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Abstract—The aim of this research paper is to study the
global existence of weak solution of magneto elastic interac-
tions, which is modeled by a three-dimensional mathematical
framework. A fractional generalization of the harmonic map
heat flow is coupled to an evolution equation for displacement
to characterize the model. Faedo-Galerkin method with some
commutator is used to estimate and prove global existence of
weak solutions for the proposed model.
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I. INTRODUCTION

THere is an interconnection among magnetic and elastic
properties of ferromagnetic materials. The different

couplings among these properties are known as magnetoe-
lastic effects. This latter can be classified into two main
classes, direct effects and their inverse effects. The crucial
direct effect is magnetostriction that basically represents
the phenomenon whereby a ferromagnetic sample deforms
thanks to magnetic interactions that could be either within the
sample itself ( spontaneous magnetostriction ) or the result
of an external magnetic field ( forced magnetostriction).This
magnetostriction leads to a state of constraints( even in the
absence of any external stress) which is responsible for the
rearrangement of the fields and other phenomena as well.
The magnetization in the magnetoelastic model results from
non-mechanical external forces and is not influenced by
the material’s mechanical state. The aim of this research
is to propose a model for the theoretical study of the
interaction between the elastic and magnetic processes. The
magnetoelastic dynamics in Θ = (0, T )×D (D is a bounded
open set of Rd, d ⩾ 1 and ∂D its boundary) are described
by the nonlinear parabolic hyperbolic coupled system (see
[22]):

Zt = νZ ×Heff − µZ × (Z ×Heff). (1)

ρ utt − div
(
S(u) + 1

2
L(Z)

)
= 0. (2)

The equation (1) is the equation of Landau-Lifshitz and
the equation (2) represent the displacement’s evolution. The
unknown Z is the magnetization vector,which is a map from
D to S2 (the unit sphere of R3) and Zt is its derivative
with respect to time. Let × denotes the vector cross product
in R3. In addition, we designate by mi, i = 1, 2, 3 the Z
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components. And ν ∈ R, and ρ > 0 are two physical
constants and µ is a positive parameter called the Gilbert
damping parameter. the effective field is denoted by Heff,
and in this work we have

Heff = −Λ2αZ − ℓ(Z,u) (3)

Where Λ = (−∆)
1
2 indicates the Laplacian’s square root.

It can be defined trough Fourier transformation [20],[24].
Throughout this work, for repeated indices, we use the
Einstein summation convention, and we are focused on the
case α ∈ (1, 3

2 ).

The vector ℓ(Z,u) and the tensors L(Z) , S(u) are given
by these following equations

ℓi = ζijklZjϵkl(u), i = 1, 2, 3.

Lkl = ζijklZiZj and Skl = σijklϵij(u).

Here

ϵij(u) = 1
2 (∂iuj + ∂jui)

refer to the components of the linearized strain tensor ϵ,

ζijkl = ζ1δijkl + ζ2δijδkl + ζ3(δikδjl + δilδjk),

σijkl = τ1(δijkl − δijδkl + δikδjl) + τ2δijδkl

with

 δijkl = 1 if i = j = k = l,

δijkl = 0 otherwise.

where σ = (σijkl) is the elasticity tensor. It is assumed to
satisfy these two following assumptions :

σijkl = σklij = σjikl (symmetry property)

and
(σijklϵijϵkl) ≥ β

∑
|ϵji|2 (4)

holds for someβ ≥ 0.

In the case where the effective field Heff is reduced to
−Λ2αZ, the equation (1) will be rewritten as

Zt = −νZ × Λ2αZ + µZ × (Z × Λ2αZ). (5)

Note that when α = 1, equation (5) conforms to the standard
Landau-Lifshitz equation. This equation is proposed in 1935
by Landau and Lifshitz, and it has been widely studied in the
past decades (we quote some references here [1], [2], [10],
[23]). Also, when ν = 0 and α = 1, the equation (5) is called
the heat flow of harmonic maps to the unit sphere which also
was widely studied in the past decades [16]. The authors in
[17], have studied the equation (5) for ν = 0 (generalization
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of the harmonic map heat flow to the fractional order)
under these two conditions α ∈ (0, 1) and α > d

4 . In the
general case, several works have been carried out on the
fractional Landau-Lifshitz equation we refer, for instance to
[11] that ”Guo and Zeng” have proven the existence of weak
solutions for equation of a simplified model for thin-film
micromagnetics under periodical boundary condition. The
paper [18] have considered the fractional Landau-Lifshitz
equation’s well-posedness without Gilbert damping appears
to be main purpose. Vanishing viscosity method proves the
global existence of weak solutions. For magneto-elasticity
coupling we refer, for instance in [22] where the authors
managed to establish the weak solution’s existence basing
their study on a three-dimensional case. For a reduced
model, in [4], the authors demonstrate both the existence and
uniqueness of the solutions and in [3], tackled the problem
of a one dimensional penalty and studied the gradient flow of
the associated type Ginzburg-Landau functional. A classical
solution, whose existence and uniqueness are demonstrated,
tends asymptotically for subsequences towards a stationary
point of the energy functional. In a recent work [7], the au-
thors proved the global existence of weak solutions to a one-
dimensional mathematical model describing magneto elastic
interactions by using Faedo-Galerkin/Penalty method. In [8],
and also based on the F.G.P method, the authors establish
the existence of weak solutions for a magneto-viscoelastic
model but without taking into account the external forces
acting on the system. Our aim here is to study a fractional
model arising in magneto elasticity, but this time in higher
dimension more precisely when d = 3 and in the more general
case in which mechanical external force act on the system.

Throughout the whole document, we put to use the sub-
sequent notations. Let D be an open-bounded domain of R3,
for p ∈ N∗ ,Lp(D) = (Lp(D))3 and H1(D) = (H1(D))3

are the classical Hilbert spaces equipped with the usual
norm denoted by ∥.∥Lp(D) and ||.||H1(D) (generally, the X
symbolizes the product functional spaces (X)3 ). For all
s > 0, W s,p designates the usual Sobolev space consisting
of all g such that

∥g∥W s,p := ∥F−1
(
1 + | · |2

) s
2
(
Fg

)
(·)∥Lp < ∞

where F and F−1 denote, respectively, the Fourier transform
and its inverse. Having Ẇ s,p denotes the corresponding
homogeneous Sobolev space, when p = 2, W s,p conforms
to the usual Sobolev space Hs and in this case we have

∥g∥Ḣs := ∥Λsg∥L2

The following parts of this paper are structured as follows.
Section 2 Introduces the model on which we are going to
work, and it gives a preliminary result. Section 3 presents our
main results which will be proving in section 5. In Section 4
we propose some lemmas which are beneficial to the work
in the rest of the paper. Section 6 concludes the paper.

II. MODEL AND PRELIMINARY RESULTS

The objective of this research is to prove the global
existence of weak solutions for the magnetization vector in
the spatial domain D = (0, 2π)d with periodic boundary con-
ditions. Consider d = 3 and assume that the gyromagnetic

ratio ν ̸= 0 and µ > 0. The x = (x1, x2, x3) denotes the
generic point of D. We consider the following system,

Zt = νZ ×Heff − µZ × (Z ×Heff)

ρ utt − div
(
S(u) + 1

2
L(Z)

)
= 0,

(6)

where Heff is given by (3) and h is a given external force.
For initial conditions let

Z(·, 0) = Z0, |Z0| = 1, (7)

u(·, 0) = u0, ut(·, 0) = u1, in D,

where the boundary conditions for the displacement vector
are

u = 0 on Σ := ∂D × (0, T ). (8)

The major difficulty in the first equation of (6) is the double
vector product. To overcome this difficulty, the equation (6)
is equivalent to Gilbert equation

Zt =
ν2 + µ2

ν
Z ×Heff −

µ

ν
Z × Zt. (9)

According to [4], we replace the first equation of (6) by
the quasi linear parabolic equation (Ginzburg-Landau type
equation).

Zε
t − ηZ × Zt + γΛ2αZε + γℓ(Zε,uε) +

|Zε|2 − 1

ε
Zε = 0.

(10)
where η = ν

µ , γ = ν2+µ2

µ , the parameter ε is positive and
Zε : D ×R+ → R3. The ε-penalization in the equation (10)
replaces the magnitude constraint |Z| = 1.

III. MAIN RESULTS

The aim of the present section is to define the weak
solution of the problem (6)-(7)-(8).

Definition III.1. Given Z0 ∈ Hα(D), |Z0| = 1 a.e., u ∈
H1

0(D), u1 ∈ L2(D) and h ∈ L2(Θ). The pair (Z,u) is
said to be a weak solution of the problem (6)-(7)-(8) if:
• for all T > 0, Z ∈ L∞(0, T ;Hα(D)),Zt ∈

L2(0, T ;L2(D)), |Z| = 1 a.e., u ∈ L2(0, T ;H1
0(D))

and ut ∈ L2(0, T ;L2(D));
• for all φ ∈ C∞(Θ) and ψ ∈ H1

0(Θ), we have:∫
Θ

(Zt × Z) ·φ dxdt− η

∫
Θ

Zt ·φ dxdt

+γ

∫
Θ

ΛαZ · Λα(Z×φ) dxdt

+γ

∫
Θ

(ℓ(Z,u)× Z) ·φ dxdt = 0

−ρ

∫
Θ

ut ·ψt dxdt+

∫
Θ

h ·ψ dxdt

+

∫
Θ

(
S(u) + 1

2
L(Z)

)
· ϵ(ψ) dxdt = 0;

• Z(0, x) = Z0(x) and u(0, x) = u0(x) in the trace
sense;
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• for all T > 0, we have:

γ

2

∫
D
|ΛαZ(T )|2 dx+

∫
Θ

|Zt|2 dxdt

+γρ
2

∫
D |ut(T )|2 dx+ γβ

4

∫
D |∇u(T )|2 dx

≤ γ

2

∫
D
|ΛαZ0|2 dx+

γρ

2

∫
D
|u1|2 dx

+ 3γτ
4

∫
D |∇u0|2 dx+ C(D, β, ζ, γ,h),

(11)

where C(D, β, ζ, γ,h) ≥ 0 .

The paper’s main result is as follows.

Theorem III.2. Consider α∈(1, 3
2 ), Z0∈ Hα(D) such that

|Z0| = 1 a.e., u0 ∈ H1
0(D), u1 ∈ L2(D) and h ∈ L2(Θ).

Hence there exists a weak solution of the problem (6)-(7)-
(8) in the sense the Definition III.1.

Proof: See section 5.

IV. A FEW TECHNICAL LEMMAS

This section is dedicated to introduce a few lemmas which
are going to be used in the rest of this paper.

Lemma IV.1. Assume these three spaces E,F et G are
Banach and satisfy E ⊂ F ⊂ G where the injections are
continuous with compact embedding E ↪→ F and E,G are
reflexive. Denote

H :=
{
u
∣∣u ∈ Lk0(0, T ;E), ut =

du

dt
∈ Lk1(0, T ;G)

}
where T is finite and 1 < ki < ∞, i = 0, 1. Then H ,
equipped with the norm

||u||Lk0 (0,T ;E) + ||ut||Lk1 (0,T ;G),

is a Banach space and the embedding H ↪→ Lk0(0, T ;F ) is
compact.

Proof: (see[15], (page 57)).

Lemma IV.2. For a bounded open set of Rd
x×Rt,Q. yn and

y in Lk(Q), 1 < k < ∞ so that yn satisfies ||yn||Lk(Q) ≤
C, yn → y a.e. in Q, then yn ⇀ y weakly in Lk(Q).

Proof: (see [15], page 12)

Lemma IV.3. (Commutator estimates). Assume that l > 0
and k ∈ (1,+∞). If u, v ∈ S (the Schwartz class) therefore

∥Λl(uv)− uΛlv∥Lk (12)

≤ C
(
∥∇u∥Lk1 ∥k∥Ẇ l−1,k2 + ∥u∥Ẇ l,k3∥v∥Lk4

)
and

∥Λl(uv)∥Lk (13)

≤ C
(
∥u∥Lk1 ∥v∥Ẇ l,k2 + ∥u∥Ẇ l,k3 ∥v∥Lk4

)
with k2, k3 ∈ (1,+∞) such that 1

k = 1
k1

+ 1
k2

= 1
k3

+ 1
k4

.

Proof: (see [5], [12], [13])

Lemma IV.4. Suppose that k > j > 1 and 1
k + l

d = 1
j .

Assume that Λlh ∈ Lj , then h ∈ Lk and there exist a
constant C > 0 such that

∥h∥Lk ≤ C∥Λlh∥Lj .

Proof: (see [20],[25])
we conclude this section by this lemma.

Lemma IV.5. If u and v belong to H2α
per(D) := {u ∈

L2(D)/Λ2αu ∈ L2(D)}, then∫
D

Λ2αu · v dx =

∫
D

Λαu · Λαv dx.

Proof: (see[11])

V. GLOBAL EXISTENCE OF WEAK SOLUTIONS

In this section, we are going to use the Faedo-
Galerkin/Penalty method to demonstrate the previous the-
orem III.2 .

A. Penalty problem

For a fixed parameter, ε > 0. We consider the following
penalty problem

Zε
t − ηZε × Zε

t + γΛ2αZε + γℓ(Zε,uε)

+
|Zε|2 − 1

ε
Zε = 0

ρ uε
tt − div

(
S(uε) +

1

2
L(Zε)

)
+ h = 0,

(14)

in Θ = D × (0, T ), with initial and boundary conditions are
as follows.

Zε(·, 0) = Z0, |Z0| = 1 a.e,

uε(·, 0) = u0, uε
t (·, 0) = u1, in D,

uε = 0 on Σ.

Applying Faedo-Galerkin method: consider an orthonormal
basis {gi}i∈N of L2(D) consisting of all the eigenfunctions
for the operator Λ2α ( [21], Ch.II proves the existence of
such orthonormal basis)

Λ2αgi = αigi, i = 1, 2, ...

under periodic boundary conditions, and an orthonormal
basis {fi}i∈N of L2(D) consisting of all the eigenfunctions
for the operator −∆

−∆fi = βifi, i = 1, 2, ...

fi = 0 on ∂D.

We obtain the next approximate problem in Θ = D × (0, T )

Zε,N
t − ηZε,N × Zε,N

t + γΛ2αZε,N + γℓ(Zε,N ,uε,N )

+
|Zε,N |2 − 1

ε
Zε,N = 0

ρ uε,N
tt − div

(
S(uε,N ) +

1

2
L(Zε,N )

)
+ hN = 0,

(15)
where the initial and boundary conditions are as follow:

uε,N (·, 0) = uN (·, 0), uε,N
t (·, 0) = uN

t (·, 0),
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Zε,N (·, 0) = ZN (·, 0), in D,

uε,N = 0 on Σ = ∂D × (0, T ).

and ∫
D

uN (x, 0)fi(x) dx =

∫
D

u0(x)fi(x) dx ,∫
D

uN
t (x, 0)fi(x) dx =

∫
D

u1(x)fi(x) dx,∫
D

ZN (x, 0)gi(x) dx =

∫
D

Z0(x)gi(x) dx.

and the vector hN satisfies∫
D

hN (x, t)fi(x) dx =

∫
D

h(x, t)fi(x) dx,

We are interested to find the approximate solutions
(Zε,N ,uε,N ) of (15) under the following form

Zε,N =
N∑
i=1

ai(t)gi(x) , uε,N =
N∑
i=1

bi(t)fi(x),

where ai and bi are R3-valued vectors.

Multiplying each scalar of the first and second equations
of (15) by gi and fi respectively, and then integrating in D
we obtain a system of ordinary differential equations where
the unknowns are (ai(t),bi(t)), i = 1, 2, ..., N . Based on
standard ordinary differential equations theory, we can easily
prove the existence of local solutions of the problem. This
latter can be extended on [0, T ] by using a priori estimates.
Therefore, multiplying the first and the second equations of
(15) by Zε,N

t and ε,Nt respectively, and integrating in D,
we obtain



∫
D
|Zε,N

t |2dx+ γ

∫
D
Λ2αZε,N · Zε,N

t dx

+γ
∫

Dℓ(Z
ε,N ,uε,N ) · Zε,N

t dx

+
1

4ε

d

dt

∫
D
(|Zε,N |2 − 1)2dx = 0

ρ

2

d

dt

∫
D
|uε,N

t |2dx−
∫
∂D

(
S(uε,N ) +

1

2
L(Zε,N )

)
n · uε,N

t dx

+

∫
D

(
S(uε,N ) +

1

2
L(Zε,N )

)
· ∇uε,N

t dx

+
∫

DhN · uε,N
t dx = 0

where n is the outer unit normal at the boundary ∂D. On the
other hand (note that ζijkl = ζjikl)

γ

∫
D
ℓ(Zε,N ,uε,N ) · Zε,N

t dx

= γ

∫
D
ζijklZ

ε,N
j Żε,N

i ϵkl(uε,N ) dx

=
γ

2

∫
D
ζijkl(Z

ε,N
j Żε,N

i + Zε,N
i Żε,N

j )ϵkl(uε,N ) dx

=
γ

2

d

dt

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N )dx

−γ
2

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N
t )dx,

and since both tensor S and L are symmetric, we have∫
D

(
S(uε,N ) +

1

2
L(Zε,N )

)
· ϵ(uε,N

t ) dx

=

∫
D

(
S(uε,N ) +

1

2
L(Zε,N )

)
· ∇uε,N

t dx,

and ∫
D
σijklϵij(uε,N )ϵkl(uε,N

t ) dx

=
1

2

d

dt

∫
D
σijklϵij(uε,N )ϵkl(uε,N ) dx.

By using the Lemma IV.5, we can write



∫
D
|Zε,N

t |2 dx+
γ

2

d

dt

∫
D
|ΛαZε,N |2 dx

+γ
2

d

dt

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N ) dx

−γ

2

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N
t ) dx

+
1

4ε

d

dt

∫
D
(|Zε,N |2 − 1)2 dx = 0

ρ

2

d

dt

∫
D
|uε,N

t |2 dx+
1

2

d

dt

∫
D
σijklϵij(uε,N )ϵkl(uε,N ) dx

+
1

2

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N
t ) dx+

∫
D
hN · uε,N

t dx = 0

Mutiplying second equation by γ and make sum with the
first equation, we obtain∫

D
|Zε,N

t |2 dx+
γ

2

d

dt

∫
D
|ΛαZε,N |2 dx

+
1

4ε

d

dt

∫
D
(|Zε,N |2 − 1)2 dx+

γρ

2

d

dt

∫
D
|uε,N

t |2 dx

+
γ

2

d

dt

∫
D
σijklϵij(uε,N )ϵkl(uε,N ) dx

+
γ

2

d

dt

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N ) dx

+γ

∫
D
hN · uε,N

t dx = 0.
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Then, integrating in time,∫
Θ

|Zε,N
t |2 dxdt+

γ

2

∫
D
|ΛαZε,N (T )|2 dx

+ 1
4ε

∫
D(|Z

ε,N (T )|2 − 1)2 dx

+
γρ

2

∫
D
|uε,N

t (T )|2 dx

+γ
2

∫
D σijklϵij(uε,N )ϵkl(uε,N )(T ) dx

+
γ

2

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N )(T ) dx

= −γ
∫
Θ
hN · uε,N

t dx+ γ
2

∫
D |ΛαZN (0)|2 dx

+
1

4ε

∫
D
(|ZN (0)|2 − 1)2 dx+

γρ

2

∫
D
|uN

t (0)|2 dx

+
γ

2

∫
D
σijklϵij(uN )ϵkl(uN )(0) dx

+
γ

2

∫
D
ζijklZ

N
i ZN

j ϵkl(uN )(0) dx.

(16)

Hence, we denote the left-hand side and the right-hand side
of (16) by Aε,N (T ) and AN (0) respectively.

Assuming there exist a positive parameter, ζ, satisfies
2ζ

9
>

sup
ijkl

|ζijkl| by using Young’s inequality, omitting superscripts,

we have

|ζijklZiZjϵkl(u)| ≤
2ζ

9
|Zi||Zj ||ϵkl(u)|

≤ 2ζ

9

( ζ

β
|Zi|2|Zj |2 +

β

4ζ
|ϵkl(u)|2

)
.

From where ∑
ijkl

|ζijklZiZjϵkl(u)|

≤ 2ζ

9

(9ζ
β

∑
i

|Zi|2
∑
j

|Zj |2 +
9β

4ζ

∑
kl

|ϵkl(u)|2
)

= 2ζ
( ζ

β

(∑
i

|Zi|2
)2

+
β

4ζ

∑
kl

|ϵkl(u)|2
)

=
2ζ2

β
|Z|4 + β

2

∑
kl

|ϵkl(u)|2.

Therefore, according to the idea introduced in [22] we have

γ

2
|
∫

D
ζijklZiZjϵkl(u)dx|

=
γ

2
|
∫

D

∑
ijkl

ζijklZiZjϵkl(u)dx|

≤ γ

2

∫
D

∑
ijkl

|ζijklZiZjϵkl(u)|dx

≤ ζ2γ

β

∫
D
|Z|4dx+

βγ

4

∫
D

∑
kl

|ϵkl(u)|2dx

=
ζ2γ

β

∫
D

(
|Z|2 − 1 + 1

)2

dx+
βγ

4

∫
D

∑
kl

|ϵkl(u)|2dx

≤ 2ζ2γ

β

∫
D

(
|Z|2 − 1

)2

dx+
2ζ2γ

β
vol(D)

+
βγ

4

∫
D

∑
kl

|ϵkl(u)|2dx

≤ 2ζ2γ

β

∫
D

(
|Z|2 − 1

)2

dx+
2ζ2γ

β
vol(D)

+
γ

4

∫
D
σijklϵij(u)ϵkl(u)dx.

by using (4). Now, for ε < β
16ζ2γ we have

γ

2
|
∫

D
ζijklmZiZjϵkl(u)dx|

≤ 1

8ε

∫
D

(
|Z|2 − 1

)2

dx+
2ζ2γ

β
vol(D)

+
γ

4

∫
D
σijklϵij(u)ϵkl(u)dx.

Which implies

γ

2

∫
D
ζijklZ

N
i ZN

j ϵkl(uN )(0)dx

≤ 1

8ε

∫
D

(
|ZN (0)|2 − 1

)2

dx

+
2ζ2γ

β
vol(D) +

γ

4

∫
D
σijklϵij(uN )ϵkl(uN )(0)dx,

and

− 1

8ε

∫
D

(
|Zε,N (T )|2 − 1

)2

dx− 2ζ2γ

β
vol(D)

−γ

4

∫
D
σijklϵij(uε,N )ϵkl(uε,N )(T )dx

≤ γ

2

∫
D
ζijklZ

ε,N
i Zε,N

j ϵkl(uε,N )(T )dx.

Based on the definition of Aε,N (T ) and AN (0) we have∫
Θ

|Zε,N
t |2 dxdt+

γ

2

∫
D
|ΛαZε,N (T )|2 dx

+ 1
8ε

∫
D(|Z

ε,N (T )|2 − 1)2 dx+
γρ

2

∫
D
|uε,N

t (T )|2 dx

+γ
4

∫
D σijklϵij(uε,N )ϵkl(uε,N )(T ) dx

− 2ζ2γ
β vol(D) ≤ Aε,N (T ),

and

AN (0) ≤ −γ

∫
Θ

hN · uε,N
t dx+

γ

2

∫
D
|ΛαZN (0)|2 dx

+
3

8ε

∫
D
(|ZN (0)|2 − 1)2 dx+

γρ

2

∫
D
|uN

t (0)|2 dx

+
3γ

4

∫
D
σijklϵij(uN )ϵkl(uN )(0) dx+

2ζ2γ

β
vol(D).

Since Aε,N (T ) = AN (0), we have∫
Θ

|Zε,N
t |2 dxdt+

γ

2

∫
D
|ΛαZε,N (T )|2 dx

+
1

8ε

∫
D
(|Zε,N (T )|2 − 1)2 dx+

γρ

2

∫
D
|uε,N

t (T )|2 dx
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+
γ

4

∫
D
σijklϵij(uε,N )ϵkl(uε,N )(T ) dx

≤ −γ

∫
Θ

hN · uε,N
t dx+

γ

2

∫
D
|ΛαZN (0)|2 dx

+
3

8ε

∫
D
(|ZN (0)|2 − 1)2 dx+

γρ

2

∫
D
|uN

t (0)|2 dx

+
3γ

4

∫
D
σijklϵij(uN )ϵkl(uN )(0) dx+

4ζ2γ

β
vol(D).

Now, we define the functional

Bε,N (T )

=

∫
Θ

|Zε,N
t |2 dxdt+

γ

2

∫
D
|ΛαZε,N (T )|2 dx

+ 1
8ε

∫
D(|Z

ε,N (T )|2 − 1)2 dx+
γρ

2

∫
D
|uε,N

t (T )|2 dx

+γβ
4

∫
D |∇uε,N |2(T ) dx,

then

Bε,N (0)

=
γ

2

∫
D
|ΛαZε,N (0)|2 dx+

1

8ε

∫
D
(|Zε,N (0)|2 − 1)2 dx

+
γρ

2

∫
D
|uε,N

t (0)|2 dx+
γβ

4

∫
D
|∇uε,N |2(0) dx.

Moreover

−γ

∫
Θ

hN · uε,N
t dx ≤ γρ

2
||uε,N

t ||2L2(Θ) +
γ

2ρ
||hN ||2L2(Θ),∫

D
|∇uε,N (T )|2 dx ≤

∫
D

∑
kl

|ϵkl(uε,N (T ))|2dx,

and under the assumption σijklϵij(u)ϵkl(u) ≤ τ |∇u|2
(for a positive constant τ ), we have∫

Θ

|Zε,N
t |2 dxdt+

γ

2

∫
D
|ΛαZε,N (T )|2 dx

+
1

8ε

∫
D
(|Zε,N (T )|2 − 1)2 dx+

γρ

2

∫
D
|uε,N

t (T )|2 dx (17)

+
γβ

4

∫
D
|∇uε,N |2(T ) dx ≤ γ

2

∫
D
|ΛαZN (0)|2 dx

+
3

8ε

∫
D
(|ZN (0)|2 − 1)2 dx+

γρ

2

∫
D
|uN

t (0)|2 dx

+
γ

2ρ
||hN ||2L2(Θ) +

3γτ

4

∫
D
|∇uN (0)|2 dx+

4ζ2γ

β
vol(D),

which implies
Bε,N (T )

≤
∫ T

0

Bε,N (t) dt+3Bε,N (0)+
γ

2ρ
||hN ||2L2(Θ)+

4ζ2γ

β
vol(D),

Based on Gronwall lemma, we obtain

Bε,N (T ) ≤ eT
(
3Bε,N (0) +

γ

2ρ
||hN ||2L2(Θ) +

4ζ2γ

β
vol(D)

)
.

Since u0 ∈ H1
0(D), u1 ∈ L2(D) and Z0 ∈ Hα(D) which

is embedded into L4(D) for 1 < α < 3
2 the right hand side

is uniformly bounded. Therefore, for constants C1, C2, C3,
C4 and C(h) independent of N

∫
D
(|ZN (0)|2 − 1)2 dx

=

∫
D
|ZN (0)|4 dx− 2

∫
D
|ZN (0)|2 dx+ vol(D)

≤ ||ZN (0)||4L4(D) + vol(D)

≤ C1||ZN (0)||4Hα(D) + C2

≤ C3,∫
D
|∇uN (0)|2 dx =

∫
D
|∇uN (0)−∇u0 +∇u0|2 dx

≤ 2

∫
D
|∇uN (0)−∇u0|2 dx+ 2

∫
D
|∇u0|2 dx

≤ 2||uN (0)− u0||2H1
0(D) + 2||u0||2H1

0(D)

≤ C4,

and
||hN ||2L2(Θ) = ||hN − h + h||2L2(Θ)

≤ 2||hN − h||2L2(Θ) + 2||h||2L2(Θ) ≤ C(h),

thanks to the strong convergences ZN (., 0) → Z0 in Hα(D),
uN (., 0) → u0 in H1

0(D) and hN → h in L2(Q). For the
other term (uN

t (0)), the estimate can be achieved in a simi-
larly way using course the strong convergence uN

t (., 0) → u1

in L2(D). Additionally, (for C being a constant which does
not depend on ε and N )∫

D
|Zε,N |2 dx =

∫
D
(|Zε,N |2 − 1 + 1) dx

≤ 1

2

∫
D
(|Zε,N |2 − 1)2 dx+ C.

Hence, for the fixed ε > 0 we have

(Zε,N )N is bounded in L∞(0, T ;Hα(D)),

(Zε,N
t )N is bounded in L2(0, T ;L2(D)),

(|Zε,N |2 − 1)N is bounded in L∞(0, T ;L2(D)),

(uε,N )N is bounded in L2(0, T ;H1
0(D)), (18)

(uε,N
t )N is bounded in L2(0, T ;L2(D)).

Notice that, (18) is owing to the Poincaré lemma. Addition-
ally, Based on the classical compactness results, we obtain
the next convergences to a two subsequences further notes
(Zε,N ) and (uε,N )

Zε,N ⇀ Zε weakly in L2(0, T ;Hα(D)),

Zε,N
t ⇀ Zε

t weakly in L2(Θ),

Zε,N → Zε strongly in L2(0, T,Hβ(D)) (19)

and a.e. for 0 ≤ β < α

|Zε,N |2 − 1 ⇀ ξ weakly in L2(Θ),

uε,N ⇀ uε weakly in L2(0, T ;H1
0(D)),

uε,N
t ⇀ uε

t weakly in L2(Θ),

uε,N → uε strongly in L2(Θ).
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The convergence (19) is concluded owing to Lemma IV.1.
Due to Lemma IV.2, we can reach that ξ = |Zε|2−1. Based
on the Sobolev embedding Hα(Θ) ↪→ L4(Θ), since 1 < α <
3
2 , the following compactness results are obtained.

Zε,N
i Zε,N

j → Zε
i Z

ε
j strongly in L2(Θ), (20)

and
Zε,N
i ϕj → Zε

i ϕj strongly in L2(Θ).

According to the previous estimation, we can pass to the
limit as N → ∞ and to reach the sought-after outcomes.
therefore, consider the variational formulation of (15)

∫
Θ

Zε,N
t · ϕ dxdt− η

∫
Θ

(Zε,N × Zε,N
t ) · ϕ dxdt

+γ
∫
Θ
ΛαZε,N · Λαϕ dxdt

+γ

∫
Θ

ζijklZ
ε,N
j ϵkl(uε,N )ϕi dxdt

+
∫
Θ

|Zε,N |2 − 1

ε
Zε,N · ϕ dxdt = 0

−ρ

∫
Θ

uε,N
t ·ψt dxdt+

∫
Θ

σijklϵij(uε,N )ϵkl(ψ) dxdt

+
1

2

∫
Θ

ζijklZ
ε,N
i Zε,N

j ϵkl(ψ) dxdt+

∫
Θ

hN ·ψ dxdt = 0,

(21)
for all ϕ ∈ L2(0, T ;Hα(D)) and ψ ∈ H1

0(Θ). Taking N →
∞ in (21), we get



∫
Θ

Zε
t · ϕ dxdt− η

∫
Θ

(Zε × Zε
t ) · ϕ dxdt

+γ
∫
Θ
ΛαZε · Λαϕ dxdt

+γ

∫
Θ

ζijklZ
ε
j ϵkl(u

ε)ϕi dxdt

+
∫
Θ

|Zε|2 − 1

ε
Zε · ϕ dxdt = 0

−ρ

∫
Θ

uε
t ·ψt dxdt+

∫
Θ

σijklϵij(uε)ϵkl(ψ) dxdt

+
1

2

∫
Θ

ζijklZ
ε
i Z

ε
j ϵkl(ψ) dxdt+

∫
Θ

h ·ψ dxdt = 0,

(22)

for all ϕ ∈ L2(0, T ;Hα(D)) and ψ ∈ H1
0(Θ). We proved

the next proposition.

Proposition V.1. Given Z0∈ Hα(D) such that |Z0| = 1 a.e.,
u0 ∈H1

0(D) and u1 ∈ L2(D). Then there exists a solution
Zε, for any positive ε small enough and any fixed time T , to
the problem (14) in the sense of distributions. Additionally,
we obtain the energy estimate below.∫

Θ

|Zε
t |2 dxdt+

γ

2

∫
D
|ΛαZε(T )|2 dx

+
1

8ε

∫
D
(|Zε(T )|2 − 1)2 dx+

γρ

2

∫
D
|uε

t (T )|2 dx (23)

+
γβ

4

∫
D
|∇uε|2(T ) dx ≤ γ

2

∫
D
|ΛαZ0|2 dx

+
γρ

2

∫
D
|u1|2 dx+

3γτ

4

∫
D
|∇u0|2 dx+

4ζ2γ

β
vol(D)+C(h).

Remark V.2. We can easly get (23) by taking the lower
semicontinuous limit in (17).

B. Convergence of approximate solutions

In this subsection, our goal is to pass to the limit in ε
(ε → 0). According to the estimate (23) we get

(Zε)ε is bounded in L∞(0, T ;Hα(D)),

(Zε
t )ε is bounded in L2(0, T ;L2(D)),

(|Zε|2 − 1)ε is bounded in L∞(0, T ;L2(D)),

(uε)ε is bounded in L2(0, T ;H1
0(D)),

(uε
t )ε is bounded in L2(0, T ;L2(D)).

There exist two subsequences further noted (Zε) and (uε)
such that the next convergences hold

Zε ⇀ Z weakly in L2(0, T ;Hα(D)),

Zε
t ⇀ Zt weakly in L2(0, T ;L2(D)),

Zε,N → Zε strongly in L2(0, T,Hβ(D))

and a.e. for 0 ≤ β < α

|Zε|2 − 1 → 0 strongly in L2(Θ) and a.e. (24)

uε ⇀ u weakly in L2(0, T ;H1
0(D)),

uε
t ⇀ ut weakly in L2(Θ),

uε → u strongly in L2(Θ).

|Z| = 1 a.e. is a consequence of the convergence (24). To
pass to the limit ε → 0 in (22) , consider ϕ = Zε×φ where
φ ∈ C∞(Θ). As ϕ is in L2(0, T ;Hα(D)), there holds



∫
Θ

Zε
t · (Zε ×φ) dxdt− η

∫
Θ

(Zε × Zε
t ) · (Zε × φ) dxdt

+γ
∫
Θ
ΛαZε · Λα(Zε ×φ) dxdt

+γ

∫
Θ

ζijklZ
ε
j ϵkl(u

ε)(Zε ×φ)i dxdt = 0

−ρ

∫
Θ

uε
t ·ψt dxdt+

∫
Θ

σijklϵij(uε)ϵkl(ψ) dxdt

+
1

2

∫
Θ

ζijklZ
ε
i Z

ε
j ϵkl(ψ) dxdt+

∫
Θ

h ·ψ dxdt = 0.

(25)

Recent convergences that we have established and a result
like the one in (20),Allows us to pass to the limit in (25) as
ε → 0 (except for the second and the third term of the first
equation).
For the first equation’s second term,
we set Ψε =

∫
Θ
(Zε × Zε

t ) · (Zε × φ) dxdt.
we have

Ψε =

∫
Θ

|Zε
t |2Zε

t · φ dxdt−
∫
Θ

(Zε · φ)(Zε · Zε
t ) dxdt.
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On the one hand ∫
Θ

|Zε|2Zε
t · φ dxdt

=

∫
Θ

(|Zε|2 − 1)Zε
t · φ dxdt+

∫
Θ

Zε
t · φ dxdt.

→
∫
Θ

Zt · φ dxdt.

On the other hand∫
Θ

(Zε ·φ)(Zε · Zε
t ) dxdt =

1

2

∫
Θ

∂t(|Zε|2 − 1)Zε ·φ dxdt.

=
1

2

[∫
D
(|Zε|2 − 1)Zε · φ dx

]T
0

−1

2

∫
Θ

(|Zε|2 − 1)∂t(Zε · φ) dxdt.

Now choose φ so that φ = 0 in t = 0 and t = T . thereafter[∫
D
(|Zε|2 − 1)Zε · φ dx

]T
0

= 0

Thus,∫
Θ

(Zε ·φ)(Zε ·Zε
t ) dxdt = −1

2

∫
Θ

(|Zε|2−1)∂t(Zε ·φ) dxdt.

= −1

2

∫
Θ

(|Zε|2 − 1)∂tZε · φ dxdt

−1

2

∫
Θ

(|Zε|2 − 1)Zε · ∂tφ dxdt.

→ 0

Hence
Ψε →

∫
Θ

Zt · φ dxdt.

Now for the third term of the first equation, the convergence
is not obvious since we encounter nonlocal operators Λα and
in this case the classical methods are not applied anymore.
However, commutator estimates (Lemma IV.3) provide us
proper tools, to which the success in the following owes a
lot. We start firstly by showing that Λα(Zε × φ) ∈ L2(Θ),
therefore using the multiplicative estimates (13) in Lemma
IV.3 to Zε and φ (for l = α, k = 2, k1 = 2d

d−2α , k2 =
d
α , k3 = 2 and k4 = ∞) for C being a constant which does
not depend on ε, we find

∥Λα(Zε ×φ)∥L2(D)

≤ C
(
∥Zε∥Lk1 (D)∥φ∥Ẇα,k2 (D)

+ ∥Zε∥Ḣα
(D)∥φ∥L∞(D)

)
= C

(
∥Zε∥Lk1 (D)∥Λαφ∥Lk2 (D) + ∥ΛαZε∥L2(D)∥φ∥L∞(D)

)
,

In Lemma IV.4, we take h = Zε, j = 2, l = α, k = k1 then
∥Zε∥Lk1 (D) ≤ C1∥ΛαZε∥L2(D). Therefore,

∥Λα(Zε ×φ)∥L2(D)

≤ C
(
C1∥ΛαZε∥L2(D)∥Λαφ∥Lk2 (D)+∥ΛαZε∥L2(D)∥φ∥L∞(D)

)
≤ C∥ΛαZε∥L2(D)

(
C1∥Λαφ∥Lk2 (D) + ∥φ∥L∞(D)

)
≤ C2

where the constants C1, C2 and C are independent of ε.

In the following, we are interested in studying the conver-
gence of the term

Iε :=

∫
Θ

ΛαZε · Λα(Zε ×φ) dxdt.

Let I :=

∫
Θ

ΛαZ · Λα(Z × φ) dxdt. We will show that

Iε → I as ε → 0. For this, we introduce the commutator
(see [17])

Γφ(Z) := Λα(Z ×φ)−φ× ΛαZ

in the first place, notice that Γφ(Z) ∈ L2(Q). therefore,
using (12) with k1 = ∞, k2 = 2, k3 = d

β and k4 = 2d
d−2β

with β = α − 1 (note that we have Ḣ
β
(D) ↪→ Lk4(Ω) for

the choice of k4 ), we find

∥Γφ(Z)∥L2(D)

≤ C1

(
∥∇φ∥L∞(D)∥Z∥Ḣβ

(D)
+ ∥φ∥Ẇα,k3 (D)

∥Z∥Lk4 (D)

)
≤ C1

(
∥∇φ∥L∞(D)∥Z∥Ḣβ

(D)
+ C2∥φ∥Ẇα,k3 (D)

∥Z∥Ḣβ
(D)

)
≤ C∥Z∥Hβ(D)

(
∥∇φ∥L∞(D) + ∥φ∥Ẇα,k3 (D)

)
≤ C ′∥Z∥Hβ(D).

Once again

∥Γφ(Zε − Z)∥L2(D) ≤ C∥Zε − Z∥Hβ(D).

Therefore

∥Γφ(Zε − Z)∥L2(Θ) ≤ C∥Zε − Z∥L2(0,T ;Hβ(D)).

Finally, since ΛαZ · (ΛαZ ×φ) = 0 we have

Iε =
∫
Θ
ΛαZε · Γφ(Zε) dxdt and

I =

∫
Θ

ΛαZ · Γφ(Z) dxdt.

Then
|Iε − I|

= |
∫
Θ

ΛαZε · Γφ(Zε) dxdt−
∫
Θ

ΛαZ · Γφ(Z) dxdt|

= |
∫
Θ

ΛαZε·Γφ(Zε−Z) dxdt+
∫
Θ

Λα(Zε−Z)·Γφ(Z) dxdt|

≤
∫
Θ

|ΛαZε·Γφ(Zε−Z)| dxdt+|
∫
Θ

Λα(Zε−Z)·Γφ(Z) dxdt|

≤ C∥Γφ(Zε − Z)∥L2(Θ) + |
∫
Θ

Λα(Zε − Z) · Γφ(Z) dxdt|

≤ C ′∥Zε−Z∥L2(0,T ;Hβ(D))+ |
∫
Θ

Λα(Zε−Z) ·Γφ(Z) dxdt|

→ 0

IAENG International Journal of Applied Mathematics, 53:4, IJAM_53_4_18

Volume 53, Issue 4: December 2023

 
______________________________________________________________________________________ 



Let ε → 0 in (25) , we obtain

∫
Θ

Zt · (Z ×φ) dxdt− η

∫
Θ

Zt · φ dxdt.

+γ
∫
Θ
ΛαZ · Λα(Z ×φ) dxdt

+γ

∫
Θ

ζijklZjϵkl(u)(Z ×φ)i dxdt = 0

−ρ

∫
Θ

ut ·ψt dxdt+

∫
Θ

σijklϵij(u)ϵkl(ψ) dxdt

+
1

2

∫
Θ

ζijklZiZjϵkl(ψ) dxdt+

∫
Θ

h ·ψ dxdt = 0,

for all φ ∈ C∞(Θ) and ψ ∈ H1
0(Θ). Note that ,

(11) can be easily get from (23). Then the Theorem III.2 is
proved.

VI. CONCLUDING REMARKS

In this study, a three-dimensional mathematical model
is proposed to describe the magneto elastic interactions in
order to obtain the global existence of weak solutions. A
fractional generalization of the harmonic map heat flow
and an evolution equation for the displacement are used to
describe the model. Due to the non-local collinearities in
the model and the special structure of the magnetization
equation, we employed the commutator estimate and
some calculus inequalities of fractional order to prove the
convergence of the approximate solutions. We intend to
pursue our investigation by studying this problem with a
fractional in time derivative and to establish an existing
result.
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