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Local Lie Triple Derivations on Triangular
Algebras

Jinhong Zhuang, Yanping Chen

Abstract—In this paper, by using the structure properties of
algebras and the technique of matrix operation, we investigate
the structure of local Lie triple derivations on triangular
algebras. Under some mild conditions, we prove that each local
Lie triple derivation of triangular algebras can be expressed as
the sum of a derivation and a linear map from the triangular
algebra to its center that vanishes at Lie triple products. Finally,
we apply the main result to the problem of characterizing local
Lie triple derivations on an upper triangular matrix algebra.

Index Terms—Triangular algebra, Derivation, Local Lie
triple derivation.

I. INTRODUCTION

ET U be an unital algebra over a commutative ring R,

ZU) = {u € Uluv = vu,Yv € U} be the center of
U. Given u,v,w € U, [u,v] = uv — vu indicates the Lie
product of u and v; the notation [[u, v], w] represents the Lie
triple product of u,v and w. Let d : Y — U is an R-linear
map. d is called a derivation of U if

d(uwv) = d(u)v + ud(v), Yu,v € Y.
d is called a Lie derivation of U if
d([u,v]) = [d(u),v] + [u,d(v)], Vu,v € U.
d is called a Lie triple derivation of U if Yu,v € U,
d([[u, o], w]) = [[d(u), v}, w] + [[u, d(v)], w] + [[u, ], d(w)].

The derivation can be understood as an algebraic extension
of differentiation, and it holds significance in the analysis of
rings or algebraic structures. The renowned Posner’s theo-
rem [1] effectively illustrates the strong correlation between
derivations on prime rings and the commutativity of those
rings. Subsequently, many scholars studied the structures
of derivations on different algebras or rings [2-5,17]. The
investigation of local derivations originated from the ground-
breaking research conducted by R. Kadison, D. Larson and
A. Sourour [6,7]. In [6], Kadison initially introduced the
concept of local derivation. Recall that an R-linear mapping
d of U is called a local derivation if, for any u € U,
there exists a derivation d,, of U that depends on w satis-
fying d(u) = d,(u). He proved that each local continuous
derivation from a von Neumann algebra to its dual bimodule
can be categorized as a derivation. In a subsequent study,
Larson and Sourour [7] conducted an examination of lo-
cal derivations on standard operator algebras B(X). Their
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findings demonstrated that each local derivation of B(X)
is a derivation. Johnson [8] considered this problem in C*-
algebra and obtained the same result. Recently, Bresar [9]
extended this conclusion to the algebra generated by all their
idempotents.

Inspired by the study of local derivation, many researchers
have studied local Lie derivation. Recall that an R-linear
mapping d of U is called a local Lie derivation if, for any
u € U, there exists a Lie derivation d,, of ¢/ that depends on u
satisfying d(u) = d,, (u). In [10], Chen et al. proved that each
local Lie derivation of operator algebras on a Banach space
may be classified as a Lie derivation. After that, the similar
conclusion has been obtained for nest algebras on Hilbert
spaces[11], for factor von Neumann algebras [12] and for one
particular kind of triangular algebras [13]. Liu studied local
Lie derivations on generalized matrix algebras in [14] and
shown that every local Lie derivation of generalized matrix
algebras is standard when certain conditions are met. This
means that each local Lie derivation takes the form d + 7,
in which d is a derivation, 7 is the central-valued mapping.

More generally, we say that d is a local Lie triple deriva-
tion of U if, for any u € U, there exists a Lie triple derivation
d, of U that depends on u satisfying d(u) = d,,(u). Xiao
and Wei [15] demonstrated that each Lie triple derivation
on triangular algebras is standard. It is natural to question
whether or not each local Lie triple derivation on triangular
algebras is standard. Based on these results, we investigate
local Lie triple derivations in triangular algebra and demon-
strate that they can be expressed in a standard form under
certain conditions.

II. PRELIMINARIES

This section will introduce the fundamental concepts and
lemmas used in the following sections.

Assume that A and B be unital algebras over a commuta-
tive ring R, M be a nonzero (A, B)-bimodule. Under matrix-
like addition and multiplication, the set

{6 )

forms an algebra on R . This is referred to triangular
algebra. This algebra was first introduced by Chueung [16].
Furthermore, we assume that (A, B)-bimodule M is faithful,
that is, if aM = {0} implies a = 0 for every a € A and if
Mb = {0} implies b = 0 for every b € B.

Define the projections m4 : 7 — A and mp : T — B by

a m a m
ﬂ-AOb:a’ﬁBOb:b'

In the last section of the paper, the next lemma will be
used.

aeA,meM,beB}
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Lemma 2.1.1'5] Let 7 be a triangular algebra. Then

zn-{(5 1)

Lemma 2.2.['Y Let 7 be a 2-torsion-free triangular algebra
(i.e. Yz € T, 2 = 0 implies z = 0). Suppose that

TA(Z(T)) = Z(A), m8(Z(T)) = Z(B)

am = mb,Vm € /\/l}

(C1)
and

Z(A) = {al[[a, z],y] = 0,Vz,y € A}, or

Z(B) = {b[[[b,z],y] = 0,Vz,y € B}

hold. If A is a Lie triple derivation of 7, then A is of
standard form. More precisely, there exists a derivation d
of 7 and a linear map 7 : 7 — Z(7) that vanishes at all
Lie triple products of 7 such that A =d + 7.

Throughout this article, J(.A) be the subalgebra of A,
which is generated by all idempotents of 4, 14 be the iden-

14 0
(3 o)
0 0 . L
P2 = (P 1B>, then I = p; + po is the identity of 7.

Set 711 = p1Tp1, Tiz = p1Tp2 and Ta = p2T pa. Then
we can obtain 7 = T3+ 712+ 722, where 711 is a subalgebra
of T isomorphic to A, T2 is a subalgebra of 7 isomorphic to
B and 712 is a (711, Ta2)-bimodule isomorphic to the (A, B)-

bimodule M. We can also see that m4(Z(7T)) is isomorphic
to Z(T11) and 75(Z(T)) is isomorphic to Z(7a2).

(C2)

tity of A and 15 be the identity of B. Set p; =

III. MAIN RESULTS

Theorem 3.1. Let 7 be a 2-torsion-free triangular algebra,
A be a local Lie triple derivation of 7. Assume (C1) and
(C2) hold, further suppose

A= J(A) and B= J(B) (C3)

holds, then A = d + h, in which d : T — 7T is a derivation,
h :T — Z(T) is a linear map that vanishes at Lie triple
products of 7.

We will use a series of lemmas to prove Theorem 3.1.
Throughout the discussion, set A be a local Lie triple
derivation of 7. For every x € T, the notation A, represents
a Lie triple derivation of 7 satisfying A(z) = Ay(x). To
enhance convenience, we’ll use the notation x;; to represent
the element in the set 7;; which corresponds to an element
in A, B, or M.

Lemma 3.2. pi A(p1)p1 + p2A(p1)p2 € Z(T).
Proof. For every x15 € T, there exists a Lie triple derivation
A, of T satisfying

Ap, (12) = Ap, ([[212, p1], P1])

= [[Ap, (@12), p1], p1] + [[212, A(p1)], p1]

+ [[z12, 1], Ap1)]

= 1Ay, (212)p2

— 2(x12p2A(p1)p2 — p1A(P1)p1712).
Multiply = on the left side of the equality and y on the right
side, we have

P1A(p1)p1712 = T12P2A(P1)P2.

By Lemma 2.1, p1A(p1)p1 + p2A(p1)p2 € Z(T). U
Define the linear map 6 : 7 — T as 6(z) = A(z) —

[z, p1 A(p1)p2]. It’s not difficult to confirm that ¢ is a local
Lie triple derivation and 6(p1) = p1A(p1)p1 + p2A(p1)p2.
According to Lemma 3.2, we obtain §(p1) € Z(T).
Lemma 3.3. 6(x12) € 712 for any x12 € T1o.
Proof. For every x15 € 712, we have
6(212) = 021, (%12) = Oay, ([[x12, 1], 1))

= [[5(3012)7171];?1] + [[x12751’12 (pl)]vpl]

=+ [[I’127p1]5 5.%12 (pl)]

= p15(ﬂ312)p2

— 2(212p202,, (P1)P2 — P1021, (P1)P1212)-
Multiply = on the left side of the equality and y on the right
side, we get

2(w12p202,, (P1)P2 — P1021, (P1)p1712) = 0.

Thus 5(1‘12) = pld(l’lg)pg € Tio. O
Lemma 3.4. Assume that ¢ and f be idempotents of 7. Let
et denotes T — e, f+ denotes I — f. Then for any x € T,
there exist linear mappings 71,72,73,74 : 7 — Z(7T) that
vanishe at Lie triple products such that

S(exf) = 6(ex)f —ed(x)f +eS(xf) + etm(exf)f*
—en(etzf)ft +em(etaft)f —etrulexfh)f.
Proof. For every idempotents e, f € T and x € 7T, by
Lemma 2.2, there exist derivations d; : 7 — T(i =
1,2,3,4) and linear mappings 7; : T — Z(T)(i = 1,2,3,4)
that vanishe at Lie triple products such that
O(exf) = bexy(exf) = di(exf) + mi(exf). (1)
5(eJ‘xf) = (56me(6me) = dg(el‘xf) + TQ(@J_l'f). 2)
S(etaft) =i (etaft)
= ds(etafh) + m(etaft). (3)
(5(6£CfJ') = Oexfl (e:z?fJ‘) = d4(erfl) + T4(efo). )
Since di(exf) = di(e)xf + edi(x)f + exdi(f) and the
fact ete = 0, ff+ = 0, then etd;i(exf)f+ = 0. By the
equality (1),we have
eo(enf)ft = etrlenf) .
Similarly, from the equality (2)-(4), we get
ed(etaf)ft = em(etzf)f*,
ed(etafr)f =em(etafT)f,
etoeaft)f = etmleafh)f,
then
etdlexf) = etd(exf)f +etd(exf)ft
=eti(ex)f —etd(exfh)f +etd(exf)f*
=eto(ex)f —etralexf ) f +etmexf) [

and

edletaf) =ed(etaf)f +ed(etaf)ft

Il
o
(o)

=ed(x)f —ed(ex)f
—en(etzfh)f +em(etaf)ft.
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From e*6(ex)f + ed(ex)f = d(ex)f, we have

S(exf) = eté(exf) + ed(exf)
=eltio(exf) +ed(zf) — ed(etaf)
=d(ex)f —ed(x)f +ed(xf) +etri(exf)f+
— ETQ(Gfo)fJ_ + 67'3(6J‘a:fJ‘)f - eJ‘7'4(e;1:fJ‘)f.
O
Lemma 3.5. For every x11 € 711, 22 € T2, We get
(Dd(z11) € Ti1 @ Ta2 and p2d(x11)p2 € Z(T22);
(2)0(x22) € Ti1 ® Ta2 and p16(x22)p1 € Z(T11).
Proof. Let z1; € 711 and e; be any idempotent of 7Ti;.
Putting e = e,z = x1; and f = p; in Lemma 3.4, from the

facts exf+ = ejx11po = 0 and etxft = efw1ps =0, we
have 3(exft) =0, r4(etzft) = 0. Then

d(erz11) = 0(erz11)p1 — e16(z11)p1 + e16(x11)
+ 6%'71(61%11)102 - 617'2(6f'9611)]92
= d(e1z11)p1 + e16(x11)p2 + T (€1211)p2,
where we have used the facts ej7i(ejx11)p2 = 0 and

e172(e111)p2 = 0 in the second equality.
This implies that

p1d(e1z11)p2 = e16(z11)p2 ®)
and
p2d(e1x11)p2 = pami(e1z11)p2 € p2Z(T)p2 = Z(Ta2).
In particular,

p26(211)p2 = pa71(211)p2 € Z(T22). (6)
By the equality (5) and the fact p15(p1)p2 = 0, we have

P15(€1€2 : '-€n)p2 = pid(erez- "6np1)P2
=e10(ez- - enp1)p2
=e1ey--en - p1o(p1)p2
=0

for any idempotents ey, ea, - , €, € T11.

From the fact A = J(A), we can represent 1 as a linear
combination of idempotents. Thus, p1d(z11)p2 = 0 for all
r11 € T11. So

d(x11) € Ti1 @ Taz and pad(z11)p2 € Z(T22).

With the similar argument, we can prove that §(za2) €
Ti1 ©® T22 and

P16(x22)p1 = p172(T22)p1 € Z(T11) @)

for all 299 € Tas. [l

For any z1; € 7Ti1 and 292 € 7Tao, let us define
hl (3711) = pgé(l‘ll)pg and hg(l‘gg) = pgé(xgg)pg. It follows
from (6) that hy : 711 — Z(T22) is a linear mapping such
that hl([[all,bn],cn]) = 0 for any (11171)11,611 € T It
follows from (7) that ho : Too — Z(711) is a linear mapping
such that hg([[agg, bgg], 022]) = 0 for any a2, bao, Coo € Tao.
For any = = x11 + x12 + x22 € T, by the hypothesis (2) of
Theorem 3.1 and Lemma 2.1, we can define h: 7 — T by
h(x) =1~ (ha(211)) + ha(211) + ha(222) + n(ha(22)). It
can be easily proved that h(z) € Z(7) and h([[z,y],2]) =0
for any z,y,z € T.

Define a linear map 3 : T — T by S(z) = d(z) — h(x)

for any z € 7. As a result of Lemmas 3.3 and 3.5, we have
Lemma 3.6. For any ri1 € Ti1, T12 € T12, Too € Tao, We
have

(1) B(p1) =05

(2) B(z11) = 0(x11) — h(x11) € Ths
(3) B(z12) = 0(x12) € Ti2s

(4) B(xaz) = 0(x22) — h(wa2) € Taa.

Lemma 3.7. For every z11 € T11, 12 € Ti2, T2 € Toa, We
get

(1) B(zi1z12) = B(x11)z12 + 211 8(212);

(2) B(r12722) = B(w12)T22 + T126(T22)-
Proof. Let 11 € 711, x12 € T2 and e; € 711 be any
idempotent of T1;. Take e = ey, = x1; and f = py + 219
in Lemma 3.4.

For any y12 € 712, since y1o can be written as Lie triple
product y12 = [[y12, p1], p1], thus we have

Ti(yl?) :Oal: 1727374' (8)

From the facts exf € T2 and etzf € T, we have
Ti(exf) = 0, m(etaf) = 0, sletaft) = mletn),
7'4(6fo-) = 14(ex).

Using Lemma 3.3 and 3.5 into Lemma 3.4, one can deduce
d(e1z11212)

=d(e1x11(p2 + 212))

= d0(e1z11)(p2 + x12) — e1d(x11)z12 + e16(x11212)

+ e1m3(z11 — e1x11)(p2 + 212) — 6#’4(61%11)(]92 + x12)

= 5(613311)]32 + (5(615611)3?12 - 615(3711)3312

+e10(z11x12) + e1m3(x11 — e1211)T12

- 7'4(613711)102 - 7’4(61$11)CE12 + €1T4(€1$11)$12~

This implies that
P25(€19311)p2 = p274(61x11)p2 &)

and
5(61$11$12) = 5(€1$11)$12 - 615(5611)5612
+e10(z11x12) + e1ms(x1 — e1x11)T12
—m(erzi)zi2 + era(erzin)zie.  (10)
From (3), §(etaft) = ds(etaft)+73(etazft). By (8),
we can obtain
§(z11 —e1r11 — T11T12 + €1711712)
=ds(x11 —e1x11 — 11212 + €171 212)
+ 73(x11 — €e1211).
According to [11, Lemma 5], we get
d3(Ti1) € Ti1 @ Th2,d3(Ti2) € Tia.
Since 0(712) C T12, we have

p25(1’11 - 61111)102 = p273(=’1711 - 61I11)p2~

Then by Lemma 3.6, we have

7’3(3311 - 613711)3712

= r1273(711 — €1711) = T120(T11 — €1711)
= z12(B(211 — e1z11) + h(211 — e1211))
= 51712h($11 - €1I11)

= $12h($11) - l‘12h(€1$11)

= h(z11)z12 — h(eiz11)z12.

Y
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From (9) and Lemma 3.6, we have

Ta(€1211)212 = T1272(€1211)

= $125(€1$11)

= z12(B(e111) + h(e1r11))

= z12h(e1r11)

= h(e1x11)x12. (12)

Using (11) and (12) into (10), we can obtain

5(€1$11$12) = 5(6133113512)
= d(e1w11)T12 — €16(211) 712 + €10(w11712)
+erh(z11)r12 — h(e1z11)x12
= [3(61I11)$12 - 615(I11)I12 + 615@115512)- (13)

In particular, putting x1; = p;, we have
Bleiria) = Ble1)x12 + e18(w12).
By induction based on (13), we can prove that
Blerez - enx12) = Blerea---en)r12 +e1€a- - e, 3(712)

for any idempotents ey, es, - ,e, € T11 and 12 € Tio.

From A = J(A), we obtain
B(x11712) = B(211)T12 + T118(212)

for all x11 € Ti1, 212 € Tia-
With the similar argument, we can show that
B(r12722) = B(T12)T22 + T128(722)

for all x15 € Ti2, T29 € Tao. O
Lemma 3.8. 3(z11y11) = B(z11)y11 + 2116(y11) for any
211, Y11 € Ti1s B(xa2yo2) = B(w22)y22 + w228(y22) for any
T2, Y22 € Taa.

Proof. For any x11,y11 € 711 and x12 € 712, by Lemma
3.7, we have

B(r11y11212) = B((x11911)T12)

= B(r1iiyi)rie + iy B(riz).  (14)
On the other hand,
B(r11y11712)
= B(z11(y11712))
= B(x11)ynri2 + 116(y11712)
= 6(1’11)34119312 + Ill(ﬁ(yll)xm + y115($12))- (15)

Combining (14) with (15), we take

B(z11y11)z12 = (B(z11)ynn + z116(y11))z12

for any x12 € T2 Since 712 is a (711, T22)-bimodule, we get

B(x11y11) = B(@11)y11 + x11B(y11) for all 211,911 € Tia.
With the similar argument, by considering 3(x12222922),

we can prove that 8(xasye2) = B(x22)yee + x228(y22) for
all z22,y22 € T2z O
Lemma 3.9. [ is a derivation of 7.

Proof. For any z = 211 + 212 + 222 € T,y = y11 + y12 +
Yoo € T. By Lemmas 3.6-3.8, we have

B(xy) = B(x11Y11 + T11Y12 + T12Y22 + T22Y22)
= B(x11)y1n + z118(y11) + B(w11)y12 + £118(y12)
+ B(x12)y22 + 128 (y22) + B(x22)y22 + 225 (y22)
= B(x)y + xB(y),

then (3 is a derivation of 7. O
Proof of Theorem 3.1. Set d(x) = [z, p1A(p1)p2] + B(z)
for any x € 7. Then based on the definitions of A and 4,
we obtain

A(z) = [z, p1A(p1)p2] + B(x) + h(z) = d(x) + h(x)

holds for all € 7. From Lemma 3.9, one can show that d
is a derivation of 7. This ends the proof. (]
Theorem 3.1 is then used to investigate upper triangular
matrix algebra.
Corollary 3.10. Assume that R be a 2-torsion free commuta-
tive ring with identity, T;,(R)(n > 4) be the upper triangular
matrix algebra over R. If A is a local Lie triple derivation
of T,(R), then A = d + h, in which d is a derivation of
T.(R), h : T — Z(R) - I, is a linear map that vanishes at
Lie triple products, where I,, is the unit of T},(R).
Proof. Given n > 4, the expression 7,,(R) may also be
TY(R) Mix(n-1)(R)

0 Tn(—l(-l)%) ) for
2<l<n-1 T(R) and T,,_;(R) are generated by their
idempotents as shown in example (iii) of [7]. As a result,
condition (C1) is met. Since Z(Ty(R)) = Z(R) - I}, for any
positive integer k, the condition (C2) has been met. T;(R)
satisfies the condition (C3), according to the finding of [15].
By using Theorem 3.1, we get the conclusion of Corollary
3.10. O

written as a triangular algebra

IV. CONCLUSION

This study aims to examine the characteristics of local Lie
triple derivations within a category of triangular algebras.
Under certain conditions, it is demonstrated that each local
Lie triple derivation of a triangular algebra may be written as
the combination of a derivation and a linear central-valued
map that vanishes for Lie triple products. As an application of
the main results, we describe the structure of upper triangular
matrix algebra.
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