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On Anti-periodic Solutions for FCNNs with Mixed
Delays and Impulsive Effects

Qianhong Zhang, and Guiying Wang

Abstract—This paper is concerned with anti-periodic solu-
tions for fuzzy cellular neural networks (FCNNs) with mixed
delays and impulsive effects. Using differential inequality, and
constructing some suitable Lyapunov functional, some condi-
tions are established for the existence and global exponential
stability of anti-periodic solutions of FCNNs with mixed delays
and impulsive effects. These results are new and complementary
to previously known references. Moreover an example is given
to illustrate results established.

Index Terms—exponential stability, anti-periodic solutions,
fuzzy cellular neural networks, mixed delays, impulsive effects.

I. INTRODUCTION

ELLULAR neural networks (CNNGs) first introduced by

Chua and Yang [1], [2] have attracted much attention in
recent years. This is mostly because they have the wide range
of promising applications fields such as associated memory,
parallel computing, pattern recognition, signal processing and
optimization problems. CNNs are described by the basic
circuit units and these units are called cells. Each unit
processes several input signals and produces an output signal
which is received by other units connected to it including
itself. In the implementation of a signal or influence traveling
through neural networks, time delays do exist and influence
dynamical behavior of a working network. Recently many
results on the problem of global stability of equilibrium
points and periodic solutions of neural networks have been
reported (see [3], [4], [5], [6], [7], [8], [9]). Besides delay ef-
fects, it has been observed that many evolutionary processes,
including those related to neural networks, may exhibit im-
pulsive effects. In these evolutionary processes, the solutions
of system are not continuous but present jumps which could
cause instability of dynamical system. Consequently, many
neural networks with impulses have been studied extensively,
and a great deal of literatures are focused these problems
on the existence and stability of an equilibrium point and
periodic solutions (see, for example [10], [11], [12], [13],
[14], [15], [16], [17], [18]).

It is well-known that Yang and Yang [19], [20] first in-
troduced another type cellular neural networks model called
fuzzy cellular neural networks (FCNNs). These models com-
bined fuzzy operations (fuzzy AND and fuzzy OR) with
cellular neural networks. However, it is worth noting that
T-S fuzzy neural networks are different from FCNNs [21].
T-S fuzzy neural networks are based a set of fuzzy rules to
describe nonlinear system. Recently researchers have found
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that FCNNs are useful in image processing, and some results
have been reported on stability and periodicity of FCNNs
(see [22], [23], [24], [25]).

In applied sciences, the existence of anti-periodic solutions
plays a key role in characterizing the behavior of nonlinear
differential equations. The signal transmission process of
neural networks can often be described as an anti-periodic
process. In recent years the anti-periodic problem of neural
networks has been studied by many authors (see [26], [27],
[28], [291, [30], [31], [32], [33] and references therein).
Shao [26] studied the existence and exponential stability
of the anti-periodic solutions of recurrent neural networks
with time-varying and continuous distributed delays. Shi
and Dong [27], applying inequality technique and Lyapunov
functional theory, studied the existence and global exponen-
tial stability of anti-periodic solution for delayed Hopfield
neural networks with impulsive effects. However, to the best
of our knowledge, few authors have considered the problem
of anti-periodic solutions for FCNNs with time-varying de-
lays or distributed delays and impulsive effects. Zhang, Yang
and Liu [34] studied the existence and global exponential
stability of anti-periodic solutions for fuzzy Cohen-Grossberg
neural networks with impulsive effects on time scales.

Motivated by the above discussion, it is worth continuing
the investigation of existence and stability of anti-periodic
solutions for FCNNs with mixed delays and impulsive ef-
fects. This paper is concerned with the following model

zi(t) = —ai)wi(t) + 327 dij(8) fi (2 (t = 7i(1)))
+ N\ i (t) [ g (t = 8)g;(x;(5))ds
+ VI B () [ kit — 5)g;(x5(5))ds
FEi()] 6> 0,8 # by

zi(tf) = (14 Lp)zi(te),k=1,2,---,

zi(t) = @) te[-n0Li=12-,n

6]
where n corresponds to the number of units in a neural
network. x;(t) is the activations of the i-th neuron at the
time t. a;(t), di;(t), o (1), Bz (8), Ei(t), f5(t), 9;(t), 735 (2)
are continuous functions on R. a;(t) represents the ampli-
fication function and a;(t) > 0. d;;(t) denotes the synaptic
connection weight of the unit j on the unit ¢ at time ¢. a;;(t)
and (3;;(t) are elements of fuzzy feedback MIN template
and fuzzy feedback MAX template, respectively. A and \/
denote the fuzzy AND and fuzzy OR operation, respectively.
E;(t) denotes the i-th component of an external input source
introduced from outside the network to the ith cell. 7;;(t) is
time-varying delay satisfying 0 < 7;;(¢t) < 7, T is a positive
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constant. f;(-) and g;(-) are the activation functions. The
delay kernel k;; : Rt — R™ are real valued nonnegative
con.ti.nuous functions satisfying [ ki;(s)ds = kj; k;’; isa
positive constant.

The rest of this paper is structured as follows. In next
section, we introduce some definitions and lemmas. In Sect.
3, applying differential inequality, constructing suitable Lya-
punov functional, we shall derive new sufficient conditions
for the global exponential stability of anti-periodic solutions
of system (1). An example is given to demonstrate the
effectiveness of our results in Sect. 4. Finally a general
conclusion is drawn in Sect. 5.

II. PRELIMINARIES

For the sake of convenience, we introduce some notations
dij = sup|di;(t)|, @i; = sup|ai;(t)], B;; = sup|By;(t)].
teR teR teR

E; =sup|E;(2)],
tER‘ ( )| teR 1<i,j<n
Throughout this paper, we make the following assumptions

(Al) For Z?] = 1a2a"'anak = 1725"'7 dl]7a1]7ﬂ7]7E
R — R,¢;,75 : R — Rt are continuous functions, and
there exist w > 0 such that for v € R

v) = —d;j(t) f(v),
—Ei(t), 7 (t + w) = 7i5(t),

ai(t +w) = a;(t),di;(t + w) fi(—
Ei(t+w)=

t+w
Q5 (t + (.L)) / kij (t — S+ (U)gj (Uj)dS

— 00

= —ay;(t) /too

t+w
k”(t — s+ W)gj (’Uj)dS

kij (t — S)gj (’Uj)dS

Bij (t +w) /

— 00

—Bi; (1) [ too

(A2) The sequence of times {t;}(k € N) satisfies ¢, <
tot1, Mg ooty = 400, and —2 < I < 0 for @ €
{1,2,---,n},k € N.

(A3) For 4,5 = 1,2,---,
positive integer ¢ such that

kij (t — S)Qj (vj)ds

n,k = 1,2,---, there exists a

3

Likrq) = Liks thtq =tk +q.

i(-) € C(R, R), and there exist positive num-

(Ad) f;(), 95
bers My, Mg, pj,v;(j =1,2,---,n) such that, for u,v € R,

fi(0) =0, |fj(w)] < Mg, |fj(u)—
9;(0) =0, |gj(u)] < Mg, |gj(u) —g;()| < vilu—2].

Remark 2.1 In assumption (A4), the activation functions
fi>95,5 =1,2,---,n, are typically assumed to be bounded
and Lipchtiz continuous and need not to be differentiable.
Let z(t) = (21(t),22(t), -, z,(t)T € R",
where T denotes the transposition. We define |z| =
(|z1], |22, -+ -, J2n])T and ||z|| = max;<;<n |z;]. Obviously,
the solution z(t) = (x1(t),z2(t), -+, 2,(t))T of (1) has
components z;(t) piece-wise continuous on (—7, +00), x(t)

fi@)] < pjlu = o,

a; :?éié”ai( )|, 7 =sup max {7;;(t)}.

is differentiable on the open intervals (tx_1,%;) and z(t})
exists.

Definition 2.1 A solution x(t) of system (1) is said to be w
anti-periodic solution, if

r(t+w) =—x(t), t#tg.

oty +w)t = —x(t$), k=1,2,---,

and the smallest positive number w is called w anti-periodic
of function x(t).

Definition 2.2 Let z*(t) = (zi(t),x3(t), --,25(t)T
be an anti-periodic solution of (1) with initial value
©*(t) = (5(t), p5(t), - -+, @k ()T, If there exist constants
A > 0,M > 1 such that for every solution xz(t) =
(xl(t),xg(t) xn(t))T with an initial value (t) =

(er(0),2(8), - on ()T,
2i(t) - 23 ()] < Mg — @*lle™™ for all t> 0.

where | — || = sup_, <, <o maxi<i<a |(s) — ¢ (s)]-
Then x(t) is said to be globally exponentially stable.

Lemma 2.1 [19] Let u and v be two states of system (1),
then we have

/\ i (t)g;(u

and

\/ /sz gJ

n
/\04” )g; (v Z|0‘U Mgj(w)—g; ()],

\/ Bij(t)g;(v)]| < Z 1835 ()95 (u

Lemma 2.2 Let (Al) — (A4) hold, Suppose that x(t) =
(x1(t), 22(t), -, 2, ()T is a solution of system (1) with
initial conditions

‘rl(s) = ()01'(5), |991(8)| <7n, s& [_Tv 0]7 (2)
where i = 1,2,---,n. Then
lzi(®)] <nlpi(s)] <m, t >0, (3)

where

—. 0= "aMp+ Y (@i + Bk My + ;. (4)
i=1 :

Proof. For any given initial condition, assumption (A4)
guarantees the existence and uniqueness of xz(t), the solution
to (1) in [—7, +00).

By way of contradiction, suppose that (4) does not hold.
Notice that z;(¢) = (1 + Iix)z;(tx) and assumption (A2),
then

i (60)] = [(L+ L) (te) | < | (t)]-

If |z;(t{)| > n, then |z;(tx)| > 7. Thus we may assume that

there must exist ¢ € {1,2,---,n} and t* € (ty, tx+1] such
that for all ¢ € (—7,t*),
[z =mn, | ()] <. 5
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where 7 = 1,2, --- n. By directly computing the upper right
derivative of |z;(t)], together with the assumptions (4), (5),
(A4) and Lemma 2.1, we get that

0 < Dfa(t?)] < —ai(t)a(t)
+ Zd“( ) (=7 (E7))
+ /\ O‘U / k‘” 9] ($7(5))d3
+\/ By / iy (#° — 9)g5 (25 (5))ds + Ei(+")
i=1 oo
< —ai(t) ()
+ 1) di () [t — T () — £5(0)]
j=1
4 /\aij(t*)/_ iy (¢ — )9, (5 (s))ds
- N\ (e /_ Fis (8 — 5)g;(0)d
\/ ﬁw / ku 9] (x](s))ds
—\/BU / iyt — )9, (0)ds| + |Ei(t")]
< —a(t)n(r)
+Z|dm L = 7i5(87)) = £3(0)]
+Z |aw ‘ ‘/ kw gj (xj (3))d5
- / k(£ — 5)0;(0)ds
+Z|ﬁu ‘ / kgt — )g5(2;(s))ds
- / Byt — $)g;(0)ds| + | B (t")]
< -t ()

JFZ |di (£
+ Z o (7)) / kij (
+Z 1B5(t") / ks

< —an+ ZaijMf + Z(aij + Bk Mg + E;

j=1 j=1

MG =73 ()] + [Ei(t7)]
s)llgj(z;(s))lds

$)llgj(z;(s))|ds

< 0

which is a contradiction and implies that (4) holds. This

completes the proof.

III. MAIN RESULT

In this section, we derive some sufficient conditions of
existence and global exponential stability of anti periodic
solution of system (1).

Theorem 3.1 Assume that (A1) —
assumption is satisfied

(AS): There exist constants v > 0, > 0,4,7 =
such that

A=a;)+ > (dijp; +
j=1

(A4) hold, if the following

1,2,"',”,

au—l—ﬁ”)k V)< —y<0 (6

Let x*(t) = (x5(t), 25(t), -, 2% (t))T be a solution of (1)
with initial value ©*(t ) ((p’{(t) 5t), 0k ()T, and
2(t) = (x1(t), 22(t),- -+, 2,(t))T be a solution of (1) with
initial value p(t) = ((pl( ), 2(t), -+, on(t)T. Then x*(t)
is said to be globally exponentially stable.
Proof. Let y;(t) = x;(t) — z}(t),i = 1,2,---,n. Then
yi(t) = —ai(t)(@i(t) - 2}(1)
+ 00 dig()(fi(x(t — 735(1)))
—fi(@j(t —7i;(1))))
+ Ny g (8) L syt — )
(7
x(gj(x;(s)) — gj(x5(s)))ds
+ Vi Bis() [1 o kit — s)
x(g;(x;(s)) — gj(x5(s)))ds
vith) = (L4 Lpyi(te),k=1,2,---,
Define a Lyapunov functional as
Vilt) = lyi(Dle™, i=1,2,-,n ®)
It follows from (6), (7) and (8) that
D*V( )
= D¥(lya(t))e + Al (t) e
< (A —ay)lwi()le
+ [Z O fi (it —7i5(t)) — fi (@} (t —7i5(1)))]
* 3ot [ st s asto) - 5 s
v Z 0] [ hitt = astas (6D - 35036

IN

(A = a;)lyi(B)]e™ + Zaijujlyj (t = 7i5(t)) e

j=1

4
M:

(0&1] +ﬁ”)]€”l/]|y]( )| Atvt 7& tk

1

<.
Il
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and
Viltd) = lw(t)]e = |ai(tf) —
= (14 Liy)yi(ty)|e*

where ¢ = 1,2, -,
number and set

@} (6]
(10)

n. Let M > 0 denote an arbitrary real

sup_ max [i5(s) — 9] (5)] > 0.

*||
lo=¢™ll= sup max

By (8), we have for all t € (—o00,0],i =1,2,---,n,

Vi(t) = lyi(®)|e™ < Mllp — ¢*|.
Thus we can claim that, for all ¢ € (—o0, 1], =1,2,---,n,
Vi(t) = lya(t)]e™ < Mlle — ¢ (1)
Otherwise, there must exist ¢ € {1,2,---,n} and &y €
(—7,t1] such that
Vi(do) = Ml — ¢*[|, V;(t) < Ml — ™|, (12)

forall t € [-7,79),7 = 1,2,---,
with (11), we have

n. Combining (9), (10)

0 < D'Vi(n) < (A= a;)[yi(ro)[e*™
+ D dijhglyi (0 — 735(70)) |
j=1
+ Z(aij + Bij)k;;Vj |yj(7'0)|e>‘T°
j=1
= (A —a)lyi(ro) |
+ Zgij'uj ly; (0 — Tij(TO))|€)\(T0_T“ (70)) gATis (70)
j=1
n —
+ Z(aij + /Bij)k;;l/j |yj (ro)|e™
j=1
< (A=a))Mllp =" |+ > diju; Ml — o[l
j=1
+Z (@i + Bij)kiviMlle — |
j=1
= ()‘_ai_)+zaijuj
j=1
£3 @ + By | Mlo - o7l
7j=1
Then

n

+ Zﬁijuj + Z(aij +Bij)k;;Vj > 0.

j=1 j=1

Which is contradiction with (AS5). So (11) holds true. From
(11), we have

Vi(th) = lys(t)leM < Mllp — ¢*[l.i=1,2,---,
and i1 =1,2,---,

Vi(t) = [1+ L lyi(t)|eX < |yi(t1)]eM < Ml — ¥

Therefore, for ¢ € [t1,t2], we can repeat the above procedure
and have

Vi(t) = lyi(t)le* < Mo = ¢"||,t € [t ta], i =1,2,---.

Similarly, it follows that

Vi(t) = [yi(t)|eM < Mo — o*||,t > 0,i=1,2,--
Namely,
i (t) — 27 (t)] = lvi(t)| < Ml — "t > 0.

Now the proof is completed.

Theorem 3.2 Assume that (A1) — (A5) hold, then system (1)
has exactly one w-anti-periodic solution which is globally
exponentially stable.

Proof. Let z(t) = (z1(t), z2(t), -
of system (1) with initial conditions

zi(s) = pi(s),

be a solution

@ (t))7

li(s)| <m, s€[-7,0,i=1,2,---,n.
(13)
From Lemma 2.2, it follows that the solution z(¢) is bounded
and

For any natural number p, it follows from system (1) that

(=P it + (p+ Nw))’
= (P {=a;(t + (p+ Dw)a;(t + (p + Dw)
+3 dij(t+ (p+ Dw)
j=1

x fi(w;(t — i (t

+ /\ a;;(t+ (p+ 1)w)

t+(p+1)w
</

+ \/ Bij(t + (p+ w)

+ P+ 1w +(p+1Dw)))

kij(t + (p+ Dw — s)g;(x;(s))ds

t+(p+1)w
X / k”(t + (p + 1)&) — s)gj(xj(s))ds

+Ei(t+ (p+1Dw)}

= —a;(t)(=1)" Mzt + (p + Do)

zi(t+ (p+ Dw — 735(1)))

— 5)g;(x;(s))ds

— 5)g;(z;(s))ds

15)

and

L+ Lo+ (p+1) q))xl(t + P+ 1w
+ Li)xi(t+ (p+ Dw)
L+ L) ((—1)P st + (p+ 1)w),

(
-1 P“(
(16)

(Advance online publication: 10 February 2018)
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where i = 1,2,---,n,k=1,2,---. Thus (—=1)PTla(t+ (p+
1)w) is the solution of system (1). From Theorem 3.1, there
exists a constant M > 1 such that

(1P it + (p + Dw) = (=1)P@i(t + pw)]

< M M) sup max zi(s + w) + 3i(s)|
—00<s<0 1<i<n

< 2e AP ALy 17)

and

[(=D)P (b + (0 + Dw) ™)

—(=1)Pai((tx + pw) ™)

(8 + (p+ D)) + z((t + pw) )

1+ Li||lzi(tx + (p + Dw) + z; (¢ + pw)|
< 2Mpe  Mtetpe),

(18)

where £k € N,i =
number ¢, we have

(-t '( + (g + w)
— +Z

—(— ) l‘i(t + k:w)},t 75 tk.
It follows that

(=) it + (¢ + Dw)|

< lm@)]+ Y (=D it + (k+ Dw)

k=0
—(=1)*az(t + kw)|, t # t,

1,2,---,n. Therefore, for any natural

DMt + (k4 1)w)

19)

(20)
and

(=) i ((t + (g + Dw) 7))
= 1+ L) (=) ity + (g + Dw)|
< DT (e + (g + Dw)l,

where ¢ = 1,2,---,n. It follows from (17)-(21) that
(—=1)7z;(t + (¢ + 1)w) is a fundamental sequence on any
compact set of R. Obviously, {(—1)%z(t + gqw)} uniformly
converges to a piece-wise continuous function z*(t) =
(23 (t), 25(t),- -+, 2% (t))T on compact set of R.

Now we show that z*(¢) is an w-anti-periodic solution of
system (1). Since

21

2(t+w) = lim (—1)7

q—o0

- _ 1 _1)a+1
= qj%rgoo( DTzt + (¢ + 1w)

= —x"(t),t # tg,

x(t +w+ qw)

and
2 ((t+w)”) = lim (-)%((t+w+w)”)

=~ lim (C)™e(( (g D))

= —a*(t)),k=1,2,---.

Namely, x*(t) is w-anti-periodic.

Next we show that z*(t) is a solution of system (1). Noting
that the right-hand side of (1) is piece-wise continuous.
(15) and (16) imply that {((—1)P™z(t + (¢ + Dw))'}
uniformly converges to a piece-wise continuous function on

any compact subset of R. Let p — oo on both sides of (15)
and (16), we can obtain

zi(t) = —ai(t)i(t)
+ 30 dig ()£ (@5 (= 73;(t)))
+ Njy ig(t) JL o iy (t = 8)g; (@ (s))ds
+ Vo1 B (0) [ kgt = 5)g; (x5 (s))ds
+E(t)],t > 0,t # 1),
o)) = (4 Lpzi(ty),k=1,2,---,i=1,2,---,n

(22)
Thus z*(t) is a solution of system (1). Applying Theorem
3.1, we can obtain that 2*(¢) is globally exponentially stable.
The proof of Theorem 3.2 is completed.
Remark 3.1 In compared with the results published, the
assumptions (A1)-(A5) which can assure the existence and
exponential stability of system (1), have relation to the
parameters of system and impulsive operators. The results
published [24,25,26,32] can not be applied in this paper.
Therefore the results obtained are new and complementary
to previously known publication.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, an example is given to show effectiveness
of results obtained.
Example 4.1 Consider the following FCNNs with mixed
delay and impulsive effects.

wi(t) = —ai(t)ai(t) + Y, dig () £zt — 7i(2)))
+ /\?;1 aij(t) fjx, kij(t —s)g;(x;(s))ds
+\/j 1 Bis(t )f kij(t — s)g;(x;(s))ds
+E;i(t),t £ k=12,
l‘z(t;:)) = (1 + Iik)l‘i(tk),i = 1,2,
(23)
where a1(t) = 2 + |sint|,aq(t) = 2.4 + |cost|, fj(z) =
g9i(@) = 3(jz + 1| =[x = 1)(J = 1,2),ki;(s) = Lk =
1 ,Ti;(t) = 0.5]sint|.
_( 1/4|cost| 1/8|sint|
(dij(t))2x2 = ( 1/6]sint| 1/3|cost| >
_( 1/8]sint| 1/6]|cost]
(D)2 = ( 1/6] cost| 1/8]sin] )
1/16|cost| 1/4|sint]|
(Bij (£))2x2 = < U alsin]  1/16] eos )
(Ei(t)2x1 = ( i;gig;i >

then, we can easily check that u; = v; = 1,a; = 2,a;, =

2.2, and
) v (@ij)oxe = (

(@is)s — ( 1/4 1/8

1/6 1/3

1/8 1/6 )
1/6 1/8
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— 1/16 1/4

(Bij)zxa = ( 1/4 1/16 >
Let v = 0.1, A = 0.8. Then
2

(A —ar) + D> (diju; + @1+ Bry)kfv;)

j=1

1 1

= @8—®+(-+ PRE S +47+)

4 6 8 6 16
= —-0.18< —-0.1

2
( 7@2 +Z d2],uf] a2j+62j)k;;yj)
j=1

1 1 1 1 1 1
= 2.9 —
(0.6 —2.2) + (8+3+6+8+4+16)

= —-0.34<-0.1

It is easy to conclude that system (23) satisfies all condi-
tion of Theorem 3.2, Thus system (23) has exactly one -
anti-periodic solutions which is globally exponentially stable
(see Fig.1).

- o
A

Fig.1: Numerical solution (x1(t), z2(t)) of systems (23)
with initial value (6, —7).

V. CONCLUSION

In this paper, the existence and globally exponential
stability of anti-periodic solution for fuzzy cellular neural
networks with mixed delays and impulsive effects are con-
sidered. With the aid of differential inequality techniques,
some sufficient conditions set up here are easily verified
and these conditions are correlated with parameters of the
system (1). The obtained criteria can be applied to design
globally exponential stability of anti-periodic fuzzy cellular
neural networks.
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