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IntegratingClustering Method in Compactly
Supported Radial Basis Function for Surface
Approximation

Khang JieLiew*, Kah Heng Tee, Ahmad Ramli, and Wen Eng Ong

Abstract—Radial basis function, one of the mesh-free meth- and digitalterrain modelling [6], solving partial differential
ods, makes it convenient to interpolate and approximate high di- equations [7], surface reconstruction [8], [9], and surface
mensional data points. Interpolation fits the data points exactly, denoising [10].

whereas approximation fits the data points approximately. The .
approximation method is more appropriate for large and noisy Furthermore, it should be observed that RBFs can be

data points in comparison to the interpolation method. Com- divided into two main groups, namely global RBFs and
pactly supported radial basis function is extensively discussed in the compactly supported RBFs (CSRBFs). Gaussian, multi-

the literature of approximation theory. It also becomes popular - quadric, inversed multiquadric, and polyharmonic splines are
as a result of its computational advantages. Hence, in this examples of global RBF [11]. On the other hand, the CSRBF

study, Wendland’s compactly supported radial basis function is ; L .
chosen. The main contribution of this paper is integrating the was introduced by [12]. Pertaining to this, global RBFs

clustering procedures to determine the recommended number of POSS€SS non-compact support which indicates the presence of
reference points, which is expected to provide as few referenceinfinite interval, whereas the CSRBFs contain the compact
points as possible for surface approximation. Three bivariate and locally-supported with the function value being zero
test functions are selected to generate a moderately large o isige a certain interval. In the aspect of approximation,
amount of data points followed by the process of adding differ- . e N S
ent levels of noise in order to observe the effectiveness of theglo_bal RBFs are |_nsenS|t|ve to the dlstrlbutlon_ of data points;
proposed method. The results obtained are further confirmed While the sensitivity of CSRBFs tends to be high towards the
and analysed through error analysis. Finally, the experimental distribution of data points. The solution to the approximation
results show that the surfaces are well approximated from and interpolation performed using global RBFs usually leads
the recommended number of reference points gained from the {4 {he solving of the system of linear equation. However, the
proposed method. . . . . .
solution is unreliable when approximating a large amount
Index Terms—Compact support, Radial basis function, Clus- of data points due to the dense and ill-conditioned matrix.
tering, Reference points, Surface approximation. Therefore, CSRBFs can be used as an alternative method to
solve this particular problem due to sparse matrix. Sparse
I. INTRODUCTION matrix is the matrix with a relatively large number of

NTERPOLATION and approximation are prominently?€f0€s present in the system. Hence, decreased complexity
known as the most common approaches that can fad increased computational efficiency can be achieved by

adopted to solve engineering problems. In relation to thigeducing the number of coefficients th_at needs to be solved.
one of the techniques that can be applied for data interFM_oreover, the number of reference points has to be reduced,
lation and approximation is known as radial basis functiorit @ good approximation for the purpose of decreasing
(RBFs). RBF can be used to produce smoother curves tgp computational time of CSRBFs must be malntalned.. It
surfaces from a large number of data points in comparison!foimPortant to acknowledge that the method to determine
the other fitting methods. It also provides mesh-free methd recommended number of reference points for RBFs
which allows large scattered data points to be handled {fMains as an open problem, but several other methods such
high dimensional space to overcome engineering probléti ra_ndomly chosen, clustering methods, and furthest point
that is related to unorganised data points. In addition, tfidorithm can be used as replacement [13], [14]. [15] used
method is able to be extended to high dimensional space d}§ Principal component analysis to cluster the data points
to the unnecessary tessellation of the geometric domain. P defining the computed centroid of the clusters as the
originally introduced the RBF method as a new analyticaf'erence points of CSRBFs. In another work of [14], the
method that can be used to fit and represent the iregufdfthest point algorithm was used to select the reference

surfaces using multiquadric function. Generally, RBFs appints of CSRBFs before the surface is reconstructed from
widely applied in engineering problems such as environmeﬁfl1

e unorganised and noisy data points. On the other hand,
tal modelling [2], neural networks [3], [4], [5], geography[16]_ tried placing the reference p(_)lnts_ in a um_form grid
during the process of RBF approximation , but it was not
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in this study to determine the number of reference points For example, let us assumé = 3. In this case, the
for CSRBFs approximation. Furthermore, the hierarchiciVendland’s CSRBFs with the continuity 6f°, C?, C*, and
method is performed to obtain the optimal number of cluste€s®, respectiely are given in (3).

based on the elbow rule, where themeans method (a type

of non-hierarchical method) is used to compute the cluster

_ 2
centroids which is defined as the reference points of CSRBFs $30(r) = (1 =73,
once the optimal number of clusters is established. Therefore, ¢31(r) = (1 —r)}(4r + 1), 3
it can be concluded that the reference points of CSRBFs are $32(r) = (1 — T)i(35r2 + 187 +3),
not the subset of the given data points. The mathematical d35(r) = (1 — T)i(327"3 252 4 8+ 1).

background of CSRBFs approximation and cluster analysis
with elbow rule are briefly provided. On top of that, the
proposed algorithm that applies cluster analysis is describederefore, Wendland’s basis functiops 1 (r) with C? con-
in Section 2, while Section 3 aims to present the relateghuity is selected for this study due itS8? continuity.
numerical results from the elbow rule with different noise
levels, graphical results for CSRBFs approximation based on
the recommended number of reference points, and the error
analysis that validates the experimental results. A discussign
will also be presented based on the results obtained fr

Section 3. Finally, a detailed conclusion will be provided in ) )
Section 4. Generally, the available data points of 2D or 3D are

normally assumed to be scattered and contaminated with
noise. Hence, the approximation method is considered as a
[Il. MATERIALS AND METHODS more suitable mean compared to the interpolation method
in order to fit these data points. The scattered data points
can be described as the given setMfdistinct data points,
Compactly supported radial basis function (CSRBF) wag — {Ii}fil C R4, whered refersto the d-dimensional
initially introduced by [18], but the lowest degree of CSRSspace. Furthermore, every point is associatedvith a set
BFs remains as an open problem. In relation to this mattef, function value{fi}i\f=1 C R, whereasthe approximation
[12] managed to solve the open problem by constructing thgnction, s is denoted ass : R? — R, wherebys(xz;) ~
lowest degree of CSRBF. The main idea of CSRBF is tg(z,).
use a polynomial as a function of Euclidean nojjm|| on
d-dimensional R? which aredenoted as: with the support
on [0,1]. However, it can be scaled t,¢] by replacing
the » with = for somepositive ¢ apart from CSRBFs with

Compactly supported radial basis function approximation

A. Compactlysupported radial basis function

The generaformula for RBFs approximation function is
given in (4).

support on0, 1]. Thee is known as the scale factor or shape K
parameter. It set to one in this study. CSRBF is a strictly s(X) = q(X)+ > No(lIX =&l 4)
positive definite inR? for all d lessthan or equal to some J=l1

fixed value ofdy. Hence,the property of positive definite is

cruqial to allow the system of linear equation to be solvegnere q(X) refers tothe low degree polynomial function,
easily and successfully [19]. The general form of cut-ot(j represents theveight value that corresponds ¢g which

polynomial of CSRBF is presented in (1). is knovn as the reference point, an is the number of
reference points. Commonly, the polynomial functigiiX)
ba, k(r) = {pd, w(r), 0<r<l (1) Iisin linear form; hence, it is able to ensure the stability and
0, r>1 solvability of RBFs approximation function [21].

In this study, the CSRBFs approximation function for
flata of two variables with corresponding function values is
denoted as : R? — R; hence:

where d refers to the dimension numberk Zrepresents
the continuity (smoothness) of the function for some no
negative integek, andpy, 1(r) is describedas a univariate
polynomial of degree ¢ | +3k+1. The Wendland's recursive
formula for the functionp,, 5, for all d andk = 0, 1,2, and 3 $(xs,yi) = a1 + asx; + asy;

was formulated as an explicit formula in (2) [20]. K
3 050 (/@ — €02+ (i — €,)7)
j=1

5
Ga0(r) = (1 —1), . (5)
. l
Gaq1(r) = (1— )+ )r + 1], = ay + agx; + azy; + Z Ajo(ri ;)
¢aa(r) =(1— 7")l_|r+2[(l2 + 4l +3)r* + (31 +6)r + 3], (2) j=1
Ga3(r) = (1 — )31 + 91% + 231 + 15)r*
+ (612 4 361 + 45)7% + (151 + 45)r + 15] fori=1,2,3,..., N and thex-coordinate and-coordinate

of the reference points are denoted&s and¢,;, respec-
wherel = {gj + k + 1, while the symbol= is referred as tively. Hence, the linear system of equations of (5) can be
equality that is up to a multiplicative positive constant.  written in the matrix form as shown in (6).
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to [24], the K-means process consists of three steps. The

1 oz oy o(r1) o(ri2) - o(rik) first step of the process begins with the partitioning of
1 22 yo d(ra) d(ras) - O(rox) objects intoK initial clusters together with the specifigd
1 a3 ’yg ¢(T3j1) ¢(7.3’2) ¢(7.3"K) centroids (random seed points). Next, each of the objects

is assigned to the cluster with the closet centroid based
on the Euclidean distance. Finally, the recalculation/of

1 zy ynv o(rna) d(rne) - d(rvk) centroids is performed for the cluster receiving new objects
ax and the cluster losing its objects. This step is repeated until
az f(w1,91) no allocation of the objects is needed.
as [(z2,92)

Moo= | fles,ys) |

Ao . D. Clustering method in compactly supported radial basis
' function for surface approximation

Ak In this study, the elbow rule is applied to determine the

(6) optimal number of clusters from a set of noisy data points.
The systemin (6) is overdetermined as a result ofThis K value will be served as the recommended numbers
(K +3) < N. Hence, there aréK + 3) unknown weight of reference point. As a result, thE-means method will
values(ay,as,as, A1, A1, ..., k)’ need tobe determined. calculate theKX centroids of the clusters once th§ is
In regards to this, the system can be solved using Ypecified. It is important to note that these centroids are
decomposition instead of applying the normal equations nbt the subset of the data points, but they serve as the
the least square method due to the possibility of sparse matference points of CSRBFs for surface approximation. [25]
in the system of CSRBFs. Let the system in (6) is represent@gntions elbow rule is performed to find an optimél
as Ax = f and the QR decompositiod = QR, then the clusters, while the process of clustering is carried oufby
system has a unique least square solution given in (7). means. Furthermore, the process to determine the opfimal
%= R1QTF ) cIu_sters is initiatgd by the agglomerative hierarch@cal method
using the centroid approach, while the distance is measured
) based on the squared Euclidean distance. On top of that, the
C. Clusteranalysis process to combine the objects at every stage is based on the
Cluster analysis is a method which involves grouping &yglomeration schedule produced using Predictive Analytics
set of objects. This set of objects is characterised based Suftware (PASW). Consequently, the distance between two
certain measurements. Moreover, it possesses a wide rangel@éters for each stage number is produced from the ag-
applications in several domains such as artificial intelligencglomeration schedule. The agglomeration schedule is a table
life sciences, medical sciences, social sciences, and oth@gs presents the objects or clusters combined at each stage
[22]. However, no assumptions can be made regarding thgsed on distance and clustering method [26]. In addition,
number of groups that allows a set of subjects to be groupg indices or stage numbers in the agglomeration schedule
based on the measurement of distance. An example of thisine less than the number of data points. Next, the distance
measurement of distance is the Euclidean distance whichfdg each stage number is observed until a stage number that
normally preferred for clustering [17]. As mentioned, theorresponds to the large jumps in the distance value. In this
two types of clustering method are known as hierarchicabntext, the particular stage number is known as the elbow
and non-hierarchical. One of the examples of hierarchigabint, while the large jump can be explained as two clusters
method is agglomerative method, whereby each object\igth different similarities that start to merge together. The
defined as a cluster in with the most similar clusters beingptimal K can be calculated as shown in (8).
combined as new cluster. Additonally, the initial clusters
will be further merged according to their similarities. The K = number of data points elbow point (8)
process of merging is repeated until a single cluster managed
to be obtained. A few types of approaches can be used tol he noise with different noise levels is added to the noise-
combine the most similar clusters into a new cluster. In tHftee 3D data points in order to resemble the data points to real
context of this study, centroid approach is chosen as the mbi data and to test the approximation scheme of CSRBFs.
appropriate method because the clusters are merged basedil$h noise is described as the variation in a set of data

the shortest distance between cluster centroids defined by Beénts. The proposed method, which involves the integration
squared Euclidean distance [23]. of clustering method in CSRBFs for surface approximation

One of the examples of non-hierarchical methodkis is computed using Mathematica and PASW and described in
means method. In this case, the number of clustéfs, Algorithm 1.
needs to be specified at the initial stage, which means that
the unknown K is the limitation of K-means. Thus, in m
hierarchical method, the elbow rule is a rule that will be used
to determine the optimal value df in this study, and will  In this section, the noise-free data points are randomly
be further discussed in the following section. Random segdnerated by the test functions. In the case of generating data
points are required to start the algorithm. It is considerqubints, only three bivariate test functions are selected in this
as a faster method that can be applied to a large numiséudy out of all test functions that can be used to verify the
of datasets compared to the hierarchical method. Accordiaffectiveness of the proposed method. The three bivariate test

. RESULTS AND DISCUSSION
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Algorithm 1 Integrating clustering method in CSRBFs for
surfaceapproximation

1: Input: A sampleof noise-free 3D data points

2: Output: Approximated CSRBFsurface

3: Add noisewith different noise levels on noise-free data
points.

4. Perform agglomerate hierarchical method using cen-
troid approach and squared Euclidean distance.

5. Determine theoptimal number ofK clusters from the
agglomeration schedule using elbow rule and (8).

6: Calculate thecentroid of each clusters using-means
non-hierarchical method.

7: Use thecalculated centroids as the reference pofjts
of CSRBE

8: Set upthe linear system of equations based on the
equation shown in (6) using Wendland’s basis function
$3.1(r).

9: Solve the overdetermined linear system using QR de-
composition.

10: Substitute theobtained value in (5).

11: Perform erroanalysis and plot the approximated CSRBF
surface.

functions areknown asF}, F», and Fyy [27]. The formula
for the three test functions are presented as follows:

<Z
X

: 2 Eosses
_ _ e
Fi(z,y) = 0.75exp (— 9z —2) Z 9y —2) ) 0.0 L7 05,
0.5
9z 4+1)* 9y +1)
+ 0.75exp (— 19 — 0 10 00
_7\2 _a\2 (C) FlO
+0.50exp (— (O =7)” + (9 = 3) ) . .
4 Fig. 1: The test functions.

—0.20exp (—(9z — 4)* — (9y — 7)?)
Fr(z,y) = 2cos(10z) sin(10y) + sin(10zy)

Fio(z,y) = exp (—0.04\/(8010 —40)2 + (90y — 45)2)

X cos (0.15\/(8097 ~40)2 + (90y — 45)2) .

The threetest functions have the domain fff, 1] x [0, 1]
and their surface can be visualised as in Figure 1.

A total of 4000 2D points are randomly generated using
the Mathematica software from the domdin 1] x [0, 1]
in order to sample the 3D data points from the three test
function. The similar set of 2D data points is substituted in
the three test functions to find its function value in order to St R e
generate a set of 3D data points. In this case, the set of 3D 0.2 0.4 0.6 0.8 10”

data points which is sampled from the three test functiop$y - The randomly generated 2D data points with size
are assumed to be noise-free. The distribution of the 409800 using Mathematica. This set of points is substituted in

randomly generated 2D data points are shown in Figure 2nhe test functions in order to generate sets of 3D data point.
The noise with different noise levels is added to each set

of noise-free 3D data points that were sampled from the

three test functions. In this case, the noise levels that need

to be considered are 0.25, 0.50, 0.75, and 1.00.dFheise

level implies a simulated noise which is added by normal

distribution with the variance ofl - h, whereash is the

average distance between the two nearest points from atbet important part is shown and the elbow point is bold
of points. Theh values for the set of noise-free data pointtogether with the optimalK' as presented in Tables I-lIl.
from Fy, Fr, and F}y are 0.01042,0.02801, and 0.01297, The set of data points is presented in green colour whereas
respectively. A total of 3999 stage numbers is generatedthe set of reference points is represented in red colour. The
the agglomeration schedule using PASW; nevertheless, oftjlowing results are based on Algorithm 1.
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TABLE I: (a)—(d):Numerical results of elbow rule and the
K cluster for Fy data pointswith 0.25, 0.50, 0.75, and 1.00
noise level, respectively

Stagenumber | Distance Stagenumber | Distance
3966 0.027 3964 0.024
3967 0.027 3965 0.026
3968 0.027 3966 0.026
3969 0.028 3967 0.027
3970 0.023 3968 0.027
3971 0.030 3969 0.031
3972 0.031 3970 0.031
3973 0.032 3971 0.032
3974 0.032 3972 0.032
3975 0.036 3973 0.033

K =4000 — 3970 = 30 K = 4000 — 3968 = 32

(@) _ (D) _

Stagenumber | Distance Stagenumber | Distance
3974 0.031 3974 0.034
3975 0.032 3975 0.036
3976 0.033 3976 0.036
3977 0.033 3977 0.037
3978 0.035 3978 0.037
3979 0.039 3979 0.046
3980 0.040 3980 0.047
3981 0.042 3981 0.051
3982 0.042 3982 0.052
3983 0.050 3983 0.052

K =4000 — 3978 = 22 K =4000 — 3978 = 22

(© (d)

TABLE II: (a)—(d):Numerical results of elbow rule and the
K cluster for F; data pointswith 0.25, 0.50, 0.75, and 1.00
noise level, respectively

1.0

Stagenumber | Distance Stagenumber | Distance

3955 0.117 3947 0.096
3956 0.119 3948 0.107
3957 0.129 3949 0.108
3958 0.131 3950 0.108
3959 0.135 3951 0.110
3960 0.150 3952 0.124
3961 0.138 3953 0.133
3962 0.150 3954 0.134
3963 0.153 3955 0.135
3964 0.169 3956 0.140
K = 4000 — 3959 = 41 K = 4000 — 3951 = 49

(@) (b)
Stagenumber | Distance Stagenumber | Distance

(d) With 1.00 noise level and 22 reference points

3943 0.100 3948 0.105 Fig. 3: Surface approximation of 4008, data pointswith
3944 0.101 3949 0.106 noise and the required reference points using CSRBF.
3945 0.104 3950 0.110
3946 0.102 3951 0.110
3947 0.105 3952 0.111
3948 0.116 3953 0.124
3949 0.117 3954 0.130
3950 0.120 3955 0.134
3951 0.121 3956 0.139
3952 0.125 3957 0.142
K = 4000 — 3947 = 53 K = 4000 — 3952 = 48
© ©)

The approximatedsurfaces of 400Q0F; data pointswith
noise and the( reference points from Table | using CSRBF
are shown in Figure 3.
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TABLE llI: (a)—(d):Numerical results of elbow rule and the
K cluster for Fy data pointswith 0.25, 0.50, 0.75, and 1.00
noise level, respectively

Stagenumber | Distance Stagenumber | Distance
3966 0.035 3965 0.037
3967 0.038 3966 0.038
3968 0.041 3967 0.038
3969 0.041 3968 0.038
3970 0.043 3969 0.039
3971 0.048 3970 0.044
3972 0.049 3971 0.044
3973 0.050 3972 0.046
3974 0.051 3973 0.047
3975 0.052 3974 0.050

K =4000 — 3970 = 30 K = 4000 — 3969 = 31

(@) _ (D) _

Stagenumber | Distance Stagenumber | Distance
3967 0.035 3972 0.042
3968 0.036 3973 0.045
3969 0.039 3974 0.046
3970 0.040 3975 0.048
3971 0.041 3976 0.050
3972 0.047 3977 0.056
3973 0.050 3978 0.061
3974 0.050 3979 0.063
3975 0.058 3980 0.064
3976 0.058 3981 0.065

K =4000 — 3971 = 29 K =4000 — 3976 = 24

(© (d)

The approximatedurfaces of 4000F; data pointswith
noise and the( reference points from Table Il using CSRBF
are shown in Figure 4. Meanwhile, the approximated surfaces 0
of 4000 Fy, data pointswith noise and theK reference Lo 0.0
points from Table Ill using CSRBF are shown in Figure 5.

In this context, the optimal number of clustef§ s mainly
affected by the distance measurement of agglomerative hier-
archical method. Therefore, it is safe to say that it is highly
dependent on the density and distribution of 3D data points.
The presence of different levels of noise is also able to
alter the topological distribution. Furthermore, the required
number ofK reference points for CSRBF approximation was
found to be small despite the 4000 data points that were
sampled from three test functions. Hence, this scenario leads
to the decrease of computational time. The approximated 10 00
CSRBF surfaces shown in Figures 3-5 are similar to the (d) With 1.00 noise level and 48 reference points
original noise-free surfaces presented in Figure 1. In relati ly. 4: Surface approximation of 4008, data pointswith
to this matter, error analysis has to be performed to ass%se and the required reference points using CSRBF.
the obtained graphical results. Thus, the mean absolute error
(MAE) and root mean square error (RMSE) are unitised to
validate the accuracy of the proposed method in this study: | fnctions inthe presence of noise are presented in Table

The general formula for MAE and RMSE are given in (9)y,
and (10), respectively.

TABLE IV: The MAE and RMSE of the CSRBF surface

N
MAE = L Z lv; — 4 (9) approximation forFy, F7, and Fjo functions withdifferent
N i=1 noise leels.
Noise level Error CSRBF surace approximation for
(10) 1 Fr Fio
0.25 MAE | 0.007911| 0.144920| 0.034877
: RMSE | 0.010063| 0.214644| 0.042705
where v; is the actual observationp; represents theap- 0.50 F'QV',\':S%E 8-8282% 8-1‘712323 8-822222
prommatgd observation, an&/ refers to the number of Py MAE 10012925 0 154955 T 0. 035601
observations. _ _ ‘ RMSE | 0.016995| 0.161280| 0.043450
The error analysis performed for CSRBF surface approxi- 1.00 MAE | 0.014360| 0.180871| 0.044854
mation from a set of data points is generatediy Fi, and RMSE | 0.017439] 0.184489| 0.057994
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1.0 0.0

0.5
0.0

-0.5
0.0

(d) With 1.00 noise level and 24 reference points

Fig. 5: Surface approximation of 4008, data pointswith
noise and the required reference points using CSRBF.

From Table 1V, the recommended obtained from Al-

gorithm 1 contributes to the small MAE and RMSE values.

means the increment in accuracy. However, this leads to the
increment of computational time when solving the system in
(6). In addition, the MAE values will decrease as well. But,
the noise pollution is still the main contribution for these
MAE values. Nonetheless, the computational times tend to
decrease when the number Bf is decreased, which allows
both MAE and RMSE values to increase. Therefore, the
recommended number of reference points is important in
the CSRBF approximation due to the trade-off between the
accuracy and the computational time.

IV. CONCLUSION

In this paper, an integration of clustering method was
proposed to determine the optimal number of reference
points in the surface approximation. It is also considered as a
simple approach because it requires less memory, high speed
computation, and stability. Overall, it can be concluded that
this process can be accomplished using CSRBF, clustering
method, and elbow rule. Meanwhile, the function of QR
decomposition is to ensure that the linear system is solvable.
The experiment which involves large numbers of points will
be the future research due to the limitation in computation
capacity. Finally, the proposed method is hoped to contribute
to the growing body of literature on CSRBF surface approx-
imation.
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