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Abstract—In this article, some common fixed point theorems
were proved in complete 2- metric space using weakly compati-
ble mappings in which property (E.A), common property (E.A)
and (E.A) like Property are involved.
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I. INTRODUCTION

THE notion of 2-metric space was introduced by Gahler
[1]. An extension of the metric space is the 2-metric

space. Visually, the 2 metric function represents the area of
a triangle and its metric function describes the length of
the line segment. 2-metric space and metric space are not
topologically identical. Numerous authors have proved fixed
point theorems in metric spaces [3], [4], [6]. Contractive,
non-expansive, and contraction mappings in 2 Metric space
have also been explored by many authors [18] - [20].
Applications of fixed point theory were discussed in [2] and
[5].

The idea of compatible maps was defined by Jungck
[11], who showed that weakly commuting mappings are
compatible but not vice versa. Many authors have proved the
fixed point theorem for compatible maps in metric space. In
particular, Rajesh Shrivastava proved compatible mappings
in metric spaces and the common fixed point theorem [12].

Pant [17] first studied common fixed points of non-
compatible mappings made in metric spaces. The property
(E.A) always holds for pair of mappings since it was an
extension of non-compatible mappings. This property was
developed by Amir and El Moutaawaki in 2002 [9] along
with several common fixed point theorems. Fixed point
theorems have been shown by Vildan Ozturk [10], Bonuga
Vijayabaskerreddy [7] and Rakesh Tiwari [8] using property
(E.A). [13], [14], and [15] demonstrated the common fixed
point theorem.

Our aim is to prove some common fixed point theorems
for weakly compatible maps using property (E.A), common
property (E.A) and (E.A) like Property, common (E.A) like
Property.
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II. PRELIMINARIES

Definition 1. Let X be a non-empty set and σ : X ×
X × X −→ [0,∞) be a function satisfying the following
condition:

1) for distinct point x, y with x ̸= y from X , there exists
a point z in X such that σ(x, y, z) ̸= 0.

2) σ(x, y, z) = 0 when two or more variable are same.
3) σ(x, y, z) = σ(y, z, x) = σ(x, z, y) = ... for all

x, y, z ∈ X .
4) σ(x, y, w)+σ(x,w, z)+σ(w, y, z) ≥ σ(x, y, z) for all

x, y, z, w ∈ X .
Then the function σ is called a 2-metric space and (X,σ)

is called a 2-metric space. Visually, a 2-metric σ(x, y, z)
defines the area of a triangle, where x, y and z notate the
vertices of the triangle. Throughout this paper, let (X,σ) be
2-metric space.

Definition 2. Suppose a sequence {xn} in a 2-metric space
(X,σ) and if lim

n−→∞
σ(xn, x, z) = 0 for all z in X , then we

say the sequence {xn} is said to be convergent to a point
x ∈ X (i.e) lim

n−→∞
{xn} = x.

Definition 3. Suppose a sequence {xn} in a 2-metric space
(X,σ) and if limn,m −→ ∞ σ(xn, xm, z) = 0 for all z ∈
X , then we say the sequence {xn} is said to be Cauchy
sequence.

Definition 4. Let (X,σ) be 2-metric space is said to be
complete if every Cauchy sequence in X is convergent.

Definition 5. Given E and F be pair of self mappings in
2-metric space (X,σ). Then the pair of mappings E and F
are said to be compatible if and only if

lim
n→∞

σ(EFxn,FExn, z) = 0,

whenever a sequence {xn} in X such that

lim
n−→∞

{Exn} = lim
n−→∞

{Fxn} = t

for some t ∈ X .

Definition 6. Let E and F be two self mappings of a 2-metric
space (X,σ). Then the pair of mappings E and F are said
to be non-compatible if there exists a sequence {xn} in X
such that

lim
n−→∞

{Exn} = lim
n−→∞

{Fxn} = t

for some t ∈ X , but limn→∞ σ(EFxn,FExn, z) is either
non-zero or does not exist.

Definition 7. Given E and F be pair of self mappings of a
2-metric space (X,σ). Suppose E and F commute at their
coincidence points, (i.e) E Fx = F Ex for some x ∈ X
whenever
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Ex = Fx, then the pair of mappings E and F are said to
be weakly compatible.

Definition 8. Let E and F be pair of self mappings of a
2-metric space (X,σ). Then the pair of mapping E and F
are satisfying the Property (E.A) if there exists a sequence
{xn} such that

lim
n−→∞

Exn = lim
n−→∞

Fxn = t

for some t ∈ X.
Remark: Non-compatibility implies property (E.A).

Definition 9. Suppose taking the pair of mappings (E ,M)
and (F ,N ) in 2-metric space (X,σ) and if {ln} and {tn}
are the sequences in X satisfying

lim
n−→∞

Eln = lim
n−→∞

Mln = lim
n−→∞

Ftn = lim
n−→∞

Ntn = ξ

for some point ξ ∈ X , then we say that these pair of
mappings hold the common property (E.A).

Definition 10. Let E and F be pair of self mappings of a
2-metric space (X,σ). Then the pair of mapping E and F
satisfy the (E.A) like Property if there exists a sequence {xn}
such that

lim
n−→∞

Exn = lim
n−→∞

Fxn = t

for some t ∈ E(X) ∪ F(X).

Definition 11. Two Pairs (E ,M) and (F ,N ) of four self
mappings of 2-metric space (X,σ) are said to satisfy com-
mon E.A like property if

lim
n−→∞

Eln = lim
n−→∞

Mln = lim
n−→∞

Ftn = lim
n−→∞

Ntn = ξ

Whenever there exists two sequence {ln} and {tn} in X such
that ξ ∈ E(X) ∩ F(X) or ξ ∈ M(X) ∩N (X).

III. MAIN RESULTS

Theorem 1. Let (X,σ) be a complete 2-metric space and
E ,F ,M and N be mappings from (X,σ) into itself that
satisfy the requirement

1) E(X) ⊂ N (X) and F(X) ⊂ M(X).
2) one of the pair (E ,M) or (F , N) satisfies property

E.A.
3) the pair (E ,M) and (F ,N ) are weakly compatible.
4) if M(x),N (x), E(x) and F(x) is a complete subspace

of X.
5)

σ(Ex,Fy, z) ≤λ1[σ(Mx,N y, z) + σ(Ex,Mx, z)]

+ λ2[σ(Mx,N y, z) + σ(N y,Fy, z)]

+ λ3

[
σ(Mx,Fy, z) + σ(Ex,N y, z)

2

]
+ λ3 [σ(Mx,N y, z)]

for all x, y, z ∈ X, λ1, λ2, λ3 ≥ 0 and λ1+λ2+λ3 < 1
2 then

the mappings E ,F ,M and N have a unique common fixed
point in X.

Proof: Assume that the pair (F ,N ) satisfies property
E.A, as a result, a sequence {ln}n∈N exists in X , which
satisfies F ln −→ η,N ln −→ η for some η ∈ X as n −→
∞, n ∈ N.

As F(X) ⊂ M(X) a sequence {tn}n∈N exists in X thus
F ln = Mtn for all n ∈ N. Hence, Mtn −→ η as n −→ ∞.
To prove Etn −→ η. Suppose not, then by using (5) with
x = tn and y = ln, we have

σ(Etn,F ln, z) ≤λ1[σ(Mtn,N ln, z) + σ(Etn,Mtn, z)]

+ λ2[σ(Mtn,N ln, z) + σ(N ln,F ln, z)]

+ λ3

[
σ(Mtn,F ln, z) + σ(Etn,N ln, z)

2

]
+ λ3 [σ(Mtn,N ln, z)]

Taking n −→ ∞,
σ(Etn, η, z) ≤

(
λ1 +

λ3

2

)
σ(Etn, η, z)

which is a contradiction. Therefore Etn = F ln for all n ∈ N.
Now, using condition (4) from hypothesis, we obtain
η = Mµ for some µ ∈ X, and therefore the subsequence
F ln,Mtn,N ln, Etn −→ η(= Mµ) as n −→ ∞.
Now claim that Eµ = Mµ. Suppose Eµ ̸= Mµ
we put x = µ and y = ln in (5), we have

σ(Eµ,F ln, z) ≤λ1[σ(Mµ,N ln, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N ln, z) + σ(N ln,F ln, z)]

+ λ3

[
σ(Mµ,F ln, z) + σ(Eµ,N ln, z)

2

]
+ λ3 [σ(Mµ,N ln, z)]

Taking n −→ ∞,
σ(Eµ, η, z) ≤

(
λ1 +

λ3

2

)
σ(Eµ, η, z)

which is a contradiction, this implies Eµ −→ η.
Thus Eµ = Mµ.
Hence, (E ,M) has a coincidence point µ
It follows that either EMµ = MEµ or Eη = Mη given the
pair (E ,M) is weakly compatible.
since E(X) ⊂ N (X), there exists a point v ∈ X such that
Eµ = N v.
Consequently, Eµ = N v = Mµ = η.
To claim v must be a coincidence point of (F ,N ).
(i.e)., Nv = Fv = η. If not, then substitute x = µ and y = v
in (5), we obtain

σ(Eµ,Fv, z) ≤λ1[σ(Mµ,N v, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N v, z) + σ(N v,Fv, z)]

+ λ3

[
σ(Mµ,Fv, z) + σ(Eµ,N v, z)

2

]
+ λ3 [σ(Mµ,N v, z)]

Taking n −→ ∞,
σ(Fv, η, z) ≤

(
λ2 +

λ3

2

)
σ(Fv, η, z)

which is a contradiction, Therefore N v = Fv.
Hence, v is a coincidence point of (F ,N ). Also by using
condition (3) of the hypothesis, we have FN v = NFv or
Nη = Fη.
Thus E ,F ,M and N have a common coincidence point η.
we claim that η is a common fixed point. If not, then taking
x = µ and y = η in (5)

σ(Eµ,Fη, z) ≤λ1[σ(Mµ,Nη, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,Nη, z) + σ(Nη,Fη, z)]

+ λ3

[
σ(Mµ,Fη, z) + σ(Eµ,Nη, z)

2

]
+ λ3 [σ(Mµ,Nη, z)]
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Taking n −→ ∞,
σ(Fη, η, z) ≤ (λ1 + λ2 + 2λ3)σ(Fη, η, z)
which is a contradiction. Since λ1 + λ2 + λ3 < 1
Therefore Fη −→ η.
Hence Fη = Nη = η and consequently η is common fixed
of F and N .
Suppose N (X) is a complete subspace of X and the pair
(E ,M) satisfy property E.A will provide similar outcomes.
To prove the uniqueness of common fixed point. If substituting
x = w and y = η in (5)

σ(Ew,Fη, z) ≤λ1[σ(Mw,Nη, z) + σ(Ew,Mw, z)]

+ λ2[σ(Mw,Nη, z) + σ(Nη,Fη, z)]

+ λ3

[
σ(Mw,Fη, z) + σ(Ew,Nη, z)

2

]
+ λ3 [σ(Mw,Nη, z)]

σ(w, η, z) ≤ λ1 + λ2 + λ3σ(w, η, z)
which is a contradiction. Therefore w = η
Thus η is the unique common fixed point of E ,F ,M and N
in X .

Theorem 2. Let (X,σ) be a complete 2-metric space and
E ,F ,M and N be mappings from (X,σ) into itself that
satisfy the requirement

1) F(X) ⊂ M(X) and E(X) ⊂ N (X)
2) if M(x),N (x), E(x) and F(x) is a complete subspace

of X
3) one of the pair (E ,M) or (F , N) satisfies property

E.A.
4) the pair (E ,M) and (F ,N ) weakly compatible.
5)

σ2(Ex,Fy, z) ≤σ(Ex,Fy, z)
[
λ1σ(Mx,N y, z)

+ λ2σ(Ex,Mx, z) + λ3σ(N y,Fy, z)
]

+ λ4[σ(Mx,Fy, z)σ(Ex,N y, z)]

for all x, y, z ∈ X, where λ1, λ2, λ3, λ4 ≥ 0, λ1+λ2+λ3 <
1 and λ1 + λ4 < 1
then the self mappings E ,F ,M and N have a unique
common fixed point in X.

Proof: Assume that (F ,N ) satisfies property E.A, as a
result, a sequence {ln}n∈N exists in X which satisfies

F ln −→ η,N ln −→ η

for some η ∈ X as n −→ ∞, n ∈ N.
As F(X) ⊂ M(X), a sequence {tn}n∈N exists in X thus
F ln = Mtn for all n ∈ N. Hence, Mtn −→ η as n −→ ∞.
Now we show that Etn −→ η. If not, then by using (5) with
x = tn and y = ln, we have

σ2(Etn,F ln, z) ≤
σ(Etn,F ln, z)[λ1σ(Mtn,N ln, z)

+ λ2σ(Etn,Mtn, z) + λ3σ(N ln,F ln, z)]

+ λ4[σ(Mtn,F ln, z)σ(Etn,N ln, z)]

Taking limits on both sides, we get

σ2(Etn, η, z) ≤σ(Etn, η, z)[λ1σ(η, η, z)

+ λ2σ(Etn, η, z) + λ3σ(η, η, z)]

+ λ4[σ(η, η, z)σ(Etn, η, z)]

σ2(Etn, η, z) ≤ λ2σ
2(Etn, η, z) which is a contradiction,

Etn −→ η.
Thus, Etn = F ln for all n ∈ N.
Now, using condition (2) from hypothesis, we obtain
η = Mµ
Therefore the subsequence
F ln,Mtn,N ln, Etn −→ η(= Mµ) as n −→ ∞.
Now claim that Eµ = Mµ.
we put x = µ and y = ln in (5), we get

σ2(Eµ,F ln, z) ≤σ(Eµ,F ln, z)[λ1σ(Mµ,N ln, z)

+ λ2σ(Eµ,Mµ, z) + λ3σ(N ln,F ln, z)]

+ λ4[σ(Mµ,F ln, z)σ(Eµ,N ln, z)]

Taking limits on both sides, we get

σ2(Eµ, η, z) ≤σ(Eµ, η, z)[λ1σ(η, η, z)

+ λ2σ(Eµ, η, z) + λ3σ(η, η, z)]

+ λ4[σ(η, η, z)σ(Eµ, η, z)]

σ2(Eµ, η, z) ≤ λ2σ
2(Eµ, η, z)

which is a contradiction, Eµ −→ η. Thus Eµ = Mµ.
Hence, (E ,M) has a coincidence point µ
It follows that either EMµ = MEµ or Eη = Mη given the
pair (E ,M) is weakly compatible.
given E(X) ⊂ N (X), there exists a point v ∈ X such that
Eµ = N v.
Consequently, Eµ = N v = Mµ = η.
To claim v must be a coincidence point of (F ,N )
(i.e)., N v = Fv = η. If not, then taking x = µ and y = v
in (5), we obtain

σ2(Eµ,Fv, z) ≤σ(Eµ,Fv, z)[λ1σ(Mµ,N v, z)

+ λ2σ(Eµ,Mµ, z) + λ3σ(Nv,Fv, z)]

+ λ4[σ(Mµ,Fv, z)σ(Eµ,N v, z)]

σ2(η,Fv, z) ≤σ(η,Fv, z)[λ1σ(η, η, z)

+ λ2σ(η, η, z) + λ3σ(η,Fv, z)]

+ λ4[σ(η,Fv, z)σ(η, η, z)]

σ2(Fv, η, z) ≤ λ3σ
2(Fv, η, z)

which is a contradiction, Fv −→ η. Thus N v = Fv.
Hence, v is coincidence point of (F ,N ). Further, the weakly
compatible of the pair (F ,N ) implies that FN v = NFv
or Nη = Fη.
Thus E ,F ,M and N have a common coincidence point η.
To show that η is a common fixed point. Suppose not, then
substituting x = µ and y = η in (5)

σ2(Eµ,Fη, z) ≤σ(Eµ,Fη, z)[λ1σ(Mµ,Nη, z)

+ λ2σ(Eµ,Mµ, z) + λ3σ(Nη,Fη, z)]

+ λ4[σ(Mµ,Fη, z)σ(Eµ,Nη, z)]

σ2(η,Fη, z) ≤σ(η,Fη, z)[λ1σ(η,Nη, z)

+ λ2σ(η, η, z) + λ3σ(Nη,Fη, z)]

λ4[σ(η,Fη, z)σ(η,Nη, z)]

σ2(Fη, η, z) ≤ (λ1 + λ4)σ
2(Fη, η, z)

which is a contradiction.
Thus Fη −→ η.
Hence Fη = Nη = η and consequently η is common fixed
of F and N .
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Suppose N (X) is a complete subspace of X and the property
E.A of the pair (E ,M) will provide similar outcomes.
Next, to prove the uniqueness of common fixed point. Suppose
not, then put x = w and y = η in (5)

σ2(Ew,Fη, z) ≤σ(Ew,Fη, z)[λ1σ(Mw,Nη, z)

+ λ2σ(Ew,Mw, z) + λ3σ(Nη,Fη, z)]

+ λ4[σ(Mw,Fη, z)σ(Ew,Nη, z)]

taking n −→ ∞
σ2(w, η, z) ≤ (λ1 + λ4)σ

2(w, η, z)
which is a contradiction.
Therefore w = η and η is the unique common fixed point of
E ,F ,M and N in X .

Theorem 3. Let E ,F ,M and N be self-mapping on 2-
metric space (X,σ) satisfying the condition (1), (5) of
theorem 1. Moreover, if
(i). the pair (E ,M) and (F ,N ) satisfies the common prop-
erty (E.A),
(ii). M(X) and N (X) are closed subset of X .
Then the pair (E ,M) and (F ,N ) have a coincidence point
and hence E ,F ,M ,N all have a unique common fixed
point.

Proof: If the pair (E ,M) and (F , N) satisfy the con-
dition (i), the sequences {ln} and {tn} exists in X thus

lim
n−→∞

Eln = lim
n−→∞

Mln = lim
n−→∞

Ftn = lim
n−→∞

N tn = ξ

for some ξ ∈ X .
using condition (ii) from the hypothesis, we obtain
limn−→∞ Mxn = ξ ∈ M(X) and then there exists a point
µ ∈ X such that Mµ = ξ.
To prove Eµ = Mµ, to prove this, keep x = µ and y = tn
in (5) have

σ(Eµ,Ftn, z) ≤λ1[σ(Mµ,N tn, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N tn, z) + σ(N tn,Ftn, z)]

+ λ3

[
σ(Mµ,Ftn, z) + σ(Eµ,N tn, z)

2

]
+ λ3 [σ(Mµ,N tn, z)]

Letting n −→ ∞,
σ(Eµ, ξ, z) ≤

(
λ1 +

λ3

2

)
σ(Eµ, ξ, z)

since λ1 + λ2 + λ3 < 1
2 gives Eµ = ξ. Hence Eµ = Mµ

Thus, the point µ is a coincidence point of the pair (E ,M).
As N (X) is a closed subset of X , this gives
limn−→∞ N tn = ξ ∈ N (X) which means there exists a
point w ∈ X such that Nw = ξ.
Next, to prove Fw = Nw.
using contraction condition (5) with x = µ and y = w

σ(Eµ,Fw, z) ≤λ1[σ(Mµ,Nw, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,Nw, z) + σ(Nw,Fw, z)]

+ λ3

[
σ(Mµ,Fw, z) + σ(Eµ,Nw, z)

2

]
+ λ3 [σ(Mµ,Nw, z)]

Letting n −→ ∞,
σ(Fw, ξ, z) ≤

(
λ2 +

λ3

2

)
σ(Fw, ξ, z)

since λ1 + λ2 + λ3 < 1
2 gives

Fw = ξ. Hence Nw = Fw. Therefore w coincidence point
of the pair (F,N). given that, the pair (F,N) is weakly

compatible mappings then Eξ = EMµ = MEµ = Mξ
this implies
Eξ = Mξ
To prove ξ a fixed point of the pair (E ,M). Suppose not,
then substituting x = ξ and y = w in (5), we obtain

σ(Eξ,Fw, z) ≤λ1[σ(Mξ,Nw, z) + σ(Eξ,Mξ, z)]

+ λ2[σ(Mξ,Nw, z) + σ(Nw,Fw, z)]

+ λ3

[
σ(Mξ,Fw, z) + σ(Eξ,Nw, z)

2

]
+ λ3 [σ(Mξ,Nw, z)]

by using Fw = Nw = ξ and Eξ = ξ implies
σ(Eξ, ξ, z) ≤

(
λ1 +

λ3

2

)
σ(Eξ, ξ, z)

since λ1 + λ2 + λ3 < 1
2 gives

Eξ = Mξ = ξ.
Thus the pair (E ,M) is having ξ as fixed point.
Since (F ,N ) is weakly compatible mappings then
Fξ = FNw = NFw = N ξ.
This gives
Fξ = N ξ
Next, to demonstrate that ξ is also common fixed point of
(F ,N ).
Suppose ξ is not a common fixed point of (F ,N ), then taking
x = µ and y = ξ in (5), we get

σ(Eµ,Fξ, z) ≤λ1[σ(Mµ,N ξ, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N ξ, z) + σ(N ξ,Fξ, z)]

+ λ3

[
σ(Mµ,Fξ, z) + σ(Eµ,N ξ, z)

2

]
+ λ3 [σ(Mµ,N ξ, z)]

letting limn−→∞,

σ(ξ,Fξ, z) ≤λ1[σ(ξ,N ξ, z) + σ(ξ, ξ, z)]

+ λ2[σ(ξ,N ξ, z) + σ(N ξ,Fξ, z)]

+ λ3

[
σ(ξ,Fξ, z) + σ(ξ,N ξ, z)

2

]
+ λ3 [σ(ξ,N ξ, z)]

σ(ξ,Fξ, z) ≤ (λ1 + λ2 + λ3)σ(Fξ, ξ, z)
since λ1 + λ2 + λ3 < 1

2 gives Fξ = ξ
Fξ = Nξ = ξ
Thus, the common fixed point for the four maps E ,F ,M and
N is ξ.
The uniqueness of the fixed point can be easily proved.

Theorem 4. Let E ,F ,M and N be four self-mapping in
complete 2-metric space (X,σ) that satisfy the following
requirements.

1) E(X) ⊂ N (X) and F(X) ⊂ M(X).
2) the pair (E ,M) and (F ,N ) weakly compatible.
3) the pair (E ,M) and (F ,N ) satisfy E.A like property.
4)

σ(Ex,Fy, z) ≤λ1[σ(Mx,N y, z) + σ(Ex,Mx, z)]

+ λ2[σ(Mx,N y, z) + σ(N y,Fy, z)]

+ λ3

[
σ(Mx,Fy, z) + σ(Ex,N y, z)

2

]
+ λ3 [σ(Mx,N y, z)]
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for all x, y, z ∈ X, λ1, λ2, λ3 ≥ 0 and λ1 + λ2 + λ3 < 1
2

then the mappings E ,F ,M and N have a unique fixed point
in X .

Proof: If the pair (E ,M) satisfies E.A like property then
there exists a sequence {ln} in X such that

lim
n−→∞

Eln = lim
n−→∞

Mln = η

for some η ∈ E(x)∪M(x). From (1), that is, E(X) ⊂ N (X),
for each sequence {ln} ⊂ X there corresponds sequence
{tn} ⊂ X such that Eln = N tn, Hence

lim
n−→∞

Eln = lim
n−→∞

N tn = η.

Thus, Eln −→ η,Mln −→ η and N tn −→ η.
To prove Ftn −→ η put x = lnand y = tn in contraction
condition (4) then we get

σ(Eln,Ftn, z) ≤λ1[σ(Mln,N tn, z) + σ(Eln,Mln, z)]

+ λ2[σ(Mln,N tn, z) + σ(N tn,Ftn, z)]

+ λ3

[
σ(Mln,Ftn, z) + σ(Eln,N tn, z)

2

]
+ λ3 [σ(Mln,N tn, z)]

Taking n −→ ∞

σ(η,Ftn, z) ≤λ1[σ(η, η, z) + σ(η, η, z)]

+ λ2[σ(η, η, z) + σ(N tn,Ftn, z)]

+ λ3

[
σ(η,Ftn, z) + σ(η, η, z)

2

]
+ λ3 [σ(η, η, z)]

≤
(
λ2 +

λ3

2

)
σ(η,Ftn, z)

since λ1 + λ2 + λ3 < 1 this implies Ftn −→ η. Suppose
η ∈ M then there exists a µ ∈ X such that η = Mµ put
x = µ and y = tn in (4) then we get

σ(Eµ,Ftn, z) ≤λ1[σ(Mµ,N tn, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N tn, z) + σ(N tn,Ftn, z)]

+ λ3

[
σ(Mµ,Ftn, z) + σ(Eµ,N tn, z)

2

]
+ λ3 [σ(Mη,N tn, z)]

Taking n −→ ∞

σ(Eµ, η, z) ≤λ1[σ(η, η, z) + σ(Eµ, η, z)]
+ λ2[ση, η, z) + σ(η, η, z)]

+ λ3

[
σ(η, η, z) + σ(Eµ, η, z)

2

]
+ λ3 [σ(η, η, z)]

≤
(
λ1 +

λ3

2

)
(Eµ, η, z)

This gives Eµ −→ η. Therefore Eµ = η = Mµ
Since the pair (E ,M) is weakly compatible mapping which
implies

Eη = EMµ = MEµ = Mη

since the pair (F ,N ) satisfy property E.A like then there
exists a sequence {tn} ∈ X such that
lim

n−→∞
Ftn = lim

n−→∞
N tn = η for some η ∈ F(X) ∪N (X)

If η ∈ N (X) then there exists w ∈ X such that Nw = η

Now we prove Fw = η, put x = ln and y = w in (4) then
we get

σ(Eln,Fw, z) ≤λ1[σ(Mln,Nw, z) + σ(Eln,Mln, z)]

+ λ2[σ(Mln,Nw, z) + σ(Nw,Fw, z)]

+ λ3

[
σ(Mln,Fw, z) + σ(Eln,Nw, z)

2

]
+ λ3 [σ(Mln,Nw, z)]

σ(η,Fw, z) ≤λ1[σ(η, η, z) + σ(η, η, z)]

+ λ2[σ(η, η, z) + σ(η,Fw, z)]

+ λ3

[
σ(η,Fw, z) + σ(η, η, z)

2

]
+ λ3 [σ(η, η, z)]

≤
(
λ2 +

λ3

2

)
σ(η,Fw, z)

which gives Fw = η. Since the pair (F ,N ) is weakly
compatible mapping, then we have

Nη = NFw = FNw = Fη

Now we prove Fη = η. For this put x = ln and y = η in
(4), we get

σ(η,Fη, z) ≤λ1[σ(η,Nη, z) + σ(η, η, z)]

+ λ2[σ(η,Nη, z) + σ(Nη,Fη, z)]

+ λ3

[
σ(η,Fη, z) + σ(η,Nη, z)

2

]
+ λ3 [σ(η,Nη, z)]

Taking n −→ ∞ and Nη = Fη, we get

σ(η,Fη, z) ≤
(
λ1 + λ2 + 2λ3

)
σ(η,Fη, z)

since λ1 + λ2 + 2λ3 < 1, which implies Fη = η this gives
Nη = Fη = η.
New to prove Fη = Eη, put x = η and y = η in inequality
(4), then we get

σ(Eη,Fη, z) ≤λ1[σ(Mη,Nη, z) + σ(Eη,Mη, z)]

+ λ2[σ(Mη,Nη, z) + σ(Nη,Fη, z)]

+ λ3

[
σ(Mη,Fη, z) + σ(Eη,Nη, z)

2

]
+ λ3 [σ(Mη,Nη, z)]

σ(Eη, η, z) ≤(λ1 + λ2 + 2λ3)σ(Eη, η, z)

which gives Eη = η and Fη = Eη = η. This implies

Fη = Eη = η = Nη = Mη

Therefore η is a common fixed point of the maps
M(x),N (x), E(x) and F(x).
The fixed point’s uniqueness is easily proved.

Theorem 5. Let E ,F ,M and N be self-maps of a 2-metric
space (X,σ) satisfying the conditions (3), (5) of theorem 1
and assuming
(i). the pairs the pair (E ,M) and (F ,N ) satisfies the
common (E.A) like property.
Then the pairs (E ,M) and (F ,N ) have a coincidence point
each and hence the maps E ,F ,M and N have unique
common fixed point.
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Proof: Since the two pairs of mappings (E ,M) and
(F ,N ) satisfy the common E.A like property, we find two
sequence {ln} and {tn} in X such that

lim
n−→∞

Eln = lim
n−→∞

Mln = lim
n−→∞

Ftn = lim
n−→∞

Ntn = ξ

where ξ ∈ E(X) ∩ F(X) or ξ ∈ M(X) ∩N (X).
Suppose ξ ∈ M(X) ∩N (X).
Now ξ ∈ M(X) there exists µ ∈ X such that Mµ = ξ.
Now, we prove that Mµ = Eµ, using inequality (5) with
x = µ, y = tn, we get

σ(Eµ,Ftn, z) ≤λ1[σ(Mµ,N tn, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N tn, z) + σ(N tn,Ftn, z)]

+ λ3

[
σ(Mµ,Ftn, z) + σ(Eµ,N tn, z)

2

]
+ λ3 [σ(Mµ,N tn, z)]

Letting n −→ ∞,

σ(Eµ, ξ, z) ≤λ1[σ(ξ, ξ, z) + σ(Eµ, ξ, z)]
+ λ2[σξ, ξ, z) + σ(ξ, ξ, z)]

+ λ3

[
σ(ξ, ξ, z) + σ(Eµ, ξ, z)

2

]
+ λ3 [σ(ξ, ξ, z)]

σ(Eµ, ξ, z) ≤
(
λ1 +

λ3

2

)
σ(Eµ, ξ, z)

this implies Eµ = ξ. Hence Eµ = ξ = Mµ, this gives µ is
a coincidence point of the pair of mappings (E ,M).
Again ξ ∈ N (X), we have ξ = Nν for some ν ∈ X.
we show that Nν = Fν, using the contraction condition (5)
with x = ln, y = ν

σ(Eln,Fν, z) ≤λ1[σ(Mln,Nν, z) + σ(Eln,Mln, z)]

+ λ2[σ(Mln,Nν, z) + σ(Nν,Fν, z)]

+ λ3

[
σ(Mln,Fν, z) + σ(Eln,Nν, z)

2

]
+ λ3 [σ(Mln,Nν, z)]

letting n −→ ∞,

σ(ξ,Fν, z) ≤λ1[σ(ξ,Nν, z) + σ(ξ, ξ, z)]

+ λ2[σ(ξ,Nν, z) + σ(Nν,Fν, z)]

+ λ3

[
σ(ξ,Fν, z) + σ(ξ,Nν, z)

2

]
+ λ3 [σ(ξ, ξ, z)]

≤λ1[σ(ξ, ξ, z) + σ(ξ, ξ, z)]

+ λ2[σ(ξ, ξ, z) + σ(ξ,Fν, z)]

+ λ3

[
σ(ξ,Fν, z) + σ(ξ, ξ, z)

2

]
+ λ3 [σ(ξ, ξ, z)]

≤
(
λ2 +

λ3

2

)
σ(ξ,Fν, z)

implies Fν = ξ is gives Fν = ξ = Nν.
By using the weakly compatible mappings of the pairs
(E ,M) and (F ,N ) and Eµ = Mµ,Fν = Nν, therefore
Eµ = EMµ = MEµ = Mµ and Fν = FNν = NFν =
Nν.

Now, we establish that ξ is a common fixed point of E and
M.
On using contraction condition (5) with x = ξ, y = ν implies

σ(Eξ,Fν, z) ≤λ1[σ(Mξ,Nν, z) + σ(Eξ,Mξ, z)]

+ λ2[σ(Mξ,Nν, z) + σ(Nν,Fν, z)]

+ λ3

[
σ(Mξ,Fν, z) + σ(Eξ,Nν, z)

2

]
+ λ3 [σ(Mξ,Nν, z)]

σ(Eξ, ξ, z) ≤λ1[σ(Mξ, ξ, z) + σ(Eξ,Mξ, z)]

+ λ2[σ(Mξ, ξ, z) + σ(ξ, ξ, z)]

+ λ3

[
σ(Mξ, ξ, z) + σ(Eξ, ξ, z)

2

]
+ λ3 [σ(Mξ, ξ, z)]

≤ (λ1 + λ2 + 2λ3)σ(Eξ, ξ, z)

implies Eξ = ξ. Therefore Eξ = ξ = Mξ. Now, we show
that the pair (F ,N ) has common fixed point ξ.
Using contraction condition (5) with x = µ, y = ξ, we get

σ(ξ,Fξ, z) ≤λ1[σ(Mµ,N ξ, z) + σ(Eµ,Mµ, z)]

+ λ2[σ(Mµ,N ξ, z) + σ(N ξ,Fξ, z)]

+ λ3

[
σ(Mµ,Fξ, z) + σ(Eµ,N ξ, z)

2

]
+ λ3 [σ(Mµ,N ξ, z)]

σ(ξ,Fξ, z) ≤ (λ1 + λ2 + 2λ3)σ(ξ,Fξ, z)

implies ξ = Fξ. Therefore ξ = Fξ = N ξ. Thus E ,F ,M
and N have ξ as a common fixed point.
Similarly, the theorem holds ξ ∈ E(X) ∩ F(X).
The uniqueness of a common fixed point can be easily
verified.

IV. CONCLUSION

This work demonstrates the existence of common fixed
points for weakly compatible mapping in 2-metric space.
Moreover, the fixed point theorem in 2-metric space is proved
using the property (E.A), common property (E.A) and (E.A)
like property, common (E.A) like Property.
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