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Distributed Adaptive Bipartite Synchronization of
Networks with Competitive Relationships and
Disturbances

Chaoyang Li, Shidong Zhai, Tianhong Zhou, Hao Peng

Abstract—This paper studies the problem of under what
conditions the general nonlinear networks with directional
competition and perturbations to achieve fully distributed BS
(bipartite synchronization). For the norm bounded disturbances
with unknown upper bound, under the assumption that the
signed digraph is structurally balanced and contains a directed
spanning tree, a fully distributed observer-based adaptive
protocols is designed for BS problem of general nonlinear
networks with no leader and neural networks approximation.
For the disturbances generated by exosystems, based on a
disturbance observer, a fully distributed disturbance observer-
based adaptive protocol is proposed to make network achieve
bounded BS. In order to reduce the chattering phenomenon,
some adaptive gains and adaptive parameter vector of neural
networks approximation are proposed. Finally, the theoretical
results are verified by two numerical simulation examples.

Index Terms—Bipartite synchronization, competitive rela-
tionships, disturbances, nonlinear networks.

I. INTRODUCTION

INCE competition and cooperation are ubiquitous in
S social, biological, physical and other fields, in the last
decade, the research on the impact of competition and coop-
eration on network synchronization (consensus) behavior has
attracted more and more attention from scholars in various
related fields [1], [2], [3], [4], [5], [6], [7], [8]. A network
with competition and cooperation can be represented by a
signed digraph, where the positive edge represents cooper-
ation and the negative edge represents competition. Thus,
the consensus problem in a network with competitive and
cooperative relationships becomes the problem of studying
how to design consensus agreements based on signed graphs
[9]. Since Altafini’s pioneering work, there has been many
literature studies on the problem of consensus on signed
graphs, such as BS [1], [10], [11], [12], [13], [14], [15],
[16], modulus synchronization [17], interval BS [3] and so
on.

Depending on whether there is a leader, existing work on
BS can be divided into two categories, that is, leaderless
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BS [18], [19], [20], [21], [22] and leader-following BS [23],
[11], [24], [12], [25], [26]. In the absence of a leader, if
the system has its own dynamics, it is generally necessary
to obtain the coupling strength condition for all nodes to
achieve BS. Since these conditions generally depend on
the Laplacian matrix of the signed graph, the resulting
conditions are not fully distributed. In order to overcome
this problem, few fully distributed BS algorithms observer-
based were proposed in [19], [21], [22]. Under the undirected
signed graph, a adaptive BS strategy has been proposed
to guarantee BS for leaderless networks [19]. The finite-
time BS problem of first-order networks has been studied
in [20]. Some adaptive BS strategies have been designed
for general networks with input saturation [21], and gen-
eral nonlinear networks[22]. Leader-follower BS of linear
uncertain networks has been studied in [11]. The BS tracking
for networks with leader’s unknown input was addressed in
[24], and for higher-order heterogeneous nonlinear uncertain
networks, the same problem was studied in [12], where
agent nonlinear dynamics (including leader dynamics) are
general and unknown. When the topology is switching, [25]
addressed the leader-following BS for the nonlinear networks
subject to exogenous disturbances.

Due to the fact that actual systems can be affected by
various disturbances, it is very necessary to study the impact
of disturbances on the system. There are generally two types
of disturbance, one is the bounded disturbance, and the other
is the disturbance generated by external systems. For the BS
problem of networks, [20], [23], [11] addressed the condition
that the system is affected by bounded disturbance. Norm
bounded disturbances may come from inputs [20], [23], [11]
or from the system itself, such as in the case of nonlinear un-
certainties [19], [24], [22]. Under the Lipschitz-like nonlinear
condition, [25] addressed the BS problem of networks with
exogenous disturbances, and a leader-following BS method
based on disturbance observer is proposed. Based on the
above literature review, in the absence of leadership, there
is little literature on the impact of various disturbances on
the BS, especially the fully distributed protocol design.

Motivated by the above literature review, we will research
the leaderless BS problem of general nonlinear networks with
directed competitive relationships and disturbances. In this
paper, the situation that network nodes are subject to the
norm bounded disturbance and the external system distur-
bance is considered respectively. The main contributions of
this paper are the following three areas:

o First, unlike the works in [19], [24], [22], we consider

the bounded disturbances and disturbances generated by
exosystems, and obtain some fully distributed distur-
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bance observer-based adaptive protocols for the leader-
less BS problem.

o Second, compared with the Lipschitz-like nonlinear
condition [25], the general nonlinear systems with neu-
ral networks approximation are considered in this paper
and a modified adaptive gain vector is proposed to
estimate the unknown constant vector of approximation.

o Third, some adaptive gains and adaptive parameter
vectors of neural networks approximation are designed
for reducing the chattering phenomenon. For the dis-
turbances generated by exosystems, the bounded BS
is achieved by a fully distributed disturbance observer-
based adaptive protocol.

The paper is organized as follows. Section II presents
notations, some properties for digraphs, and the problem
formulation. Section III provides a fully distributed observer-
based adaptive protocol for the BS of general nonlinear
networks with bounded disturbances. Section IV gives a fully
distributed disturbance observer-based adaptive protocol for
the bounded BS of general nonlinear networks with distur-
bances produced from the external system. Section V gives
two numerical examples to verify the theorems deduced in
Sections III and IV. Section VI summarizes the conclusions
of this paper and describes the direction of future work.

II. PRELIMINARIES
A. Notations

The symbol & represents the Kronecker product.
diag(rq,- -+ ,rn) represents a diagonal matrix consisting of
r1,-,rn. || -], || - || and ||z||cc represent the 1-norm,

2-norm and oco-norm respectively. Let 1y denote an n-
dimensional column vector with each element equal to 1.
0 represents a matrix with elements all 0. X > (<)0 repre-
sents X is positive (negative) definite matrix, Apin(X) and
Amax (X)) represent the minimum and maximum eigenvalues
for the symmetric matrix X respectively. I,, represents the
identity matrix of dimension n. The sgn(-) function is defined
as: when « > 0, sgn(z) = 1; < 0, sgn(z) = —1; z =0,
sgn(z) = 0.

B. Directed interaction graphs

In this subsection, we introduce some concepts of signed
digraph and some lemmas that will be used in the sequel.

Let V = {v1,--- ,un} be the node set. The interactions
among nodes can be represented by the signed digraph G =
(V, &, A), where £ C V xV represents the edge set and A =
(ai;) € RNXN represents the weighted adjacency matrix.
The edge &;; € £ represents a node set (v;, vj) means v;
can receive information from v;. The coupling configuration
information for each edge in G is recorded in A. v; and v,
is cooperative if the weight a;; > 0, v; and v; is competitive
if the weight a;; < 0, and a;; = 0 if (v;,v;) ¢ £. For any
pair of nodes v;,v; € V that are not identical, there exists a
directed path from v; to v; in V' which consists of a set of
directed edges, that is, (v;, vi1), - - , (Vi k-1, Vik), (Vik, v;) €
E. The digraph is strongly connected, if there always exists
directed path from v; to v; for any two different agents in V.
For a node v; € V, there always exists directed path for any
not identical node v; € V,the topology is called containing
a directed spanning tree. Let £. = (I;;) € RV*Y define the

Laplacian matrix of the signed digraph G, where l;; = —a;;,
., N

i jand l; = 57 |aijl.

Definition 1. [I] The signed digraph G is structurally
balanced if the node set can be separated into V, and
Ve, satisfying Vo UV, = V and V, NV, = 0 such that
Yoi,v; € Vh(h € {a,b}), ai; > 0 and Yv; € Vy,,v; €
VkQ({k17k2} = {aab})’ Qij <0.

The gauge transformation matrices set is expressed as

P = {P =diag(p1, - ,pn),pi € {£1}}.

Lemma 1. /1] The signed digraph G is structurally balanced
if and only if AP € P such that PAP has all nonnegative
elements.

Assumption 1. The signed digraph G is structurally bal-
anced and contains a directed spanning tree.

Lemma 2. [27] With z_élssumption 1, the node set %
can be separated into V, = {v1,---,0x} and V, =
{Ok41,--- ,ON}, such that

1) The subdigraph V, is strongly connected.

2) The node in V, has no neighbors in V.

Without losing the generality, this paper assumes that Vo=
{v1,--- ,vr} and V = {vg41, -+ ,vn}. Based on Lemma
2, the Laplacian matrix £, can be written as

_|La O
EC - |:£02 £c3:| ’

where L., € R¥*F is the Laplacian matrix of V,, Le3 €
RN—=k)x(N—k)_

Lemma 3. [21], [24] The signed digraph G, with the
Laplacian matrix L. is strongly connected, there exists a
matrix R = diag(ry,- -+ ,7) = 0, such that

~ A c
min 27 Loz > 2(L 1)£CT(L‘,
2T 2=0 k
where Loy = RLoq + LE R with r = [r}, cure]T as the

left zero eigenvector for PiL. Py, Ao(Lq1) is the second
minimum eigenvalue of L.1, Pyz represents vector with all
positive elements.

Lemma 4. [28] Fo;_" the Laplacian matrix L.3, there exists
a diagonal matrix G = diag(g1,- -+ ,gn—x) = O such that
GLs+ LEG = 0.

C. Problem formulation

Consider the following general nonlinear network with N
agents defined on a signed digraph G

i; = Axi(t) + Blui(t) + fi(zi,t) + di(t)], (D

where 1 = 1,--- | N, x; € R" is the state, u; € R™ is the
control input, and d; € R™ is the disturbance. f;(x;,t) is the
smooth function, A € R"*™ and B € R"*™ are constant
matrices.

Assumption 2. [29], [19] The function f;(x;,t) satisfies
fi(wi, 1) = ¢i(ws, )w; + (1), 2

where w; € R? is an unknown constant parameter vector,
and ¢;(x;,t) € R™*? is a bounded continuous function

Volume 54, Issue 3, March 2024, Pages 542-551



TAENG International Journal of Applied Mathematics

matrices, <;(t) € R™ is a bounded approximation error
satisfying ||si(t)]|eo < v with v being a positive constant.

Assumption 3. The pair (A, B) is controllable.

Remark 1. Note that Assumption 2 holds, many well known
practical physical systems satisfy this condition, such as
robot manipulator dynamics [30], and yaw dynamics of
ship [31]. In fact, any smoothed nonlinear function can be
expressed as an approximate form of a neural network. With
Assumption 3, for the following Riccati inequality equation,
there exists a solution with @ > 0.

QA+ ATQ -2QBBTQ+1,, < 0. (3)

Definition 2. If lim;_,||2;(t) — pipjz;(t)]| = 0,Vi,j €V,
then the general nonlinear networks (1) can achieve BS.

Definition 3. The general nonlinear networks (1) can
achieve bounded BS if there exists a control input such that
llei; (O < B(llei; (0)]],t)+¢€,Vi, j € V, where € is a positive
constant, e;;(t) = x;(t)—pip;z;i(t), and B(-, ) is a class KL
function.

III. BOUNDED DISTURBANCES WITH UNKNOWN UPPER
BOUND

In this section, we will focus on designing a fully dis-
tributed observer-based adaptive protocol for the BS problem
of a general nonlinear networks (1) with no leader and
neural network approximation, while consider the bounded
disturbances d;(t) with an unknown upper bound.

Assumption 4. Each agent is subject to a bounded distur-
bance, such that

where w > 0 is an unknown bounded constant.

To solve the BS problem, we first design the state observer
as follows

2i(t) =Adi(t) + (zi(t) + 6;(t)) BKn;(t),
zi(t) =n ()Tni(t),
Where z; € R»

“4)

is the observer state, 7, =
Z] 1 laij|(Z; — sgn(a;;)i;) is the synchronization error of
the observer state, zi( ) denotes the adaptive gain with
zi(0) > 0, 0;(t) = nf ()Qni(t), K = —BTQ with Q - 0
being the solution of (3) and I' = QBBTQ.

The following fully distributed observer-based adaptive

protocol is proposed to solve the BS problem
’U,l(t) = — gbi(xi, t)d)z‘(t) + (Zi(t) + (Sz(t))BKm(t)

K (o) = 1 (4) + 2 Osgnl K o) — 2000,
where 1, (t) is the estimation of w;, K = —BT(Q with Q -
0 is the solution of (3), w;(t) is the solution of following
equation

wi(t) = — mio] (wi, ) K
— Wy (t))v
w;(t) =ngsi(wi(t) — wi(t)),
where m; and s; are positive constants, 7;(¢) is the adaptive
gain defined by

Fi(t) =K (@i (t) — 2:(#))[1 — 5i(7i(t)
A1) =5;(vi(t) — A1),

(wi(t) = 24()) —

(6)

- '% (t))’ (7)

where §; is a positive constant.
Let Z; = x; — Z; be the observer error, W; = w; — W;,
w = w; — W;, the closed-loop dynamics can be expressed as

sz :(A + B[()if?7 + B[(i + ’yisgn(Kji) + QZS/LDZ],

,fi :Ai‘z + (Zz + 57;)BK777;, (8)

UL}q; :mqu,LZ-‘Kj/L + mZSq(’LZ)Z — U_}j,),

Wy = — n;s;(W; — W;),
where d; = ¢; + d;, and ||d; |0 < w + v.

Let_%l = [&f,.. 217, 3y = [ifﬂ,--- , 25T with
&= (z], 23] g =l o] e = Il T
with n = [7{, 772T] we have

m (»Ccl & In)‘%la (9)
Mo =(Le3 ® Iny)d2 4 (L2 ® )
Let 7 = [z7,--- ,2%]7, and v = diag(y1,--- ,7n), then
the closed-loop dynamlcs can be expressed as
i =[Iy ® (A+ BK))i+ (Iy ® B)[d
+ (y® I,)sgn(K 7) + W],
=[x ® A+ L (Z1 + 61) © BK]iq
=[In @ A+ L3(Z2 + 02) @ BK]i2 (10)

+ [Lea(Z1 + 51) ® BK],

W =m;s:®T (Iy ® K)i +ms(W — W),

V:V = —ngs (W — W),
where sen(Kz) = [ggn(K~1)T, e ,sgn(K:i:N)T]T,
W = [w,{a 7~@’1]\“]]T’ w = [_,{7 7w71\}]T’ w =
[TIJ{, w%]T’ W: [’i]’lra ) :],I\;]T’ CZ: [?a 7J]TV]T’
¢ = diag(¢1, - ,¢n). Z1 = diag(zr, -+, 2k), Z2 =
diag(zg41, - - ’ZN, with Z = diag(Z1,Zs), and 6, =
diag(d1,- -+ ,0x), 62 = diag(dg41,---,0n) with & =
diag(él,ég)

Theorem 1. Suppose that Assumptions 1-4 hold. Under the
fully distributed observer-based adaptive protocol (5), the
general nonlinear networks (1) on the antagonistic digraph
can achieve BS.

Proof: Considering the following Lyapunov function

Vi=puVi1+ Vo (1D
with
b1 F1
V11 = Zirl 22&4’(5 ZQTi(Zi —51)2,
= i=1
v (12)
V12 = Z 5 222 + 5 6 + Z 7.92 62)2a
i=k+1 1= k+1

where pu, 51, B2 are positive constants, r; and g; are given
by Lemma 3 and Lemma 4.
Take the time-derivative of V1 along closed-loop system
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(10)
. k _ k
Vin = Z[n (zi 4 05) 0; +1i0:%] + Zn (2 — B1) %

i=1 i=1

k k
=3 ri(z+0)0i+ Y ri(zi+6i— )4
i=1 i=1
:27_71T [(Zl + 51) R® Q] m
k

+) rizi 46— Br)

i=1
=i7[(Z1 +81) R® (QA + ATQ)
—(Z1+4) Lo (Z1+61) ®ip
+77 [(Z1+ 8 — Bilk) R L] 7,

mT I'n;

(13)
where £, = RL. + L5 R. Define I = [(Zy + 61) ® I, )i,

we have
HT[(Z1 + 51)_1P17“ (2] 1N} Zﬁ?(Pﬂ“ X 1N)
—951 ( (PlﬁdPl)T ®1n)
=0,
(14)
where we use the fact that r" P, L. P, = 0, with P, =
diag(p1,- - ,pk). Because each element of P;r is positive,

we can get each element of Py(Z; +01) ' Pir ® 1y is also
positive. By Lemma 3, we have

07 (Lo ® I,)T > AQ(,‘SC”HTH
Salfo) 7o oo Y
=— M [(Zl + 51) ® L7
Substituting (15) into (13), we have
Vit <it[(Zi+61) R® (QA+ ATQ + 1)
(16)

</\2(1§ )(Z +01)2 +61R> ® I

Taking the derivative of 2 along closed-loop system (10)
N N

Doz +0) 6+ g0:5+ > g (a
i=k+1 i=k+1
N

N
Doz )i+ Y gi(zt6i—F)4

i=k+1 i=k+1

=277 [(ZQ + 52) G® Q} 72
N

DI

i=kt1
=i [(Z2+62) G® (QA+ ATQ)
— (Z2+62) Les (Z2 + 02) @ T2
— 270 [(Za + 02) GLeo (Z1 +81) @ T] i
+ilg [(Z2+ 62 — Bodn—i) GRT] 12,

Vig = — [2) 4

(2i + 0; — Ba) m{ T

(17)
where Lo3 = GLos + LLG with \g as the smallest eigen-
value.

By Lemma 4, we have

- ﬁg |:(Z2 + 52) ‘CACS (ZQ + 5_2) & Fi| 772

: (18)
<=2 [(Ze+8) @1 .

By Young’s Inequality, we have
— 203 [(Z2+62) GLe2 (21 + 61) @T] iy

<%n2 [(2+8) @] 5

(19)
2 GL
n Prrasc( 02) {(Zl_‘_al) }
Ao
Choosing = ’\2(5“)(;1 + M) and combining

(16)-(19), we have
Vi <l [(Z1+8) Re (QA+ ATQ +1)] i
- [(m (21 +51)2 +/~L51R) ®F} m
+ 75 [(Z2+62) G® (QA+ATQ+T)] 72
— 1l K)\O (Zy+85)° —ﬂgG) ®P} .

(20)

IAmax (G) ) By

: I Amax (R
Choosing 3 > lmex(F) h

—_— 4”1
Young’s Inequality, we have

Vi <unl [(Z+86) R® (QA+ ATQ — 21|y

+03 [(Zo46) G® (QA+ ATQ —2T)| 7 (21)
<0.

and (B2 >

Considering the following Lyapunov function

1o 1 o=
Vo =T (In® Q)% + EWTW + —WwTw

ng
N (22)
+ Z (fYZ -
i=1

N
Bs)* + > (% — Bs),
=1

where (3 being a positive constant that need to determine.
The derivative of V, along closed-loop system (10) as
follows
. T . 2 - Tk 2 = T <
Vo=22" In®Q)2+ —W'"W+ —W'W
mg

%

N N 23)
+2) (v = ey +2)_ (-
i=1 =1
Note that
T(In®Q)z

=i" [Iy ® (QA+ ATQ —2I")] & + 22" (In®QB)d
+ 27 (I ® QB) ®W + 237 (y ® QB)sgn(K 7).

(24)
On the one hand,

2T 4 2T

m; T
=2WTeT (Iy @ K) i + 2s; W (W — W)

— QSZI/T/T(W - W)

i N

=2WTo" (Iy ® K) & +2 ) sih] (; — ;) 25)

i=1

z_wz

—QZSZ

=2WTeT (Iy ® K) &

H'Mz
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On the other hand,

N N
gzw ~ By +2) (5~
; =1
_QZ VI Z |1 — 5 (v — )]

+225i (% — Bs) (vi — %) (26)
i=1
N N
=- 2253”}(561‘”1 + QZ%‘HK@Hl
i=1 i=1
N
—2) si(n—4)°
i=1
Substituting (24)-(26) to (23), we have
Vo =37 [Iy ® (QA+ ATQ —2I)] 2
+ Q:ET(fy ® QB)sgn(Ki‘) +2iT (In®QB)d
_QZBSHK‘TZHI+2Z’72||sz”1 (27)
= 1
_QZgi(z 'Yz _QZSZ Wi wz
i=1
By choosing 33 > 6, we can get
Vo < #7[Iy ® (QA+ ATQ — 214, (28)
where 6 = w + v, 27 QBsgn(K#;) = — | KZ;||1. Thus, we

can derive that
Vi + Vo <pilf [(Z1+61) R® (QA+ ATQ —2T)| i
+1 [(Z2+02) G® (QA+ ATQ —2I)] i
+ &Iy ® (QA+ ATQ —2I)z
<0.
(29)
Therefore, we can get V) ig bounded, 71, 72 and z; are
also bounded. We know that V; = 0 represents 7; = 0 and
s = 0, so n = 0. Through LaSalle Invariance principle, we
have that 7 asymptotically converges to zero. In addition, we
can get V5 is bounded and fo T xdt exists and is bounded,
i W, 7; are also bounded, that 7% is finite. By Barbalat’s

lemma [32], we can get that £ asymptotically converges to
zero. Therefore, the problem is solved. ]

Remark 2. Note that the observer-based adaptive protocol
(5) is fully distributed. Compared to literature [19], we
consider directed graphs and bounded disturbances. In this
paper, we provide the adaptation laws (6) and (7) which
can regard as adaptive form for the o-modification [33].
The adaptation laws (6) and (7) can be seen as extensions
of laws in [24], [22], which avoid the overlarge gains and
reduce the chattering phenomenon.

IV. DISTURBANCES FROM EXTERNAL SYSTEMS

In this section, we consider the bounded BS problem for
a general nonlinear networks described by equation (1), with
no leader and neural network approximation. We assume
that the disturbances d;(¢) experienced by each agent are

produced by an external system described by the following
dynamics

& = S&,

d; = Dg&;,
where §; € R" is the state of the external system (30), S €
R™*™ and D € R™*"™ are constant matrices.

(30)

Assumption 5. Suppose that (BD, S) is observable.

Remark 3. Note that in Assumption 2 there exist nonlinear
small residual errors. However, in this section we do not
consider the nonlinear small residual error, that is

[i(t)[loc = 0,i=1,---, N,
To solve the external disturbances, we design a disturbance
observer as shown below
¢ =(S+ FBD)(c; —
+ FBoi(wi, t)wi,
& =c; — Fa,
d; =D§;,

€2y

where ¢; € R"™ is the state and zfz € R™ is the output,
F € R™ " is needed to be designed such that S+ F'BD is
Hurwitz. Z;, d;, z; and 7); are the same as they were defined
before. Assumption 5 ensures that there exists a matrix F'.

To solve the bounded BS problem, the following fully
distributed disturbance observer-based adaptive protocol is
proposed

+ K (wi(t) — #:(t)) — di(t),
where d;(t) is the estimation of d;(t), K = —BT(Q with

@ + 0 being the solution of (3), w;(¢) is the estimation of
w;(t) as follows

wi(t) = — mig] (xi, ) K

ni(t) (32)

(i(t) — 2:(t))

where m,; and k; are positive constants.
Let fl = T; — i’i, e;, = fz — 51 and ﬁ)z = W; — ’li)i, then
one can get the closed-loop system as follows

— kWi (1),
(33)

:(A + BK).fl =+ B[¢i(-’13ia t)ﬁ]i + Dei],

é; =(S+ FBD)e; + FB¢;(z;,t)w;, (34)
Wi =iy (s, ) KF; + M.
Let = [z1,--- 2], e=[eT,--- ,eL]". The one can

get the following form of closed-loop system

i =[Ix ® (A+ BK))z + (Ix @ B)®W + (Iy ® BD)e,
¢ =[Iy ® (S + FBD)le + (Iy ® FB)®W,

W =m;®7 (Ix ® K)& + ik W,

(35)
where W = [@], -, @%]T, ® = diag(é1, -, on), W =
[wf, - Wyl

Theorem 2. Suppose that Assumptions 1-3 and Assump-
tion 5 are satisfied. Under the fully distributed disturbance
observer-based adaptive protocol (32), bounded BS of the
general nonlinear networks (1) on the antagonistic digraph
can be achieved.
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Proof: Considering the Lyapunov function

T(In ® Q)e,

(36)
where /i is a positive constant to be determined, Q > 0 is
the solution of (S + FBD)"Q + Q(S + FBD) < 0.

Taking the derivative of V3 along closed-loop system (35),
we have

1 e~
Vs =37 (IN®Q)£+gWTW+ﬂe

. . 2 - K _
Vs =23 (In® Q) z + EWTW + 2l (Iy ® Q)é,
=i" [In ® (QA+ ATQ —2I)] & + 25, WTW
+2eT[In ® Q(S 4+ FBD)le + 2iT (In ® QBD) e
+ 27ie” (Iy ® QF B)®W.

(37
Note that
N
2i" (Iy ® QBD)e <> &% + Z e’ DT BTQ?BDe;
i=1 i=1
1 N N
<3 Z 1)1 + 271 ) lles)?,
=1 =1
' (38)
where 71 = Amax (DT BTQ?BD).
2/€Z‘WTW ZQHiWTW — 2/11‘WTW
N N
=2K; Z ’LZ}ZT’LUZ — 2K Z ﬁ)iTwi
i=1 =1 (39)

N N
<k llwill® = mi Y a1,
i=1 i=1

where W = [wT, .-+ wk]T and k; is to be determined later.
2¢" Iy ® Q(S + FBD)]e
N
=2Y el'Q(S+ FBD)e;
izzl (40)
N N
S—7 Z el ei = —7 Z les 12,
i=1 i=1
where 72 = Apin(—2Q(S + FBD)).
) N
e (In ® QFB)®W =2 e QF Boiis;
i=1
LN
2 .
§5267T61+ ZH@H |QF BJ||w:|* @1

1 =

Hez|\2+732||wz|\2

?

N)\Q‘
WE

1

.
Il

where 73 = 2 ||QFBH Gmax> and Grax is the upper bound
of ||

(47’1 +2a )

= , ki = [iT3 4+ a2, then we have

By choosing i =

N
. ~ 1 ~
Vs <i'[Iy @ (QA+ATQ - 2D)Ji + 5 > |||
=1
N N N
—ar ) lleill? = az D il + w Y [lwill?
i=1 i=1 i=1
N N N
<—05) [E[P—ar ) el —ao Y [lwil* @2)
=1 =1 =1
N
+ iy fwil?
i=1

N
2
< —a3V3 + Ky E [|lw;l”,
i=1
where «j, «o are positive numbers, and a3 =

min{1/2,01,a2} . N 12
max{)\rnax(Q)71/77117:7[?‘2)\qu(@)}. 'Let q = ki )iy |lwill®
Then the following inequality holds

%<—%(V—aﬂ7
[0%:]
which implies

Vs < eost (Vg(O) - O“‘) + 2

e%:} a3
Hence, one has
AInin(c2)||j‘|2 S 5; (IN ® Q)
<V

and bounded BS of the general nonlinear networks (1) is
achieved. Therefore, the problem is solved. [ |

Remark 4. When the disturbances are generated by exosys-
tems (30), BS is difficult to achieve, and bounded BS can be
achieved by the fully distributed disturbance observer-based
adaptive protocol (32). The references [24], [22] did not
consider this situation and only addressed the BS problem.

V. TWO NUMERICAL EXAMPLES

This section will provide two numerical simulation ex-
amples to demonstrate the effectiveness of the theoretical
results obtained. We consider a third-order nonlinear network
consisting of six agents. The system matrix for the network
is expressed as follows

01 0 0
A=1|0 0 1|, B=|0],
00 0 1
and nonlinear functions f;(x;,t) are assumed to be

filxi, t) = xiz sin(xe) + @41 cos(xy3).

Then, we choose () as the solution to the Riccati equation

3

5.1201 5.7017 2.1169
Q = [5.7017 10.4176 4.3302
2.1169 4.3302 3.0545

It follows that K = [—2.1169, —4.3302, —3.0545].
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Fig. 1. The signed digraph with six agents, the digraph contains a directed
spanning tree and a strongly connected subdigraph. Edges without markers
all have a weight of 1.

| Tq1 T51 Tel

T11 T21 T31 \
-6 C L L L \'

0 2 4 6 8

Fig. 2. Simulation results for the states x;; of the network (1) under the
fully distributed observer-based adaptive protocol (5).

Example 1. This example considers the case where each
node is affected by bounded disturbances, which is expressed
as

d;(t) = cos(zia + 1) + sin(x;1 + Ti2).

Through the distributed state observer (4) and the adaptive
controller (5), the adaptive gain z; is mentioned in (4) with
2;(0) > 0, the adaptive control gain ; is mentioned in (7)
with 5; = 1. In addition, the initial values of z; and ~; are
random. The basic function is

¢; = [Sin(l‘il + Z‘ig), sin(wil — xig), COS(l + l‘ig)],

and w; = [-1,1,1)T with s; = 1. The interaction digraph
is shown in Fig. 1. According to Theorem I, the network (1)
with the fully distributed observer-based adaptive protocol
(5) achieves the BS.

The state trajectories of x; are shown in Fig. 2, Fig. 3 and
Fig. 4 that achieve BS under the fully distributed observer-
based adaptive protocol (5). The states of agents diverge to
two sides. The tracking errors T; are shown in Fig. 5, Fig. 6
and Fig. 7. We can see that under the bounded disturbance
condition, the tracking error of T; asymptotically approaches
zero, which is consistent with our theoretical analysis. The
adaptive gain -y; is shown in Fig. 8.

Example 2. In this example, we consider a scenario where
each agent in the third-order nonlinear network is affected

4
— 12 L32 —= L52
30 —H*— T —*—T42 T62 §
\ F
\ ‘*x«‘*‘

T12 T2 T32

T4z Tsz T2 "o

3 : : :
0 2 4 6 8

Fig. 3. Simulation results for the states x;2 of the network (1) under the
fully distributed observer-based adaptive protocol (5).

— 713 T33 = T3

—H— T3 —*—T43 Z63

T13 T23 I33

Fig. 4. Simulation results for the states x;3 of the network (1) under the
fully distributed observer-based adaptive protocol (5).

4 = = =
. — 1 L3y —— T51
Tor T51 Ta1 —*—Tg] ——Ty Ze1
&
2 1
4 1
T11 To1 T
L
-6 \ \ \
0 2 4 6 8

Fig. 5. The tracking errors Z;1 under the fully distributed adaptive protocol
).
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8 p = =
— 12 L32 —= L52
T —H—T42 Z62
6 L 4
T12 T Tzo
Ty Tso Tgo
0 2 4 6 8

Fig. 6. The tracking errors Z;2 under the fully distributed adaptive protocol
()2

4 o = po
—T13 X33 —= = T53
T4z T53 Tgs —*— T3 —*—Ty3 63
2r l :
0 ‘ e afpglpesle sie ye eI e L e
o] o
1S N
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4t S ]
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Fig. 7. The tracking errors ;3 under the fully distributed adaptive protocol

(5).
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Fig. 8. The daptive gain v; under the adaptive protocol (7).
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Fig. 9. Simulation results for the states z;1 of the network (1) under the
fully distributed disturbance observer-based adaptive protocol (32).

by external disturbances described by equation (30), where

S:

= o O
O~

1
0|,D=10,0,1].
0

The basic function is
@i = [sin(x1243), sin(zi — x43), cos(x;3) + 1],

and w; = [0.5i,i — 0.5,2]T. Choosing

0 0 -19
F=10 0 —-24
0 0 -7

to solve the linear matrix inequality (S + FBD)TQ +
Q(S + FBD) < 0. According to Theorem 2, the state
trajectories of x; are shown in Fig. 9, Fig. 10 and Fig. 11
that achieve bounded BS under the fully distributed observer-
based adaptive protocol (32). The states of agents diverge
to two sides. The tracking errors I; are shown in Fig. 12,
Fig. 13 and Fig. 14. We can see that under the condition
of external perturbation, the absolute value of the tracking
errors I; is less than a bounded constant close to zero,
the bounded BS is achieved, which is consistent with our

theoretical analysis.

VI. CONCLUDING REMARKS

This paper addressed the BS problem for general nonlinear
networks with neural networks approximation and external
disturbances in signed digraphs. For the agents subject to
bounded disturbances with an unknown upper bound, when
the signed digraph contains a directed spanning tree, de-
signed the fully distributed observer-based adaptive protocol
to make network achieve leadless BS. When the agents are
affected by disturbances generated by a external system, the
fully distributed disturbance observer-based adaptive proto-
col is designed to the general nonlinear nonlinear networks
with no leader and neural networks approximation, and
the closed-loop network achieves bounded BS. Finally, the
theoretical results are verified by two numerical simulation
examples. Future research can be carried out on switching
topologies or cluster BS.
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Fig. 10. Simulation results for the states z;2 of the network (1) under the

fully distributed disturbance observer-based adaptive protocol (32).
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Fig. 11.
fully distributed disturbance observer-based adaptive protocol (32).
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Fig. 12.  The tracking errors Z;1 under the fully distributed disturbance

observer-based adaptive protocol (32).

Simulation results for the states x;3 of the network (1) under the
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Fig. 13. The tracking errors Z;2 under the fully distributed disturbance

observer-based adaptive protocol (32).
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Fig. 14. The tracking errors Z;3 under the fully distributed disturbance

observer-based adaptive protocol (32).
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