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Generalization and Sharpening of Zygmund-type
Inequality for Polar Derivative of a Polynomial

Reingachan N , Maisnam Triveni Devi ,

Abstract—In this paper, we sharpen some of the known
results of polar derivative of a polynomial by establishing the
Li-version of a known inequality on the polar derivative of a
polynomial. Our result generalizes as well as improves upon
some well-known polynomial inequalities in this direction.

Index Terms—polynomial, polar derivative, integral inequal-
ities, maximum modulus.

I. INTRODUCTION

Let p(z) be a polynomial of degree n. Then, according to
a famous well-known classical result due to Bernstein [6],
max ' (2)] < n max Ip(2)]. (1
Inequality (1) is sharp and equality holds if p(z) has all its
zeros at the origin.
If p(z) is a polynomial of degree n having no zero in
|z| < 1, then Erdds conjectured and later Lax [19] verified
that n
max p'(2)] < 5 max [p(2)]. @)
|z|= 2 |z|=1
Inequality (2) is best possible and equality holds for
p(z) = a + bz", where |a| = |b].

For the class of polynomials p(z) of degree n not vanish-
ing in |z| < k, k > 1, Malik [20] proved

max |p (2)] < —— max [p(2)]. 3)

|z|=1 14k jz|=1

Next, Bidkham and Dewan [7] generalized inequality (3) and
obtained

Theorem 1. If p(z) is a polynomial of degree n having no
zero in |z| <k, k > 1, then for 1 < R <k,

n(R+ k)" !
(1+Ek)m
The result is best possible and equality in (4) holds for
2+ k\"
pl) = (1 n k> '
Aziz and Z%rgar [5] considered the class of polynomials
p(z) =ao+ VZM a,z’,

ax |p(z)]. )

max |7 (2)] < m
|z|=1

|z|=R

1 < < 'm, not vanishing in |z| < k,
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k > 1, and proved the following generalization of Theorem
1.

n
ap + Y, a2’
v=p

polynomial of degree n having no zero in |z| < k, k > 1,
then for 0 <r < R <k,

nRATL(RI 4 k)i
(fr/L + kl‘)%

The result is best possible and equality in (5) holds for
p(z) = (2" + k™) », where n is a multiple of p.

As an improvement and generalization of Theorem 2, Aziz
and Shah [4] proved

Theorem 2. If p(z) = 1<pu<mnisa

max |p(2)].  (5)

|z|=r

(2)] <
max[p (2)] <

n
Theorem 3. If p(z) = ag + > a,2",

v=p
polynomial of degree n having no zero in |z| < k, k > 0,
then for 0 < r < R <k,

1< pu<nisa

, u=1(Ru 4 fryp—1
ma |p (2)] < 2R
|z|=R (ri + k)

{max ()1 - min 1 ©
The result is best possible and equality in (6) holds for
p(z) = (2" + k™), where n is a multiple of p.

Further, by involving some of the coefficients of the poly-
nomial, Chanam and Dewan [9] obtained an improvement of
Theorem 3.
Theorem 4. If p(z —ao—l—Za,, 1< pu<nisa
polynomial of degree n havmg no zero in |z| < k,k > 0,
then for 0 <r < R <k,

| <nx

max z
max [p (2)

© ‘“u‘
n Jag[—m

Ru-{-l +ku+1 + H

ku+1R;¢ 1 + RH
el (ke Ry 4 B2 R)

4 ‘au| k,u-‘rltu 1+tu

R
Xexp n/ n Jaol=m dt
ro el +ku+1 + ILI |‘1|u‘ (kp,-i—ltp +k2ut)

L maxlp(a)] - min ()1} @
For a polynomial p(z) of degree n, we now define the
polar derivative of p(z) with respect to a real or complex

number o as
Dap(z)

’

=np(2) + (@ = 2)p (2).
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This polynomial D,p(z) is of degree at most n — 1 and it
generalizes the ordinary derivative p (z) in the sense that

lim LQP(Z) :p/(z),

a—00 «

uniformly with respect to z for |z| < R, R > 0.

Aziz [2] was the first to extend some of the above inequal-
ities to polar derivative. He, in fact, extended inequality (3)
to polar derivative by proving that, if p(z) is a polynomial
of degree n having no zero in |z| < k, k > 1, and for every
real or complex number « with || > 1,

lo| + &
14+ k

|z

max |Dap(2)| <1 ( ) max Ip(2)]. (8)

Dividing both sides of inequality (8) by |a| and letting
|a] = oo, we obtain inequality (3).

Over the last four decades, a large number of results
concerning the polar derivative of polynomials was obtained
by many different authors. More information on classical
results and polar derivatives can be found in the books of
Milovanovi¢ et al. [23], Rahman and Schmeisser [31] and
Marden [21]. We can also see in the literature (for example,
refer [11], [16], [18], [22], [25], [26], [27], [28], [33], [34],
[35]) the latest research and development in this direction.

If we examine inequalities (2) due to Erdos-Lax [19]
onwards to inequality (7) of Theorem 4, it is concluded
that these inequalities give upper bound estimates of
the maximum modulus of the ordinary derivative of a
polynomial on a bigger circle in terms of the maximum
modulus of the polynomial itself on a smaller circle, where
both the circles are prescribed on the zero free open disc
and its boundary. Similar further extensions for the polar
derivative of a polynomial were made by Dewan and Singh
[13] by extending Theorems 2 and 3 into polar derivative as
follows.

n

Theorem 5. If p(z) = ap + > a2, 1 < p < n, isa
v=p

polynomial of degree n having no zero in |z| < k, k > 0,

then for every real or complex number o with |o| > R and
0<r<R<E

oy fer) 1
n(RF + k) "

max |Dap(2)| < 7
IDap(2)] <

|z|=R -

(k" + |a|R*~") max [p(2)|. 9)

|z|=r

n
ag+ >, ayz¥, 1 < p < nisa
v=p
polynomial of degree n having no zero in |z| < k, k > 0,
then for every real or complex number « with |a| > R and
O0<r<R<E

Theorem 6. If p(z) =

w pyp—1
<MX

max |Dap(2)| = (7’“ + k#«)u

|z|I=R

(0 o) o 2]

n

(r + k)

E* + |o| R*Y -
{( ol -

} i |p<z>]. (10)

Similarly, Bidkham et al.[8] extended Theorem 4 to polar
derivative and proved

n
Theorem 7. If p(z) = ap + > a2, 1 < p < n, isa
v=p
polynomial of degree n having no zero in |z| < k, k > 1,
then for every real or complex number o with |o| > R and
0<r<R<E,

max 10,00 < s | (15 450

X exp {n/R Atdt} max[p()
+ <s;<u> +1- <|QR| + sg(m) exp{n/rR Atdt}) m]

(11)
where m = |H|1ink Ip(2)],
A % |a|oc?i‘m krtign=t 4 o (12)
t = )
gl ot 2 e (et o)
and
la,|RE*~1
/ k pt (%) \Zol—er
SO(N’) - <R> (E) la,, |[krt1 (13)
n/ (Jag|-m)R

It was Zygmund [36] who extended Bernstein’s inequality
(1) into L9 version for ¢ > 1, whereas for 0 < ¢ < 1 was

proved by Arestov [1] that
27 ) %
<n {/ |p(ew)qd9} .
0

{ " p (e pas

Inequality (2) due to Erdos and Lax [19] was extended
into L9-setting by de-Brujin [10] for ¢ > 1 and Rahman
[30] for 0 < g < 1 by establishing

2m %
{ / p’(e”nqdo} < n x
0

{% 0% 1+ eia|qda}

Q=

Q=

{ " (e pran}”

Later, similar extension into LY analogue of inequality (3)
due to Malik [20] was made by Gardner and Weems [15]
and independently by Rather [32] and proved

(14)

{ / " |p’<e”>|qde}q < { n x

= 027'r |k + eia|qda}

{ " |p<e1‘9>|qd9}3’ .

It is of interest to obtain L? inequalities for the polar
derivative of a polynomial. In this direction, for the first time

Q=

15)
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Govil et al. [17] generalized inequality (14) due to de-Brujin
[10] and Rahman [30] for polar derivative version by proving

Theorem 8. If p(z) is a polynomial of degree n having no
zero in |z| < 1, then for ¢ > 1 and for every real or complex
number o with |a| > 1,

27 q
{/ |Dap(ei9)qd9} < n(la| +1)F,x
0
2 ) %
{ / |p<e”>|%ze} ,
0
1 27 . 7T1
F,={— 1+ efe|d .
q {27TA [1+e |do¢}

Next, Aziz et al. [3] extended inequality (15) for the polar
derivative as

where

Theorem 9. If p(z) is a polynomial of degree n having no
zero in |z| < k, then for k > 1, then for ¢ > 1 and for
every real or complex number o with |a| > 1,

27 %
{ / |Dap<e"9>|w9} < (o] + H)G,
0

2 %
{ [ wenpas}”
0
1 27 ) e
e i |q
Gy {27r/0 |k +e |da} .

Recently, improved bounds of Theorem 9 were proved by
Milovanovi¢ and Mir [22].

where

Very recently, Theorems 5 and 6 were extended to LY
analogue by Maisnam et al. [12] as follows.

n
Theorem 10. If p(z) = ag + >, a,z
v=p
polynomial of degree n having no zero in |z| < k, k > 0,
then for every q > 0 and for every real or complex number

a with |a] > R, and for 0 <r < R <k,

1< pu<n isa

1

27 q
{/ |Dap(Rei")|Qd9} <
0
1
{(3) +9)
27 " . %
(201(5)" + o)
q

27 i R ntﬂ—l %
X [/0 {|p(re )| +/r m +kﬂM(}D,t)dt} dﬁ} ,
(16)

where

M(p,t) = maXIp( -

n
Theorem 11. If p(z) = ap+ >, a,2", 1 < p < n,isa
v=p

polynomial of degree n having no zero in |z| < k, k > 0,

then for every q > 0 and for every real or complex numbers

27 %
{/ |Dap(Re™) + npm| d@} <
0

(-5
() -evef

nth— 1

< {4 7

dt — |B|m}qd0} y

max |p(z)|, m = min |[p(z)].

|z|=t |z|=Fk

p,t)dt

fR ntt—1

—Jr kegee (17

where M (p,t) =

II. LEMMAS

We need the following lemmas to prove our theorem.

Lemma 12. If p(z —ao—l—ZaV”,lgugn, is a

v=p

polynomial of degree n having no zero in |z| < k, k > 1,

then
’ n
i (9] < s o) - mf . a9

where m = min |p(z)]
|z|=k
and

p_laul Je— 1_|_1

n lag|—m

© |a}L\ k,,u+1_|_1

n lag|—m

so(p) = !

The above lemma is due to Gardner et al. [14].
Lemma 13. If p(z —ao—l—ZaV”,lgugn, is a
v=p
polynomial of degree n having no zero in |z| < k, k > 1,
then for any complex number o with || > 1, and for ¢ > 0

{ / " |Dape 19>|Qd9} < n(ja] + To())Cs (To(u)) x

{ " |p(e”>|we}; |

)il 41
Gl

19)

where

and

—1

¢ i) = {57 [ " T vepasf

This lemma is due to Mir and Ahmad [24].
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Lemma 14. If p(z —aOJrZa,, .1 < pu<mn,isa

polynomial of degree n havmg no zero in |z| < k,k > 0,
then for 0 <r < R <k,

Ip(Re)| < [p(re'®)| 4+ n x

IR T L AR
Togntlp s Ialoa‘“‘m(k“+1t“+k2“t)+k“+l
{M(p,t) —m}dt, (20)
and
Aﬂn)+nx
fr t“'+1+k“+1+ﬁ aloa\‘i‘m(k“_'—lt“'"k%t)
< {M(p,r) —m} x
R B \a‘oalli‘ ErLpp—1 g
exp nfy Lt 1 ao‘u_lm (knt1tn4k20t)
+m, (21)
where m = ‘H‘li% p(z), M(p,t) = |m|ax Ip(#)| and
z|= z|=t

M(p,r) = max |p(2)]

Proof: Since p(z) has no zero in |z| < k, k > O then
for 0 < t < k, P(z) = p(tz) has no zero in |z| < & k& > 1,
Thus on using Lemma 12 to |p(z)|, we have

t’t

n

L lapl 4y 1
14 Byt § Emmlem G
t ot gk yutig
n lag|—m

pp§bo()\§

X {maX|p( )| = min [P(z )l}

[z|=1 |z|=4%
where

m—mmU%N—Tm@WN—mmM)

lol=% 2| =%

|z|=k
t
Which gives

tmax|p (z)] < nx

[z|=t
plaul k““
nlal-m 7 T 1
m |au\ fent1 © la,| k21 fent1
I R T nTagl—m & 1 AT

X{ﬁguﬁdk—m},

which is equivalent to

max |p (2)| < nx
|z|=t

123 |a|07;i‘ Jertlppn—1 4 th
tu-}—l + n‘ ‘a‘ul (ku+1tu+k2ut) ku—&-l
X {mlax Ip(2)] — m} . (22)
Now, for 0 < r < R<k and 0 < 6 < 27, we have

R
Ip(Re®) — p(re’®)| < / 1P (te")|dt

which implies

R
Ip(Re™)| < |p(rei®)| + / P (te®)dt. (23)

Since

R 7 . R 7
/ 1P (te™)]dt < / x|y (2)]d,
r r z|=t

using inequality (22) in (23), we get the first inequality (20)
of Lemma 14.
Further, taking maximum over # in inequality (20), we
have
f?ax|p( )Iféfan\p(ZH‘+7%X
R

© |au‘ ku+1tp, 1+tlt

R
n Jao|—
/r 1 4 u‘ |au| (k“+1t/‘ k:2“t) + kptl
X {M(p, t) - m} dt.

Now, let us denote the right hand side of inequality (24) by
¢(R). Then

(24)

/ p_laul k;’”‘lR“ L Ru
¢ (R)=n et
R+ 8 e (e R

X {M(p7R) -

@(R), equality (25) can be written as

m}. (25)

Using M(p, R) <
¢ (R) —n{Ar} x {¢(R)

s |a“\
n Jag[—m

—m} <0. (26)

kHTLIRR— 1+R“
Rettp b 0T (ot iy k2n R et
Multiplying both sides of (26) by exp{—n [ ArdR}, we
get

where Ap =

< {¢<R>—m}exp{—n / ARdR}] <0 @

It is concluded from (27) that the function

{6(R) —m}exp {—n / ARdR}

is a non-increasing function of R in (0, k].
Hence for 0 < r < R <k,

{6(r) — m} eap {—n / Atdr}

2{¢Uﬂn&exp{n/:%dR},

where A; is as defined in (12),
which is equivalent to

‘R
{¢(r) —m}exp {n/ Atdt}

> {¢(R) —m}.
M (p,r) and using the value of ¢(R) in (28),

(28)
Since ¢(r) =

we get

R
M(p,r)+n / A {M(p,t) — m} dt
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R
<{M(p,r) —m} exp{n/ Atdt} +m

This completes the proof of inequality (21) of Lemma 14.

|
The following lemma is due to Govil and Kumar [16].
Lemma 15. Ifa > 1,b>c> 1, and q > 0, then
b
at < Y 9

{57 le + b|‘Id9}% - {J57 1e® + cladp}”

Lemma 16. If p(z —ao—i—ZaV 1< pu<mnisa
v=p
polynomial of degree n having no zero in |z| < k,k > 0,
then
W laplk”

n |ag| —

<1, (30)

where m = min |p(z)|.
|2|=k

This lemma is due to Gardner et al. [14].

Lemma 17. If p(z) :a0+2ayz”, 1< pu<mnisa

polynomial of degree n having_ no zero in |z| < k,k > 0,
then 0 < R <k,

|au‘R

\GO\

M |"u‘

n lao|—

Proof: Since p(z) # 0 in |z| < k,k > 0, then for

0 < R < k, the polynomial P(z) = p(Rz) # 0 in

L2k 4 et
> 1.
ku—t—lRu + Rp,-t—l

€29

|z < %, % > 1. Applying Lemma 16 to the polynomial
P(z), we have
HM[C# < 1. (32)
n lag| —
Since R < k, we have
0 < R*k — Rk* < kML — ReTL (33)

Multiplying (32) and (33) sidewise, we have

B LRy
nlag] —m

which is equivalent to (31) and the proof of Lemma 17 is
completed. ]

< (BT - R,

Lemma 18. If p(z) is a polynomial of degree n having no
zero in |z| < k,k > 0, then

lp(z)| =m  for [z <k, (34)
where m = ‘n‘m}c |p(2)].
This lemma is due to Gardner et al. [14].
Lemma 19. The function
Lol g1 4 g
g(x) _ kt—H n_x (35)
tloelpetr 4 q

where k > 1,t > 0,n € N, is a non-decreasing function of
x> 0.

Proof: The proof follows simply by first derivative test.
|

III. MAIN RESULT

In this paper, we generalize and strengthen some of the
previously mentioned inequalities by establishing the L9
inequality of Theorem 7, where the value of k is also
extended from k > 1 to k > 0. Moreover, our result reduces
to several interesting generalisations and improvements of
known inequalities in this direction. More precisely, we prove

= ao—i—Za,,

polynomial of degree n havmg no zero in |z| < k, k > 0,
then for every q > 0 and for every real or complex numbers

Theorem 20. If p(z 1< pu<nisa

2m T
{/o |Dap(Re™) + nb’m|qd9} <n <|04R| + SS(/J)) X

C(so(n) VO% {p(re”)l +n/TRAt><

(M(p,t) —m}dt — |Blm}? do]"

where M (p,t)
is as defined in (12) and (13) and

(36)

= ma[p(=)], m = min p(=)|, A and 5,(12)

—1

Cy(so(1)) = {;ﬁ / 2’T|s;<u>+e”|qdw} "

a0+zay >

1 < p < mn, has no zero in |z| < k, k > 0, therefore for

every real or complex number 3 with || < 1, by Rouche’s

Theorem, the polynomial p(z)+ Sm, where m = l]nr‘lilf}i [p(2)],
2=k

(37

Proof: Since the polynomial p(z) =

has no zero in |z| < k, k> 0.Let 0 <r < R <k, thenthe
polynomial P(z) = p(Rz) + pm has no zero in |z| < %

]R > 1, and hence applying Lemma 13 with § = % such that
o >1,

{/:ﬂ IDs {p(Re') + fm} quH}; <n {@' - SR(N)}

X O (Sr(n) { / 7 p(Re) 1 ﬁmlqu}; ,

(38)
where
lap|R" (g \H—1
s = () { B (1
‘a"|Ru k pn+1
R %|agl—)\m| (E) +1
and

1

1 27 i _T

Gyt = {55 [ 1800 + e}
™ Jo

Using Lemma 18, |p(z)| > m for |z| < k, i.e., in particular,

lag| > m. Since |A| < 1, we have |[Alm < m < |ag|, and

therefore

lag — Am| > |ag| — |A|m > |ag] —
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Using the fact of Lemma 19, we have Sg(p) > s,(x), where

la,|RE*™1
’ . k utl % \}ao\—m +1
SO(M)* E W \a“\k“‘"l +1 )
n

(lao|-m)R

(39)

and by Lemma 17, sy(p) > 1.
Now using the fact of Lemma 15, (38) becomes

1

LT 104 (o) 4 my o) <

o B s e

27 %
{/ Ip(Re') + Bm|qd0} .
0

D

(40)

Since

p(Re?) =n {p(Rew) + 5m}
+(% — eiQ)Rpl(Rem)
= Dop(Re™) +npm,

K3
R

(40) is equivalent to

Q=

{ " |Dap(Re®) + n5m|qd6‘}
n {15+ i) } s s0()
{27 (1) + pmiode)}*
Now, we choose the argument of 3 suitably such that
[p(Re™) + Bm| = |p(Re™)| — |B[m. (42)

If we use equality (42) in the right hand side of (41), we get

(41)

{ 0% |Dap(Re) + nﬂm|qd0}% <
n {15+ 50 } € (s ()

1
{J57 [Ip(Re™)| + |8m] "0} " .
By using inequality (20) of Lemma 14 in (43), we have

(43)

1
q

2
{/ |Dap(Re™) + nﬁquﬁ} <
0

(6 ’ ’
w5+ e
27 ] R
[/ {|p(re7’9)| + n/ Ay x
0 T
{M(p,t) —m}dt —|Blm}* o], (44)
and this completes the proof of Theorem 20. ]

Remark 21. Tuaking limit as ¢ — oo in (36), we have

mat |Dap(2) +nfm| <
z|=R

o ()

X [M(p,r) +n/TRAt{M(p7t) —m}dt— Iﬁm}, (45)

where A, is as defined in (12).
Using the simple fact

|Dap(z) +npm| = |Dap(2)| — n|B|m,

and inequality (21) of Lemma 14 in inequality (45), we
have

max |Dap(z)| <

212 —1+n()(|?z“°(“)>x

R
{M(p.r) —m}exp {n/ Atdt}—i—m—

which on taking limit as |3| — 1 becomes inequality (11) of
Theorem 7.

Remark 22. Dividing both sides of inequality (36) of The-
orem 20 by |«| and taking limit as |a| — 0o, we have

Wm%mmm

n
Corollary 23. If p(z) =ao+ > a2z, 1 < p<mn, isa
=
polynomial of degree n having no zero in |z| < k, k > 0,
then for every q > 0 and for every real or complex number
B with |B| <1, and for 0 <r < R <k,

{57 (Re) a0} < 4C, (sy()

{ ;)% {|p(rei9)| + nfTR A x

Q=

{M@ﬁ—m&ﬁ—ﬂmww}, (46)

where M (p,t)
C.(sy(1)) is as defined in Theorem 20.

= ‘m‘ax |p(2)|, At is as defined in (12) and
z|=t

Remark 24. Taking simultaneous limit as ¢ — oo and
|B] = 1 in (46) of Corollary 23, we have

max |p <
e R‘ ( )l
la] +1 1
Z |a0|u k“ RN +RM

lau]

Rqul +kp,+1 + H‘ ‘

_ (knt+1Re 4 k24R)

R
xfmﬂm>+nj A {M(p,t) — m}dt -

which on applying inequality (21) of Lemma 14 gives
inequality (7) of Theorem 4.

Remark 25. Putting R = r in Corollary 23, we obtain a
generalized L7 extension of Lemma 12 proved by Gardner
et al. [14].

Corollary 26. If p(z) =ap+ >, a2, 1 < p<mn, isa
polynomial of degree n having no zero in |z| < k, k > 0,
then for every p > 0 and for every real or complex number
B with |8] < 1, and for r < k,

1
PNT!
/‘p (re’e)‘ o ; <
27

o]

<

E

sp(u) + e |? d”}
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27 q
[ Aiptre™) = 1sim}* ao| .
0

where sy(1) is as defined in Theorem 20,
which for r = 1 and | 3| — 1 gives LY analogue of inequality
(18) of Lemma 12.

Remark 27. Theorem 20 improves as well as generalizes
both Theorems 10 and 11 of Maisnam et al. [12].

Remark 28. Further, if R =r = k = p = 1, Theorem 20
yields an improved L-version in polar derivative of the L9-
inequality (14) in ordinary derivative proved by de-Brujin
[10].
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