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Dynamical Behavior of First-Order Nonlinear
Fuzzy Difference Equation

Guiying Wang, Qianhong Zhang,

Abstract—We investigate the existence, the uniqueness and
the asymptotic behavior of the positive solution to first-order
nonlinear fuzzy difference equations which read as:

Tnp1 = A+ Bzpe " n=0,1,---,

where (z,,) is a sequence of positive fuzzy numbers, A, B, C and
the initial value z are positive fuzzy numbers. Some conditions
are obtained for the existence of positive fuzzy solution and
stability of positive equilibrium. Finally an illustrative example
is given to show the effectiveness of the obtained results.

Index Terms—nonlinear fuzzy difference equation, asymptot-
ic behavior, boundedness.

I. INTRODUCTION

T is well known that difference equations appear nat-

urally as discrete analogous of numerical solutions of
differential equation, and that delay differential equation
having many applications in economics, biology, computer
science, control engineering and so on. The study of discrete
dynamical systems described by difference equations or
difference equations systems has received great attention in
mathematical literature. In particular, the existence, persis-
tence, boundedness, local asymptotic stability, and global
character of positive solutions of difference equations have
been discussed in recent years [1-13]. For example, EI-
Metwally et al. [1] investigated the asymptotic behavior of
population model

—x
an:a—i—ﬁxn,le "n=01,---,

where [ is the population growth rate and « is the population
immigration rate.

In 2013, Ibrahim and Zhang [2] studied the rate of
convergence of a solution that converges to the equilibrium
(0,0) for a system of two high-order nonlinear difference
equations

Ln—k Yn—k
k k )
q+ Hi:O Yn—i q+ Hi:O Tp—i
where p,q € (0,00),z; € (0,00),y; € (0,00) and ¢ =
0,1,---,k.
Papaschinopoulos and Schinas [3] investigated the global
behavior for the following two nonlinear difference equations
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where A is a positive real number, p, ¢ are positive integers,
and x_p, -+, 0, Y—g," -, Yo are positive real numbers.

Although difference equations and a systems of difference
equations are very simple in their forms, it is extremely diffi-
cult to understand the behavior of their solutions. Moreover,
these models inherently process uncertainty or vagueness. In
order to consider these uncertain factors, fuzzy set theory
is a powerful tool for modeling uncertainty and processing
vague or subjective information in a mathematical models
[14,15]. More precisely, using of fuzzy difference equations
is a natural way to model the discrete dynamical systems
with embedded uncertainty.

Fuzzy difference equations is a difference equation where
parameters and initial values are fuzzy numbers, and it-
s solutions is sequences of fuzzy numbers. Due to the
applicability of fuzzy difference equation to the analysis
of phenomena where imprecision is inherent, this class of
difference equations are very important topic from theoretical
point of view and for applications. Recently there has been an
increasing interest in the study of fuzzy difference equations
(see[16-28]).

Motivated by the discussion above, we investigate the
dynamical behaviors of fuzzy difference equations. We spe-
cialize our study in this paper to the following family of
first-order nonlinear fuzzy difference equations

Tpi1=A+ Brpe “in=0,1,--, (D)

where (x,) is a sequence of positive fuzzy numbers, the
parameters A, B, C and the initial value x are positive fuzzy
numbers.

II. PRELIMINARY AND SOME DEFINITIONS

For the seek of completeness, we give some basic defini-
tions on fuzziness, necessary for the sequel.
Definition 2.1[18] A fuzzy number is a function if A: R —
[0, 1] satisfying conditions (i)-(iv) written below:
(i) A is normal, i. e., there exists an x € R such that
A(z) =1,
(i) A is fuzzy convex, i. e., forall ¢t € [0,1] and 21,22 € R
such that

Aty + (1 — t)zg) > min{A(x1), A(z2)};

(iii) A is upper semi-continuous on R;
(iv) The support of A, suppA = {z : A(z) > 0} is compact.
Definition 2.2 [18] An a-cut, [A],, is a crisp set which
contains all the elements of the universal set X that have
a membership function at least to the degree of o and can
be expressed as [A], = {z € X : A(x) > a}, namely,
[A}oz = [Al,omAr,oz}

It is obvious that if A is a positive real number then A
is a fuzzy numbers and that [4], = [A, 4], € (0, 1]. Then
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we say that A is a trivial fuzzy number.

Definition 2.3 [18] A fuzzy number A is completely deter-
mined by any pair A = (A, A,.) of functions 4;(a), A, () :
[0,1] — R satisfying the following conditions:

(i) A;(a) is bounded, nondecreasing and left continuous
function for all « € (0, 1J;

(ii)) A,(«) is bounded, nonincreasing and left continuous
function for all a € (0, 1];

(iii) A;(«) and A, () are right continuous for o = 0;

(iv) For all o € (0,1], A;(a) < A ().

For every A = (A}, A,),B = (B;,B,) and k > 0, we
define addition and multiplication as follows:

() (A+B)i(a) = Aj(a) + By (), (A+B) (o) = Ay () +
B, (a);
() (kA)i(a) = kA)(a), (kA) () = kA ().

The collection of all fuzzy numbers with addition and
multiplication defined by (i)-(ii) is denoted by E*.
Definition 2.4 [18] The distance between two arbitrary fuzzy
numbers A and B is defined as follows:

D(A,B) = il[lopl] max{|A;(a) — Bi(a)l, |Ar(a) — B ()|}
’ )

It is clear that (E', D) is a complete metric space.
The fuzzy analog of the boundedness and persistence (see
[18,19]) is as follows.
Definition 2.5 A sequence of positive fuzzy numbers ()
persists (resp. is bounded) if there exists a positive real
number M (resp. N) such that

suppz,, C [M, oco)(resp. suppx, C (0,N]),n=1,2,---,

Definition 2.6 A sequence of positive fuzzy numbers ()
is bounded and persists if there exist positive real numbers
M, N > 0 such that

suppz, C [M,N], n=1,2,---.

Definition 2.7 A positive fuzzy number x is a positive
equilibrium of (1), if

z= A+ Bre ©®.

Let (z,,) be a sequence of positive fuzzy numbers and x is
a positive fuzzy number, Suppose that

[xn]a = [Ln,aaRn,aL 71207172,"'7 a € (07 1]a (3)

and

(2] = [Las Ral, a € (0,1]. “4)

Definition 2.8 A sequence (x,,) converges to = with respect
to D as n — oo if lim, o D(zy,2z) = 0.

Definition 2.9 (i) The positive equilibrium x of (1) is stable if
for every € > 0 there exists 6 = d(¢) > 0 such that for every
positive solution z,, of (1), which satisfies D(xq,z) < §, we
have D(z,,x) < e for all n > 0.

(i1) The positive equilibrium z of (1) is asymptotically stable,
if it is stable and every positive solution x,, of (1) converges
to the positive equilibrium = of (1) with respect to D as
n — oo.

III. MAIN RESULTS

Lemma 3.1[29] Let g : R x R™ x Rt — R™ be continuous,
A, B, C are fuzzy numbers. Then

[9(A, B, C)]a = g([Aa; [Bla: [Cla). a <€ (0,1].  (5)
Lemma 3.2[19] Let u € E', [u], = [w(a),u.(a)], a €
(0, 1], then u;(«) and u, () can be regarded as functions on
(0,1], which satisfy

(i) u;(«) is non-decreasing and left continuous;

(iD)u, () is non-increasing and left continuous;

(Giur(1) < up (1),

Conversely for any functions a(«) and b(«) defined on (0, 1]
which satisfy (i)-(iii) in the above, there exists a unique u €
E* such that [u], = [a(), b()] for any « € (0,1].

Theorem 3.1 Consider the fuzzy difference equation (1),
where A, B and C' are positive fuzzy numbers. Then, for
any positive fuzzy number x , there exists a unique positive
solution x,, of (1) with initial condition x.

Proof. We organize our proof along the lines of the proof of
Proposition 2.1 [18]. Assume that there exists a sequence of
positive fuzzy numbers (x,,) satisfing (1) with initial condi-
tions x(. Consider the a-cuts,a € (0,1],n =0,1,2,-- -,

[Jjn]a = [Ln,aa Rn,a]y [A]a = [Al,a7Ar,(x],
(6)
[B}a = [Bl,aaBr,a]; [C]a = [Cl,avcr,a]~
It follows from (1), (6) and Lemma 3.1 that
[anrl]a [LnJr]’O“ RnJrLDJ — [A + ane*Ca:”]a
= [Ala + [Bla[zalale "]
= [Al,aa Ar,a]
+[Bl,a7 Br,a] [Ln,ou Rn,a] X [e_Cw"]a
— A+ BiaLnpae Crofine,
Ar,a + BﬁaRn,aeiCl'“L"’a]’
from which we have that for n =0,1,2,---, « € (0, 1]
Lyt1,a= Al,a + BlﬂL"’ae*ChaRn,a’
(7N

_ —Claln,a
Rn+1,a - Ar,a + Br,aRn,ae L .

Then it is obvious that, for any initial values condition
(Lo,a,Roa), € (0,1], there exists a unique solution
(Ly,os Rn,a).- Now we prove that [L, o, Ry.o],a € (0,1],
where (L, o, Ry o) is the solution of system (7) with the
initial condition (Lg «, Ro,«), determines the solution x,, of
(1) with the initial conditions xg such that

[-rn]a = [Ln,aaRn,a]vae (Ou 1],71:0,1727"'7 (8)

where A, B,C and z( are positive fuzzy numbers, for any
ag,as € (0,1], a1 < as, we have

0 < Al,a1 < Al,ag < AT,Otz < Ar,a1
0 < Bia, < B =< Bra, < Bro,
0 < Cl,cn < Cl,a2 < C’r’,Oéz < Cr,oq
0 < Loa, < Loa, < Roa, < Roa,

(9)
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We recall that

Ln,al < Ln,(xz < Rn,az < Rn,alan = 07 ]-7 27 Tt (10)

By induction, we get from (9) that (10) holds for n = 0, 1.
Assume now that (10) is true for n < h,h € {1,2,---}. Then
we get from (6), (8) and (9) that, for n < h,

Lh+1,a1 = Al,al + Bl’ath}ale_CT‘o‘l Rn,on
< Ao, + Bl,ath,ageicr’QQRn’QQ = Lht1,as
= Al,a2 + Bl,ath,ageicr’QQRn’QQ
< Apoy + BroyRuage Chezlmes = Ry vy )
= Apay + BrayRpa,e” Chozbnos
< Ay, + BroyRug e Crorlmer = Ry

Therefore (10) is satisfied. Moreover from (7) we have, for
Va € (0,1]

Ll,a = Al,a + Bl,aLO,aeicr'aRO’av

(11
Rio=Apa+ BroRyae Coloe,

where A, B,C and z( are positive fuzzy numbers, then
we have that Al,aa Ar,om Bl,ou Br,oz; Cl,a, Cr,om LO,om RO,a
are left continuous. So from (11) we have that L; o, R; o
are also left continuous. By induction we can get that
Ly, Rpo,n =1,2,--- are left continuous.
Now we prove that the support of z,,, suppz,

= Uae(o,u [Ln,as Rn o is compact. It is enough to show that
Uae(o,l] [Ln.as Rno is bounded. Let n = 1, Since A, B,C
and x( are positive fuzzy numbers, there exist constants
My > 0,Mp > 0,M¢c > 0,My > O,N4 > 0,Ng >
0, N¢ > 0, Ny > 0 such that, for all « € (0,1],

[Al,aaAr,a] - [MA;NAL ] C [MBaNB]a

[Bl,om Br,a

[Cl,ou C’ma] C [MC; NC']7 [LO,ou RO,Q] - [Mo, NO](lZ)

So, from (11) and (12) we have

[Lia,Rial C  [Ma+ MpMye NN,

N4 + NpNge™MeMo] | (13)

From which we can get that, for all « € (0, 1].

U [Ll,ole,a] - [MA+MBM067N“NO’
ae(0,1]

N4 + NpNoe MeMo] - (14)

Therefore (14) implies that

U [L1,0, R1.q] is compact,
a€(0,1]

and

U [L1.a,Rial € (0,00).
a€(0,1]
that

Deducing inductively, we follow

Uae(0,1[Ln,as Bn,o] is compact, and

can

U [Ln,ouRn,oc] C (07 OO), n = 172a"' (15)

a€(0,1]

Therefore, (9), (15) and since L, , I, are left continuous,
we have that [L,, o, R, o] determines a sequence of positive
fuzzy numbers (z,,) such that (10) holds .

Next, we will prove that, for YVa € (0,1], x, is a
unique solution of (1) with the initial condition zy. Assume
that there exists another solution 7z, of (1) with the initial
conditions zy. Then from arguing as above we can easily
prove that

[En]a = [Ln,aaRn,a]7

Then from (8) and (16), we have [z,]a = [Tnla, @ €
(0,1],n =0,1,2,---, namely, z,, = T,,n =0,1,---. Thus
the proof of Theorem 3.1 is completed.

a€(0,1], n=0,1,2---. (16)

Lemma 3.3 (Comparison principle) Let a € [0,00),b €
[0,00) and let {X,}5%q,{Yn}22, be sequences of real
numbers, such that Xy < Yy, and forn =0,1---

Xn+1 S aXn + b7

Yn-l—l =aY, + b»
Then X,, <Y, for all n > 0.

Lemma 3.4 Consider the difference equation system, for n =
0,1,

Yn+1 = a1 + blyneiclznv

A7)

Zn4+1 = a2 + bQZne_czy”a

where a1,b1,c1,a2,b2,co and the initial values yq, 29 are
positive real numbers. If

by < €192 by < 9291, (18)

Then solution of (17) is bounded and persists.
Proof. Assume that {(yn, 2,)}52, is a positive solution of
(17). Then it follows from (17) that, for n > 0, we have

Ynt1 = a1 + brype” 1 > ay,
(19)
Zn+1 = Qg + bazpe ™Y > qaq.

Thus

Ynt1 = a1 + b1ype” % < ap + biyne” 192,
(20)
Zn+1 = Q2 + bazpe” Y < ag 4 byz,e” 201,

Now we consider the following system of difference equa-
tions, forn =1,2,---,

YnJrl =a; + bIYne_Claza Zn+1 =az + bQZne_czala

with initial conditions yg < Yy, 29 < Zp, and it follows from
Lemma 3.3 that

Yn <Y, 2o < Z,,n>0.
So
im V= —  fim Z, = — 2
n— 00 1 —bie~@122’ n—oo 1 — boe—C2m
and
i S € T ol P S T

Therefore {(yn, 2)}52, is bounded and persists, the proof
is completed.
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Theorem 3.2 Consider the fuzzy difference equation (1),
where A, B, C and initial value x( are positive fuzzy num-
bers. If for Vo € (0.1],

ClaAla

Bro <e 1)

Then every positive solution of (1) is bounded and persists.
Proof. Assume that z,, is a positive solution of equation (1)
such that (8) holds. From (7), we have, forn =1,2,---,a €
(0,1],

Al,a < Ln,ou Ana < Rnﬂa (22)
From Lemma 3.3 and (20), we can get, forn =1,2, .-,
Ala
ana S 1731_(161‘07‘,@147‘,04’
(23)
Rn,a < Are

- lfBTv,ae_CI,aAI,a .

Hence from (12), (20) and (21) we can get, for n > 1, €
(0,1],

Ny
[Ln,ouRn,a] C [th W (24)
From which it is obvious that, for n > 1.
_ N
U [Ln,asRna) C | Ma, W ) (25)
a€(0,1] L J
from which we get
_ Na _
U [Ln,as Rnal C | Ma, 1= Nge Moa | (26)

a€e(0,1]

The positive solution of (1) is bounded and persists.

Lemma 3.5 Consider the difference equations system (17),
where a;,b;,c;(i = 1,2) are positive real numbers. If (18)
hold, then there exists a unique positive equilibrium (7, %)
such that

ay an

ap <y < 71 — b16761a2’ agy <z < 71 ~ bye—coar .

27

Proof. Let (y, z) be the solution of the following system.

Yy = ai +biye 43,
(28)
Z = a9 + boze™ Y,
Set e
f(y) =a + blye_l—bze—czv —y. (29)
Then
_ c1a2
fla1) = braje 1-t2e"2" >0, ,}Lnéof(y) = —oo (30)
and
, ___age;
fly) = bie v
c1aabacoe™2Y —7“2711(27!
—b1y(1 - bze*CZy)2e o -1
< 0. (31)

It follows from (30) and (31) that (28) has exactly one
solution y > ay. Similarly, we can obtain that Z > as.

From (28), we have

a1 _ ag

y< 1— b1€761a2 ’ < 1-— b2€762a1 ’

The proof is completed.

Theorem 3.3 Consider the difference equation system (17),
where a;,b;,c¢;(i = 1,2) are positive real numbers and the
initial values y, 29 are positive real numbers. Assume that
(18) and that the following condition holds

a1cy
1-— b1€701a2

max{ble_claQ(l + ),

a2C2

bge_C2al (1 + ]W)} < 17 (32)

Then the positive equilibrium (7, Zz) of system (17) is glob-
ally asymptotically stable.

Proof. We first prove that the positive equilibrium point
(7,Z) is locally asymptotically stable. We can easily obtain
that the linearized system of (17) about the positive equilib-
rium (7, Z) is

<I>n+1 = D(I)n:
where
bleiclz blclge’clz
D = (dij)ax2 = - -
—bacize 2Y boe™2Y

The norm of this matrix is
| D|| = max {ble_“ﬁ(l + c17), bae V(1 + 022)} )
From (32), we get that

a1C1
1-— ble_cla2

ID| < max{ble_cla"‘(l—l— ),

agCo
1 — boec2m1 )} <l

Therefore, since |A\;| < [|D| < 1, A\i(s = 1,2) are the
eigenvalues of D, we have all eigenvalues of D lie inside the
unit disk. This implies that (7,Z) is locally asymptotically
stable.

Let (yn, zn) be a positive solution of (17). We prove that

(33)

626702111 (1 -+

lim y, =7y, lim z, =7%.
n—oo n—oo

Using Lemma 3.3, we get

I'y =lim, oo supy, < oo, I's=Ilim, . supz, < oo,

v1 = lim,_, o inf y,, > 0, Yo = lim,,_, o inf z, > 0.
(34)
Then from (17) and (34), we have

a a
I S5 2 =

Z T-pre—eil2>
(35)

az

___a ___a
[y < Thae ez 12 2 Tohpeeelt

From (35), it follows that

a291

[Liy2 < 7222 Dot < 3, 5

= Tobre 1z

asly

a I’
112 F172 > T bye—caTT -

F2'Yl = 17b187“1r27

\%
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From which we can get

I a7y
oty <Te < s,
(36)
I as”y
The-arz = L2m < 1t
Set
o asy o a1z
9y) = 1= g o) =15 = P (37)
and

ay a2
ye|am 1-— b1€761a2 y ZE€ | 02 1-— b26762a1 '

Then form (37) , we can get that

/ as[1—boe™ “2Y(14c
g (y) = 2 (1Ebzeic§y‘;‘2 2y)]’
(38)
! a1[l—bie 1% (14-c12
f (Z) = 1[ (lib167C£z)2 2 )];
Since
ai a2
€ T S T o |
Y <a1 1— b1601a2> : <a2 1-— bgeCWl)
we can get
1 — boe 2Y(1 4 coy) > 1 — boe 2"
X(l + 1_[)26;72_62{,1) > 0,
(39
1 — biem*(14c12) > 1—bre 122

x(1+ o1

T-bie—c1°2

) > 0.

Therefore from (38) and (39), we can get

9'(y) >0, f'(2) >0,

a1 as
y e\ 1-— b1€701a2 % € | 92, 1-— 1)26702”1 ’

Hence, ¢, f are monotone increasing function, together
with (36), it implies that I'; = 1,y = 2 and we get in
fine that lim, .y, = ¥, lim,_, 2, = Z. The proof of
Theorem 3.3 is completed.

for

Remark 3.1 Condition (32) of Theorem 3.3 is different
from that of [4], These condition guarantee the existence
of the unique positive equilibrium of (17) to be globally
asymptotically stable.

Theorem 3.4 Consider the fuzzy difference equation (1),
where A, B, C and the initial value are positive fuzzy num-
bers, If (21) hold, then the following statements are true.
(i) The system (1) has a unique positive equilibrium.
(ii)The every positive solution x, of (1) converges to the
unique positive equilibrium x with respect to D as n — oo.
Proof. (i) We consider the system

La - Al,a + Bl,aLaeicr’QRav
(40)
Ra - Ar,a + Br,aRae_Cl’aLa .

Obviously, (40) has a unique solution (L, Rq).
Assume that x,, is a positive solution of (1), so that [x,], =

[Ln,a’ Rn,a}ya S (O7 1]7’[’1, = 0, 17 YRR
Theorem 3.3, we have

Then applying

lim L, o= Ls, lim R, .= Re. 41)
n—oo n—oo
From (22) and (40), we have, for 0 < a1 < as <1,
0 < Loy < Lay < Ray < Ra, 42)

Since Ao, Ar.a, Bia, Br.o are left continuous, it follows
from (40) that L, R, are also left continuous. From (12)
and (40) we have

Loc > Al,a > MA7

) 3)
Ry, = 173”'7(1;‘Y—QCZ1QLQ < 1_NBiV—AMAMc .
Therefore (43) implies that
Na
[La, Ra] C | Ma, 1= Nge Mallc
From that it is clear that
Uae(0,1][La; Ra] is compact
(44)

Uae(0,1][La; Ra] C (0,00).

From Lemma 3.2, (40), (42) and (44), it follows that L, R,
determine a fuzzy number z such that

&= A+ Bxe % [z] = [La, Ral, o € (0,1],
and so x is a positive equilibrium of (1).
Let T is another positive equilibrium of (1), then there

exist function L, : (0,1] — (0,00), Ry : (0,1] — (0, 00),
such that

7= A+ Bze ", [T]a = [La, Ra),a € (0,1].

From which we get

Lo = Ajo+BiaLae” 9ol Ry = A, o+B, oRae” “hote.

S0 Ly = Lo, R = Ra, € (0,1], we can get x = 7. This
completes the proof of (i).
(ii) From (41), we can get

lim D(x,,x)
n— 00
= lim sup {max{|Lna — Lal,|Rne — Ral}}

n—o0 a6(071]

= 0 (45)

From which it is clear that every positive solution z,, of
(1) converges the unique equilibrium x with respect to D as
n — 00.

IV. NUMERICAL EXAMPLE

To illustrate our result, we give an example to show
effectiveness our results obtained .

Example 4.1 Consider the following fuzzy difference equa-
tion

Tpt1 = A_’_ane—C’an’n: 0)17"') (46)
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where A, B, C are fuzzy numbers such that

11
. ——-a=0
B 10z — 2, 02<z<0.3, 1L 4 * a=05 | |
Alz) = { —52+25, 03<x<0.5, “7) y o M
09F ‘\.\
and N
08t *
B 10z —4, 04<xz<0.5, . .
B(x) = { 10z +6, 05<z<0.6, @) ol
\
and N *
br—3,  0.6<z<08 "l ¥
x—3, 6 <x<0.8,
Cla) = { —5x+5 ~ 08<xz<l, “49) .l «
0©
we take the initial value g, such that 04 ‘ ‘ ‘ & ‘
0.2 0.25 03 0.35 04 0.45 05
L
10z — 3 03<x<04 n
Ty = { ’ - - ’ (50)
—5z+3, 04<z<06, Fig. 1. The dynamical behavior of (55).
from (47), (48), (49), for a € (0, 1], we have
11
——L
4], = [0.1a+0.2,0.5 —0.2¢], —R,
[B], = [0.1a+0.4,0.6 —0.1a], (51)
[Cl, = [0.6+0.2a,1—0.20a].
And
Uae(0,1] [A]a =[0.2,0.5],
05
Uae(o,l] [Bla = [0.4,0.6], (52) 04
- 0.3 n
Uae(o,l] [C]a = [0~67 ” U USRI _
®20 10 2 a0 40 s 60 70 8 9 100
Moreover from (50), for o € (0,1] , we have n
[lE]O _ [0.1(1 40.3,0.6— 0.204 (53) Fig. 2. The solution of system (55) at a = 0.
and so 07
R 7'7\ B
_— 0.65[ ———-R
U [0l =[0.3,0.6] (54) j
ae(0,1] 06 7‘!
i
From (46), it results in a coupled system of difference B 085 7]
equation with parameter o € (0, 1] , s |
Lyiie=01a+0.24+ (0.1a + 0.4) L, e~ (170200 Fna 045+
Roi1.a=05—02a+ (0.6 —0.1a)R, ne~ (0610200 Lna 041
(55
and, B, , < eAraCua for every o € (0,1], the condition 0-35
(21) is satisfied, so from the Theorem 3.3 we get that every 03 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
positive solution x,, of (55) is bounded and persists, and in 0 10 20 3 40 5 60 70 80 90 100
addition, (46) has a unique positive equilibrium n
T = (0.233’ 0.46, 1.046). Fig. 3. The solution of system (55) at a = 0.5.
Every positive solution z,, of (46) converges to the unique V. CONCLUSION
positive equilibrium x with respect to D as n — oo (see
Fig.1-Fig.5). In this paper, the first-order nonlinear fuzzy difference

(Advance online publication: 7 November 2018)
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0.6

/ _._.R
055 | .

0.5 [ i

&R

0.45 i

0.4 b

0.35 I I I I I I I I I

Fig. 4. The solution of system (55) at a = 0.75.

0.46 T T T T T T T T T
L
n
—R
045 n| |
0.44r 7
c
o
g 043 J
-
-
0.42 1 4
0.41 ]
0.4 \ \ \ \ \ \ \ \ \
0 10 20 30 40 50 60 70 80 90 100
n
Fig. 5. The solution of system (55) at & = 1.
equation

Tpy1 = A+ Brpe % n=0,1,---

is discussed. Firstly, the existence of the positive solution
to this equation is proved. Secondly, we found that under
condition B, < e/taCia o € (0, 1], the positive solutions
of first-order nonlinear fuzzy difference equation are bounded
and persistent, and there exists an unique positive equilibrium
T such that every positive solution converges it. Finally, a
numerical example is given to illustrate our results obtained.
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