = 1516 + 1] =16 — 1).

According to Theorem 5, (17) exists a positive solution y €
PAPS(T,R™). Dynamic simulations of (17), see Figure 2.

15F b

Fig. 2. Numerical solutions of (17) (Example 2) with the initial
values y(0) = {1, 2, 3}.

V. CONCLUSION

This paper not only provides a new technique for studying
the existence of solutions of dynamic equations on time
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scales, but also gives the existence theorems of almost
periodic and pseudo almost periodic solutions in shifts &4
of two kinds of nonlinear dynamic equations.

The study of ecosystem defined on specific time scale (see
Example 1) shows that the results of this paper have practical
significance in improving the theory of almost periodic and
pseudo almost periodic on time scales, which provides a
theoretical basis for the study of nonlinear dynamic equations
on more general time scales, especially the time scales are
not closed under addition.
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