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Abstract—We investigate the existence, the uniqueness and
the asymptotic behavior of the positive solution to first-order
nonlinear fuzzy difference equations which read as:

xn+1 = A+Bxne
−Cxn , n = 0, 1, · · · ,

where (xn) is a sequence of positive fuzzy numbers, A,B,C and
the initial value x0 are positive fuzzy numbers. Some conditions
are obtained for the existence of positive fuzzy solution and
stability of positive equilibrium. Finally an illustrative example
is given to show the effectiveness of the obtained results.

Index Terms—nonlinear fuzzy difference equation, asymptot-
ic behavior, boundedness.

I. INTRODUCTION

IT is well known that difference equations appear nat-
urally as discrete analogous of numerical solutions of

differential equation, and that delay differential equation
having many applications in economics, biology, computer
science, control engineering and so on. The study of discrete
dynamical systems described by difference equations or
difference equations systems has received great attention in
mathematical literature. In particular, the existence, persis-
tence, boundedness, local asymptotic stability, and global
character of positive solutions of difference equations have
been discussed in recent years [1-13]. For example, EI-
Metwally et al. [1] investigated the asymptotic behavior of
population model

xn+1 = α+ βxn−1e
−xn , n = 0, 1, · · · ,

where β is the population growth rate and α is the population
immigration rate.

In 2013, Ibrahim and Zhang [2] studied the rate of
convergence of a solution that converges to the equilibrium
(0,0) for a system of two high-order nonlinear difference
equations

xn+1 =
xn−k

q +
∏k

i=0 yn−i

, yn+1 =
yn−k

q +
∏k

i=0 xn−i

,

where p, q ∈ (0,∞), xi ∈ (0,∞), yi ∈ (0,∞) and i =
0, 1, · · · , k.

Papaschinopoulos and Schinas [3] investigated the global
behavior for the following two nonlinear difference equations

xn+1 = A+
yn

xn−p
, yn+1 = A+

xn

yn−q
, n = 0, 1, · · · ,
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where A is a positive real number, p, q are positive integers,
and x−p, · · · , x0, y−q, · · · , y0 are positive real numbers.

Although difference equations and a systems of difference
equations are very simple in their forms, it is extremely diffi-
cult to understand the behavior of their solutions. Moreover,
these models inherently process uncertainty or vagueness. In
order to consider these uncertain factors, fuzzy set theory
is a powerful tool for modeling uncertainty and processing
vague or subjective information in a mathematical models
[14,15]. More precisely, using of fuzzy difference equations
is a natural way to model the discrete dynamical systems
with embedded uncertainty.

Fuzzy difference equations is a difference equation where
parameters and initial values are fuzzy numbers, and it-
s solutions is sequences of fuzzy numbers. Due to the
applicability of fuzzy difference equation to the analysis
of phenomena where imprecision is inherent, this class of
difference equations are very important topic from theoretical
point of view and for applications. Recently there has been an
increasing interest in the study of fuzzy difference equations
(see[16-28]).

Motivated by the discussion above, we investigate the
dynamical behaviors of fuzzy difference equations. We spe-
cialize our study in this paper to the following family of
first-order nonlinear fuzzy difference equations

xn+1 = A+Bxne
−Cxn ;n = 0, 1, · · · , (1)

where (xn) is a sequence of positive fuzzy numbers, the
parameters A,B,C and the initial value x0 are positive fuzzy
numbers.

II. PRELIMINARY AND SOME DEFINITIONS

For the seek of completeness, we give some basic defini-
tions on fuzziness, necessary for the sequel.
Definition 2.1[18] A fuzzy number is a function if A : R →
[0, 1] satisfying conditions (i)-(iv) written below:
(i) A is normal, i. e., there exists an x ∈ R such that
A(x) = 1;
(ii) A is fuzzy convex, i. e., for all t ∈ [0, 1] and x1, x2 ∈ R
such that

A(tx1 + (1− t)x2) ≥ min{A(x1), A(x2)};

(iii) A is upper semi-continuous on R;
(iv) The support of A, suppA = {x : A(x) > 0} is compact.
Definition 2.2 [18] An α-cut, [A]α, is a crisp set which
contains all the elements of the universal set X that have
a membership function at least to the degree of α and can
be expressed as [A]α = {x ∈ X : A(x) ≥ α}, namely,
[A]α = [Al,α, Ar,α].

It is obvious that if A is a positive real number then A
is a fuzzy numbers and that [A]α = [A,A], α ∈ (0, 1]. Then
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we say that A is a trivial fuzzy number.
Definition 2.3 [18] A fuzzy number A is completely deter-
mined by any pair A = (Al, Ar) of functions Al(α), Ar(α) :
[0, 1] → R satisfying the following conditions:
(i) Al(α) is bounded, nondecreasing and left continuous
function for all α ∈ (0, 1];
(ii) Ar(α) is bounded, nonincreasing and left continuous
function for all α ∈ (0, 1];
(iii) Al(α) and Ar(α) are right continuous for α = 0;
(iv) For all α ∈ (0, 1], Al(α) ≤ Ar(α).

For every A = (Al, Ar), B = (Bl, Br) and k > 0, we
define addition and multiplication as follows:
(i) (A+B)l(α) = Al(α)+Br(α), (A+B)r(α) = Ar(α)+
Br(α);
(ii) (kA)l(α) = kAl(α), (kA)r(α) = kAr(α).

The collection of all fuzzy numbers with addition and
multiplication defined by (i)-(ii) is denoted by E1.
Definition 2.4 [18] The distance between two arbitrary fuzzy
numbers A and B is defined as follows:

D(A,B) = sup
α∈[0,1]

max{|Al(α)−Bl(α)|, |Ar(α)−Br(α)|}.

(2)
It is clear that (E1, D) is a complete metric space.

The fuzzy analog of the boundedness and persistence (see
[18,19]) is as follows.
Definition 2.5 A sequence of positive fuzzy numbers (xn)
persists (resp. is bounded) if there exists a positive real
number M (resp. N ) such that

suppxn ⊂ [M,∞)(resp. suppxn ⊂ (0, N ]), n = 1, 2, · · · ,

Definition 2.6 A sequence of positive fuzzy numbers (xn)
is bounded and persists if there exist positive real numbers
M,N > 0 such that

suppxn ⊂ [M,N ], n = 1, 2, · · · .

Definition 2.7 A positive fuzzy number x is a positive
equilibrium of (1), if

x = A+Bxe−Cx.

Let (xn) be a sequence of positive fuzzy numbers and x is
a positive fuzzy number, Suppose that

[xn]α = [Ln,α, Rn,α], n = 0, 1, 2, · · · , α ∈ (0, 1], (3)

and

[x]α = [Lα, Rα], α ∈ (0, 1]. (4)

Definition 2.8 A sequence (xn) converges to x with respect
to D as n → ∞ if limn→∞ D(xn, x) = 0.
Definition 2.9 (i) The positive equilibrium x of (1) is stable if
for every ε > 0 there exists δ = δ(ε) > 0 such that for every
positive solution xn of (1), which satisfies D(x0, x) ≤ δ, we
have D(xn, x) ≤ ε for all n > 0.
(ii) The positive equilibrium x of (1) is asymptotically stable,
if it is stable and every positive solution xn of (1) converges
to the positive equilibrium x of (1) with respect to D as
n → ∞.

III. MAIN RESULTS

Lemma 3.1[29] Let g : R+×R+×R+ → R+ be continuous,
A,B,C are fuzzy numbers. Then

[g(A,B,C)]α = g([A]α, [B]α, [C]α). α ∈ (0, 1]. (5)

Lemma 3.2[19] Let u ∈ E1, [u]α = [ul(α), ur(α)], α ∈
(0, 1], then ul(α) and ur(α) can be regarded as functions on
(0,1], which satisfy
(i) ul(α) is non-decreasing and left continuous;
(ii)ur(α) is non-increasing and left continuous;
(iii)ul(1) ≤ ur(1).
Conversely for any functions a(α) and b(α) defined on (0, 1]
which satisfy (i)-(iii) in the above, there exists a unique u ∈
E1 such that [u]α = [a(α), b(α)] for any α ∈ (0, 1].

Theorem 3.1 Consider the fuzzy difference equation (1),
where A,B and C are positive fuzzy numbers. Then, for
any positive fuzzy number x0 , there exists a unique positive
solution xn of (1) with initial condition x0.
Proof. We organize our proof along the lines of the proof of
Proposition 2.1 [18]. Assume that there exists a sequence of
positive fuzzy numbers (xn) satisfing (1) with initial condi-
tions x0. Consider the α-cuts,α ∈ (0, 1], n = 0, 1, 2, · · · , [xn]α = [Ln,α, Rn,α], [A]α = [Al,α, Ar,α],

[B]α = [Bl,α, Br,α], [C]α = [Cl,α, Cr,α].
(6)

It follows from (1), (6) and Lemma 3.1 that

[xn+1]α = [Ln+1,α, Rn+1,α] = [A+Bxne
−Cxn ]α

= [A]α + [B]α[xn]α[e
−Cxn ]α

= [Al,α, Ar,α]

+[Bl,α, Br,α][Ln,α, Rn,α]× [e−Cxn ]α

= [Al,α +Bl,αLn,αe
−Cr,αRn,α ,

Ar,α +Br,αRn,αe
−Cl,αLn,α ],

from which we have that for n = 0, 1, 2, · · · , α ∈ (0, 1] Ln+1,α = Al,α +Bl,αLn,αe
−Cr,αRn,α ,

Rn+1,α = Ar,α +Br,αRn,αe
−Cl,αLn,α .

(7)

Then it is obvious that, for any initial values condition
(L0,α, R0,α), α ∈ (0, 1], there exists a unique solution
(Ln,α, Rn,α). Now we prove that [Ln,α, Rn,α], α ∈ (0, 1],
where (Ln,α, Rn,α) is the solution of system (7) with the
initial condition (L0,α, R0,α), determines the solution xn of
(1) with the initial conditions x0 such that

[xn]α = [Ln,α, Rn,α], α ∈ (0, 1], n = 0, 1, 2, · · · , (8)

where A,B,C and x0 are positive fuzzy numbers, for any
α1, α2 ∈ (0, 1], α1 ≤ α2, we have

0 < Al,α1 ≤ Al,α2 ≤ Ar,α2 ≤ Ar,α1

0 < Bl,α1 ≤ Bl,α2 ≤ Br,α2 ≤ Br,α1

0 < Cl,α1 ≤ Cl,α2 ≤ Cr,α2 ≤ Cr,α1

0 < L0,α1 ≤ L0,α2 ≤ R0,α2 ≤ R0,α1 .
(9)
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We recall that

Ln,α1
≤ Ln,α2

≤ Rn,α2
≤ Rn,α1

, n = 0, 1, 2, · · · . (10)

By induction, we get from (9) that (10) holds for n = 0, 1.
Assume now that (10) is true for n ≤ h, h ∈ {1, 2, · · ·}. Then
we get from (6), (8) and (9) that, for n ≤ h,

Lh+1,α1 = Al,α1 +Bl,α1Lh,α1e
−Cr,α1Rn,α1

≤ Al,α2 +Bl,α2Lh,α2e
−Cr,α2Rn,α2 = Lh+1,α2

= Al,α2 +Bl,α2Lh,α2e
−Cr,α2

Rn,α2

≤ Ar,α2 +Br,α2Rh,α2e
−Cl,α2

Ln,α2 = Rh+1,α2

= Ar,α2 +Br,α2Rh,α2e
−Cl,α2

Ln,α2

≤ Ar,α1 +Br,α1Rh,α1e
−Cl,α1

Ln,α1 = Rh+1,α1 .

Therefore (10) is satisfied. Moreover from (7) we have, for
∀α ∈ (0, 1] L1,α = Al,α +Bl,αL0,αe

−Cr,αR0,α ,

R1,α = Ar,α +Br,αR0,αe
−Cl,αL0,α ,

(11)

where A,B,C and x0 are positive fuzzy numbers, then
we have that Al,α, Ar,α, Bl,α, Br,α, Cl,α, Cr,α, L0,α, R0,α

are left continuous. So from (11) we have that L1,α, R1,α

are also left continuous. By induction we can get that
Ln,α, Rn,α, n = 1, 2, · · · are left continuous.

Now we prove that the support of xn, suppxn

=
∪

α∈(0,1][Ln,α, Rn,α] is compact. It is enough to show that∪
α∈(0,1][Ln,α, Rn,α] is bounded. Let n = 1, Since A,B,C

and x0 are positive fuzzy numbers, there exist constants
MA > 0,MB > 0,MC > 0,M0 > 0, NA > 0, NB >
0, NC > 0, N0 > 0 such that, for all α ∈ (0, 1], [Al,α, Ar,α] ⊂ [MA, NA], [Bl,α, Br,α] ⊂ [MB , NB ],

[Cl,α, Cr,α] ⊂ [MC , NC ], [L0,α, R0,α] ⊂ [M0, N0].
(12)

So, from (11) and (12) we have

[L1,α, R1,α] ⊂
[
MA +MBM0e

−NcN0 ,

NA +NBN0e
−McM0

]
. (13)

From which we can get that, for all α ∈ (0, 1].∪
α∈(0,1]

[L1,α, R1,α] ⊂
[
MA +MBM0e

−NcN0 ,

NA +NBN0e
−McM0

]
. (14)

Therefore (14) implies that∪
α∈(0,1]

[L1,α, R1,α] is compact,

and ∪
α∈(0,1]

[L1,α, R1,α] ⊂ (0,∞).

Deducing inductively, we can follow that∪
α∈(0,1][Ln,α, Rn,α] is compact, and∪

α∈(0,1]

[Ln,α, Rn,α] ⊂ (0,∞), n = 1, 2, · · · . (15)

Therefore, (9), (15) and since Ln,α, Rn,α are left continuous,
we have that [Ln,α, Rn,α] determines a sequence of positive
fuzzy numbers (xn) such that (10) holds .

Next, we will prove that, for ∀α ∈ (0, 1], xn is a
unique solution of (1) with the initial condition x0. Assume
that there exists another solution xn of (1) with the initial
conditions x0. Then from arguing as above we can easily
prove that

[xn]α = [Ln,α, Rn,α], α ∈ (0, 1], n = 0, 1, 2, · · · . (16)

Then from (8) and (16), we have [xn]α = [xn]α, α ∈
(0, 1], n = 0, 1, 2, · · ·, namely, xn = xn, n = 0, 1, · · · . Thus
the proof of Theorem 3.1 is completed.

Lemma 3.3 (Comparison principle) Let a ∈ [0,∞), b ∈
[0,∞) and let {Xn}∞n=0, {Yn}∞n=0 be sequences of real
numbers, such that X0 ≤ Y0, and for n = 0, 1 · · · Xn+1 ≤ aXn + b,

Yn+1 = aYn + b,

Then Xn ≤ Yn, for all n ≥ 0.

Lemma 3.4 Consider the difference equation system, for n =
0, 1, · · ·,  yn+1 = a1 + b1yne

−c1zn ,

zn+1 = a2 + b2zne
−c2yn ,

(17)

where a1, b1, c1, a2, b2, c2 and the initial values y0, z0 are
positive real numbers. If

b1 < ec1a2 , b2 < ec2a1 . (18)

Then solution of (17) is bounded and persists.
Proof. Assume that {(yn, zn)}∞n=0 is a positive solution of
(17). Then it follows from (17) that, for n ≥ 0, we have yn+1 = a1 + b1yne

−c1zn > a1,

zn+1 = a2 + b2zne
−c2yn > a2.

(19)

Thus yn+1 = a1 + b1yne
−c1zn < a1 + b1yne

−c1a2 ,

zn+1 = a2 + b2zne
−c2yn < a2 + b2zne

−c2a1 .
(20)

Now we consider the following system of difference equa-
tions, for n = 1, 2, · · ·,

Yn+1 = a1 + b1Yne
−c1a2 , Zn+1 = a2 + b2Zne

−c2a1 ,

with initial conditions y0 ≤ Y0, z0 ≤ Z0, and it follows from
Lemma 3.3 that

yn ≤ Yn, zn ≤ Zn, n ≥ 0.

So

lim
n→∞

Yn =
a1

1− b1e−c1a2
, lim

n→∞
Zn =

a2
1− b2e−c2a1

,

and

lim
n→∞

sup yn ≤ a1
1− b1e−c1a2

, lim
n→∞

sup zn ≤ a2
1− b2e−c2a1

.

Therefore {(yn, zn)}∞n=0 is bounded and persists, the proof
is completed.
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Theorem 3.2 Consider the fuzzy difference equation (1),
where A,B,C and initial value x0 are positive fuzzy num-
bers. If for ∀α ∈ (0.1],

Br,α < eCl,αAl,α . (21)

Then every positive solution of (1) is bounded and persists.
Proof. Assume that xn is a positive solution of equation (1)
such that (8) holds. From (7), we have, for n = 1, 2, · · · , α ∈
(0, 1],

Al,α ≤ Ln,α, Ar,α ≤ Rn,α (22)

From Lemma 3.3 and (20), we can get, for n = 1, 2, · · ·,
Ln,α ≤ Al,α

1−Bl,αe−Cr,αAr,α
,

Rn,α ≤ Ar,α

1−Br,αe−Cl,αAl,α
.

(23)

Hence from (12), (20) and (21) we can get, for n ≥ 1, α ∈
(0, 1],

[Ln,α, Rn,α] ⊂
[
MA,

NA

1−NBe−MCMA

]
. (24)

From which it is obvious that, for n ≥ 1.∪
α∈(0,1]

[Ln,α, Rn,α] ⊂
[
MA,

NA

1−NBe−MCMA

]
, (25)

from which we get∪
α∈(0,1]

[Ln,α, Rn,α] ⊂
[
MA,

NA

1−NBe−MCMA

]
. (26)

The positive solution of (1) is bounded and persists.

Lemma 3.5 Consider the difference equations system (17),
where ai, bi, ci(i = 1, 2) are positive real numbers. If (18)
hold, then there exists a unique positive equilibrium (y, z)
such that

a1 < y <
a1

1− b1e−c1a2
, a2 < z <

a2
1− b2e−c2a1

. (27)

Proof. Let (y, z) be the solution of the following system. y = a1 + b1ye
−c1z,

z = a2 + b2ze
−c2y.

(28)

Set
f(y) = a1 + b1ye

− a2c1

1−b2e−c2y − y. (29)

Then

f(a1) = b1a1e
− c1a2

1−b2e−c2a1 > 0, lim
y→∞

f(y) = −∞ (30)

and

f
′
(y) = b1e

− a2c1

1−b2e−c2y

−b1y
c1a2b2c2e

−c2y

(1− b2e−c2y)2
e
− a2c1

1−b2e−c2y − 1

< 0. (31)

It follows from (30) and (31) that (28) has exactly one
solution y > a1. Similarly, we can obtain that z > a2.

From (28), we have

y <
a1

1− b1e−c1a2
, z <

a2
1− b2e−c2a1

.

The proof is completed.

Theorem 3.3 Consider the difference equation system (17),
where ai, bi, ci(i = 1, 2) are positive real numbers and the
initial values y0, z0 are positive real numbers. Assume that
(18) and that the following condition holds

max

{
b1e

−c1a2(1 +
a1c1

1− b1e−c1a2
),

b2e
−c2a1(1 +

a2c2
1− b2e−c2a1

)

}
< 1, (32)

Then the positive equilibrium (y, z) of system (17) is glob-
ally asymptotically stable.
Proof. We first prove that the positive equilibrium point
(y, z) is locally asymptotically stable. We can easily obtain
that the linearized system of (17) about the positive equilib-
rium (y, z) is

Φn+1 = DΦn,

where

D = (dij)2×2 =

 b1e
−c1z b1c1ye

−c1z

−b2c1ze
−c2y b2e

−c2y

 .

The norm of this matrix is

∥D∥ = max
{
b1e

−c1z(1 + c1y), b2e
−c2y(1 + c2z)

}
.

From (32), we get that

∥D∥ ≤ max

{
b1e

−c1a2(1 +
a1c1

1− b1e−c1a2
),

b2e
−c2a1(1 +

a2c2
1− b2e−c2a1

)

}
< 1.

Therefore, since |λi| < ∥D∥ < 1, λi(i = 1, 2) are the
eigenvalues of D, we have all eigenvalues of D lie inside the
unit disk. This implies that (y, z) is locally asymptotically
stable.
Let (yn, zn) be a positive solution of (17). We prove that

lim
n→∞

yn = y, lim
n→∞

zn = z. (33)

Using Lemma 3.3, we get Γ1 = limn→∞ sup yn < ∞, Γ2 = limn→∞ sup zn < ∞,

γ1 = limn→∞ inf yn > 0, γ2 = limn→∞ inf zn > 0.
(34)

Then from (17) and (34), we have
Γ1 ≤ a1

1−b1e−c1γ2
, γ1 ≥ a1

1−b1e−c1Γ2
,

Γ2 ≤ a2

1−b2e−c2γ1
, γ2 ≥ a2

1−b2e−ccΓ1
.

(35)

From (35), it follows that
Γ1γ2 ≤ a1γ2

1−b1e−c1γ2
, Γ2γ1 ≤ a2γ1

1−b2e−c2γ1
,

Γ2γ1 ≥ a1Γ2

1−b1e−c1Γ2
, Γ1γ2 ≥ a2Γ1

1−b2e−c2Γ1
.
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From which we can get
a2Γ1

1−b2e−c2Γ1
≤ Γ1γ2 ≤ a1γ2

1−b1e−c1γ2
,

a1Γ2

1−b1e−c1Γ2
≤ Γ2γ1 ≤ a2γ1

1−b2e−c2γ1
,

(36)

Set

g(y) =
a2y

1− b2e−c2y
, f(z) =

a1z

1− b1e−c1z
, (37)

and

y ∈
(
a1,

a1
1− b1e−c1a2

)
, z ∈

(
a2,

a2
1− b2e−c2a1

)
.

Then form (37) , we can get that
g

′
(y) = a2[1−b2e

−c2y(1+c2y)]
(1−b2e−c2y)2

,

f
′
(z) = a1[1−b1e

−c1z(1+c1z)]
(1−b1e−c1z)2

,

(38)

Since

y ∈
(
a1,

a1
1− b1e−c1a2

)
z ∈

(
a2,

a2
1− b2e−c2a1

)
,

we can get
1 − b2e

−c2y(1 + c2y) > 1− b2e
−c2a1

×(1 + a2

1−b2e−c2a1
) > 0,

1 − b1e
−c1z(1 + c1z) > 1− b1e

−c1a2

×(1 + a1

1−b1e−c1a2
) > 0.

(39)

Therefore from (38) and (39), we can get

g′(y) > 0, f ′(z) > 0,

for

y ∈
(
a1,

a1
1− b1e−c1a2

)
, z ∈

(
a2,

a2
1− b2e−c2a1

)
.

Hence, g, f are monotone increasing function, together
with (36), it implies that Γ1 = γ1,Γ2 = γ2 and we get in
fine that limn→∞ yn = y, limn→∞ zn = z. The proof of
Theorem 3.3 is completed.

Remark 3.1 Condition (32) of Theorem 3.3 is different
from that of [4], These condition guarantee the existence
of the unique positive equilibrium of (17) to be globally
asymptotically stable.

Theorem 3.4 Consider the fuzzy difference equation (1),
where A,B,C and the initial value are positive fuzzy num-
bers, If (21) hold, then the following statements are true.
(i) The system (1) has a unique positive equilibrium.
(ii)The every positive solution xn of (1) converges to the
unique positive equilibrium x with respect to D as n → ∞.
Proof. (i) We consider the system Lα = Al,α +Bl,αLαe

−Cr,αRα ,

Rα = Ar,α +Br,αRαe
−Cl,αLα .

(40)

Obviously, (40) has a unique solution (Lα, Rα).
Assume that xn is a positive solution of (1), so that [xn]α =

[Ln,α, Rn,α], α ∈ (0, 1], n = 0, 1, 2 · · ·. Then applying
Theorem 3.3, we have

lim
n→∞

Ln,α = Lα, lim
n→∞

Rn,α = Rα. (41)

From (22) and (40), we have, for 0 < α1 ≤ α2 ≤ 1,

0 < Lα1 ≤ Lα2 ≤ Rα2 ≤ Rα1 (42)

Since Al,α, Ar,α, Bl,α, Br,α are left continuous, it follows
from (40) that Lα, Rα are also left continuous. From (12)
and (40) we have

Lα ≥ Al,α ≥ MA,

Rα =
Ar,α

1−Br,αe−Cl,αLα
≤ NA

1−NBe−MAMC
.

(43)

Therefore (43) implies that

[Lα, Rα] ⊂
[
MA,

NA

1−NBe−MAMC

]
.

From that it is clear that
∪

α∈(0,1][Lα, Rα] is compact∪
α∈(0,1][Lα, Rα] ⊂ (0,∞).

(44)

From Lemma 3.2, (40), (42) and (44), it follows that Lα, Rα,
determine a fuzzy number x such that

x = A+Bxe−Cx, [x] = [Lα, Rα], α ∈ (0, 1],

and so x is a positive equilibrium of (1).

Let x is another positive equilibrium of (1), then there
exist function Lα : (0, 1] → (0,∞), Rα : (0, 1] → (0,∞),
such that

x = A+Bxe−Cx, [x]α = [Lα, Rα], α ∈ (0, 1].

From which we get

Lα = Al,α+Bl,αLαe
−Cr,αRα , Rα = Ar,α+Br,αRαe

−Cl,αLα .

So Lα = Lα, Rα = Rα, α ∈ (0, 1], we can get x = x. This
completes the proof of (i).
(ii) From (41), we can get

lim
n→∞

D(xn, x)

= lim
n→∞

sup
α∈(0,1]

{max{|Ln,α − Lα|, |Rn,α −Rα|}}

= 0 (45)

From which it is clear that every positive solution xn of
(1) converges the unique equilibrium x with respect to D as
n → ∞.

IV. NUMERICAL EXAMPLE

To illustrate our result, we give an example to show
effectiveness our results obtained .

Example 4.1 Consider the following fuzzy difference equa-
tion

xn+1 = A+Bxne
−Cxn , n = 0, 1, · · · , (46)

IAENG International Journal of Computer Science, 45:4, IJCS_45_4_07

(Advance online publication: 7 November 2018)

 
______________________________________________________________________________________ 



where A,B,C are fuzzy numbers such that

A(x) =

{
10x− 2, 0.2 ≤ x ≤ 0.3,

−5x+ 2.5, 0.3 ≤ x ≤ 0.5,
(47)

and

B(x) =

{
10x− 4, 0.4 ≤ x ≤ 0.5,

−10x+ 6, 0.5 ≤ x ≤ 0.6,
(48)

and

C(x) =

{
5x− 3, 0.6 ≤ x ≤ 0.8,

−5x+ 5, 0.8 ≤ x ≤ 1,
(49)

we take the initial value x0, such that

x0 =

{
10x− 3, 0.3 ≤ x ≤ 0.4,
−5x+ 3, 0.4 ≤ x ≤ 0.6,

(50)

from (47), (48), (49), for α ∈ (0, 1], we have
[A]α = [0.1α+ 0.2, 0.5− 0.2α],

[B]α = [0.1α+ 0.4, 0.6− 0.1α],

[C]α = [0.6 + 0.2α, 1− 0.2α].

(51)

And 

∪
α∈(0,1][A]α = [0.2, 0.5],

∪
α∈(0,1][B]α = [0.4, 0.6],

∪
α∈(0,1][C]α = [0.6, 1]

(52)

Moreover from (50), for α ∈ (0, 1] , we have

[x]0 = [0.1α+ 0.3, 0.6− 0.2α] (53)

and so

∪
α∈(0,1]

[x0]α = [0.3, 0.6] (54)

From (46), it results in a coupled system of difference
equation with parameter α ∈ (0, 1] , Ln+1,α = 0.1α+ 0.2 + (0.1α+ 0.4)Ln,αe

−(1−0.2α)Rn,α ,

Rn+1,α = 0.5− 0.2α+ (0.6− 0.1α)Rn,αe
−(0.6+0.2α)Ln,α

(55)
and, Br,α < eAl,αCl,α , for every α ∈ (0, 1], the condition
(21) is satisfied, so from the Theorem 3.3 we get that every
positive solution xn of (55) is bounded and persists, and in
addition, (46) has a unique positive equilibrium

x = (0.233, 0.46, 1.046).

Every positive solution xn of (46) converges to the unique
positive equilibrium x with respect to D as n → ∞ (see
Fig.1-Fig.5).
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Fig. 1. The dynamical behavior of (55).
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Fig. 2. The solution of system (55) at α = 0.
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Fig. 3. The solution of system (55) at α = 0.5.

V. CONCLUSION

In this paper, the first-order nonlinear fuzzy difference
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Fig. 4. The solution of system (55) at α = 0.75.
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Fig. 5. The solution of system (55) at α = 1.

equation

xn+1 = A+Bxne
−Cxn , n = 0, 1, · · ·

is discussed. Firstly, the existence of the positive solution
to this equation is proved. Secondly, we found that under
condition Br,α < eAl,αCl,α , α ∈ (0, 1], the positive solutions
of first-order nonlinear fuzzy difference equation are bounded
and persistent, and there exists an unique positive equilibrium
x such that every positive solution converges it. Finally, a
numerical example is given to illustrate our results obtained.

ACKNOWLEDGEMENT

The authors would like to thank the editor and anonymous
reviewers for their helpful comments and valuable sugges-
tions, which gave great help to improve the quality of this
paper.

REFERENCES

[1] H. EI-Metwally, E. A. Grove, G. Ladas, R. Levins and M. Radin,” On
the difference equation xn+1 = α+ βxn−1e−xn”, Nonlinear Anal.,
vol. 47, no. 7, pp. 4623-4634, 2001.

[2] T. E. Ibrahim and Q. Zhang, ”Stability of an anticompetitive system of
rational difference equations”, Archives Des Science, vol.66, pp.44-58,
2013.

[3] G. Papaschinopoulos and C.J. Schinas, ”On a systems of two nonlinear
difference equation”, J. Math. Anal. Appl., vol. 219, no.2, pp.415-426,
1998.

[4] G. Papaschinopoulos, M. A. Radin and C.J. Schinas, ”On the sys-
tem of two difference equation of exponential form: xn+1 = a +
bxn−1e−yn , yn+1 = c + dyn−1e−xn”, Math. Comput. model.,
vol.54, pp.2969-2977, 2011.

[5] Q. Din and T. Donchev,” Global character of a host-parasite model”,
Chaos, Solitons and Fractals, vol.54, no.1, pp.1-7,2013.

[6] Q. Din, T. F. Ibrahim and K. A. Khan, ”Behavior of a competive system
of second-order difference equation,” The Scientific World Journal,
vol.2014, Article ID 283982, 9 pages, 2014.

[7] R. DeVault, G. Ladas, S. W. Schultz, ”Necessary and sufficient condi-
tions the boundedness of xn+1 = A/xp

n + B/xq
n−1”, J. Difference

Equations Appl., vol.3, pp. 259-266,1998.
[8] C. Wang, X. Su and P. Liu, ”On the dynamics of a five-order fuzzy

difference equation”, J.Nonlinear Sci. Appl., vol.10, no 6, pp. 3303-
3319, 2017.

[9] M. Darus and A. Wahab, ”Review on fuzzy difference equation”,
Malaysina Journal of Fundamental and Applied Sciences, vol.8, no.4,
pp.172-176, 2012.

[10] R. DeVault, G. Ladas, S. W. Schultz, ”On the recursive sequence
xn+1 = A

xn
+ 1

xn−2
”, Proc. Amer. Math. Soc., vol.126, pp.3257-

3261, 1998.
[11] V. L. Kocic and G. Ladas,”Global behaviour of nolinear diffreence

equation of higher order with application”, Kluwer Academic, Dor-
drecht, 1993.

[12] W. T. Li and H. R. Sun,” Dynamics of a rational difference equation”,
Appl. Math. Comput., vol.163, no. 2, pp. 577-591, 2005.

[13] G. Papaschinopoulos, C.J.Schinas,” On the difference equation
xn+1 =

∑k−1

i=0
Ai/x

pi
n−i+1/x

pk
n−k

”, Jouranl of Difference Equation
and Application, vol.6, no.1, pp.75-89, 2000.

[14] P. Julath, M. Siripitukdet,” Some Characterizations of Fuzzy Bi-ideals
and Fuzzy Quasi-ideals of Semigroups”,International Association of
Engineers, vol.25, no.2, pp.160-166, 2017.

[15] C. H. Lee, Y. C. Lee and F. Y. Chang, ”A Dynamic fuzzy neural
system design via hybridization of EM and PSO algorithms”, IAENG
International Journal of Computer Science, vol.37, no.3, pp.242-251,
2010.

[16] Q. Zhang, Z. Luo, J. Liu and Y.Shao, ”Dynamical behaviour of second-
order rational fuzzy difference equation”, Int. J. Dynamical Systems and
Differential Equations, vol. 5, no. 4, pp.336-354,2015.

[17] Q. Zhang, J. Liu and Z. Luo, ”Dynamical behaviour of a third-order
rational fuzzy difference equation”, Advances in Difference Equations,
vol.2015: 108 DOI 10.1186/s13662-015-0438-2.

[18] G. Papaschinopoulos and B. K. Papadopoulos,” On the fuzzy differ-
ence equation xn+1 = A + B/xn”, Soft Computing, vol.6, no.6,
pp.456-461, 2002.

[19] G. Papaschinopoulos, B. K. Papadopoulos, ”On the fuzzy difference
equation xn+1 = A+ xn/xn−m”, Fuzzy Sets and Systems, vol.129,
no. 1, pp.73-81, 2002.

[20] G. Papaschinopoulos, G. Stefanidou,” Boundedness and asymptotic
behavior of the solutions of a fuzzy difference equation”, Fuzzy Sets
and System,vol. 140, pp.523-539, 2003.

[21] G. Stefanidou and G. Papaschinopouls,” A fuzzy diffrence equation of
a ratioal form”, Journal of Nonlinear Mathematical Physics, vol. 12,
no. supplement 2, pp.300-315, 2005.

[22] G. Stefanidou and G. Papaschinopouls and C.J. Schinas, ”On an
exponential-type fuzzy difference equation”, Advances in Difference
Equations,2010, doi:10.1155/2010/196920, 2010.

[23] Q. Zhang, L. Yang and D. Liao, ”On the fuzzy difference equation
xn+1 = A + Σk

i=0
B

xn−i
”, World Acad. Sci, Eng.Technol. vol.75,

pp.1032-1037, 2011.
[24] Q. Zhang, L. Yang and D. Liao, ”Behavior of solutions to a fuzzy

nonlinear difference equation”, Iranian Journal of Fuzzy Systems, vol.9,
no.1, pp.1-12, 2012.

[25] M. Darus and A. Wahab, ”Review on fuzzy diffrence equation”,
Malaysian Journal of Fundamental and Applied Sciences, vol.8,
no.4,172-176, 2012.

[26] Q. Din, ”Asymptotic Behavior of a second-order fuzzy rational dif-
ference equation”, Journal of Discrete Mathematics, vol.2015, Article
ID524931, 7 pages.

[27] Allahviranloo, T. Keshavarz, M. Islam, ”The prediction of cardio-
vascular disorders by fuzzy difference equations”IEEE International
Conference on Fuzzy Systems , pp.1465-1472, 2016.

IAENG International Journal of Computer Science, 45:4, IJCS_45_4_07

(Advance online publication: 7 November 2018)

 
______________________________________________________________________________________ 



[28] A Khastan”New solutions for first order linear fuzzy difference e-
quations”Journal of Computational and Applied Mathematics, vol.312,
no.17, pp. 156-166, 2017.

[29] C. Wu and B. Zhang, ”Embedding problem of noncompact fuzzy
number space E ”, Fuzzy Sets and Systems ,vol.105, pp.165-169, 1999.

Guiying Wang received the Bachelor’s degree from Tongren University,
Tongren, Guizhou, China, in 2016. She currently is a Master degree
candidate, at School of Mathematics and Statics, Guizhou University of
Finance and Economics, Guiyang, China. Her research interests include
nonlinear systems, fuzzy difference equations, and stability theory.

Qianhong Zhang received the M.Sc. degree from Southwest Jiaotong
University, Chengdu, China, in 2004, and the Ph.D. degree from Central
South University, Changsha, China, in 2009, both in mathematics/applied
mathematics. From 2004 to 2009, he was a lecturer at the Hunan Institute
of Technology, Hengyang, Hunan, China. In 2010, he joined the School of
Mathematics and Statistics, Guizhou University of Finance and Economics,
Guiyang, China, where he currently works as a professor. He also is the
author or coauthor of more than 70 journal papers. His research interests
include nonlinear systems, neural networks, fuzzy differential and fuzzy
difference equations, and stability theory.

IAENG International Journal of Computer Science, 45:4, IJCS_45_4_07

(Advance online publication: 7 November 2018)

 
______________________________________________________________________________________ 




