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A Broyden Trust Region Quasi-Newton Method
for Nonlinear Equations

Meilan Zeng, Hongwei Fu*

Abstract—Systems of nonlinear equations have been widely
applied in many aspects, such as computational science and
engineering, etc. In this paper, we propose a Broyden trust
region quasi-Newton method for solving general nonlinear
equations. The method is based on a new trust region radius,
and possesses the global and superlinear convergence under
appropriate conditions. Numerical experiments show that the
proposed method is more competitive than the Broyden linear
search and BFGS trust region quasi-Newton methods.

Index Terms—Broyden quasi-Newton method, trust region,
nonlinear equations.

I. INTRODUCTION
Consider the numerical solution of nonlinear equations

F(x)=0, (1.1)

where F:R" — R" is continuously differentiable. Let
J(X) denote the Jacobian matrix of F at X point.

Throughout the paper, we assume that the solution set of (1.1)
is nonempty. In all cases, || denotes the Euclidian norm of

1
vectors or its induced matrix norm. Let f (X) = E”F(X)”2 ,

the nonlinear equation problem (1.1) is equivalent to the
global optimization problem [12]

f(x)=0. (1.2)
Conventional quasi-Newton methods [1, 2] for solving (1.1)
generate a sequence of iterates {X } by X, =X, +d,,

where dk is a solution of the following system of linear
equations

F, +B,d=0, (1.3)
where F, = F(X,), B, isan approximation of J, = J(X,).

An attractive feature of quasi-Newton methods is its local
superlinear convergence without computing the Jacobian
matrix. Since

vi(x)'d, =-F'J B 'F, (1.4)
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then d, is not necessarily a descent direction of f at X, .
One way to globalize such quasi-Newton methods is to
employ the line search rule given by Griewank [5] and Li et al.
[7]. In[7], A, satisfies the line search condition

|F(x + A d)| < @+ 7)|F )|~ Ad]". @s5)

where o, > 0,77 > O,an <1 <oo. Another way is to
k
exploit the trust region strategy. In this paper, we use the latter
technique.
Yuan et al. [15] propose a trust region BFGS quasi-method
for solving nonlinear equations

min g, (d) suchthat [d||<A,, (1.6)

where qk(d):%”Fk + Bkd||2, A =c?|R].0<c<1,

and P is a nonnegative integer, the trust region radius A,
has an important relation with || F, || . B, isanapproximation

of J,, B, isgenerated by the BFGS formula

_Bdde B ViV
d/Bd,  yd,
where d, =X, — X, Y, = F., — F. Under appropriate

conditions, the global and superlinear convergence is
obtained. The BFGS quasi-Newton method is not necessarily
suitable for nonsymmetric nonlinear equations. Some
derivative-free methods (see [6, 8, 9, 16]) are proposed for
symmetric nonlinear equations, whereas derivative-free
methods are few for general nonlinear equations.

The purpose of this paper is to propose a Broyden
quasi-Newton method for solving general nonlinear equations

with a new trust region radius. At each iterative point X, , the

B,., =B, (1.7

trial step dk is obtained by solving the following subproblem
1 2
g, (d) 25” Fo+Bd| suchthat |[d|<A,, (1.8)

A, =c” isanewtrust region radius, 0 < ¢ <1,and p isa

nonnegative integer. B, is generated by the Broyden

updating formula

(Yk_Bkdk)dkT
dy dy

B, isnonsingular. B, ., satisfies the quasi-Newton equation

Bk+l = Bk + , (1.9)

B,..d, =Y, . The global and superlinear convergence is
established under suitable conditions. Numerical results show
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that the proposed algorithm performs better than the two
quasi-Newton algorithms determined by the Broyden line
search quasi-Newton and BFGS trust region quasi-Newton
methods.

II. NEW QUASI-NEWTON METHOD

In this section, we give the Broyden trust region
quasi-Newton method for solving nonlinear equations.

Let dkp be the solution of the trust region subproblem (1.8)
corresponding to P . We define the actual reduction as

Ared, (dP) = f(x,)— f(x +d}), 2.1)
the predict reduction as
Pred, (d/)=0q,(0)—q,(d}), (2.2)

and the ratio of actual reduction over predict reduction as
(o _ Ared, ()
“ " Pred, (d})

Algorithm 1

Step 0 Choose p, C € (0,1), p=0, &£ > 0. Initialize X,, B,.

Setk =0.
Step 1 Evaluate F, if || F || < ¢, terminate.

Step 2 Solve the subproblem (1.8) to obtain dkp .

Step 3 Compute
o Ared, (d?)
“ " Pred, (d)

If r’ > p, thenX,,, = X, +d,”, gotostep 4. Otherwise, set

p:=p+1 gotostep 2.

Step 4 Update B, by (1.9). Set k:=k+1 and p=0. Go

to Step 1.

I1l. CONVERGENCE ANALYSIS
In this section, we prove the global and superlinear
convergence of Algorithm 1.
A. Global convergence

In order to prove the global convergence of Algorithm 1,
we make the following assumptions.
Assumption 31 1) The

Q={xeR"| f(x) < f(x,)} is bounded.

(2) F(x) is twice differentiable in an open convex set €,

level set

containing €.
(3) The following relation

||[‘]k - Bk]T F ” = O(”dkp ||)
holds.
(4) The matrices {B, } are uniformly bounded in €, , which

means that there exist positive constants 0 < M <M such
that
M, <|B[|<M, vk. (3.1)

Similar to Yuan [14], we get the following lemmas from
Algorithm 1 and Assumption 3.1.
Lemma 3.1

2
| Ared, (d?) - Pred, (d7) I=O(|d? | ) =0(a?).
Proof By (2.1) and (2.2), we have
| Aredk (dkp) - Predk(dkp) |:| P (dkp) — f (Xk + dkp) |
2 2|12
|F. + Bz | - |F. + 9,02 +oaz])|

_1
2

=/ (B, -3)d? +o(d’[")
<J[e, - 3,7 R, [Jaz]+00 df ©
=o(ld )=o),

Lemma 3.2 If d” is a solution of (1.8), then

|BF]
B

F>reo|k(o|kp)z%||5kT F [minqa,, (3.2)

Proof Since d,” is a solution of (1.8), for any & €[0,1], it
follows
l ‘
Pred, (d/) = E(||Fk [ -|F +B,d? ||2)
2
1 A
>> IR = |F - B == Bl F,

o

—an, |BIF |- S el B[

3.3)

Therefore,

Pred, (d,”) > max {aAk || B, F ||—%“2A§ B ”2}

O0<a<l
]
|5
At
B

>[I R Jminy a,,

(3.4)
This completes the proof.

Lemma 3.3 Algorithm 1 does not circle between Steps 2-3
infinitely.
Proof If Algorithm 1 circles between Steps 2 and 3 infinitely,

ie., poor’<p and c”—>0. Obviously

||B;Fk||>e, otherwise the algorithm stops. Thus
7] < &, =¢* 0.

From Lemmas 3.1 and 3.2, we have
_ | Aredk(dkp) — Predk (dkp)l < ZO(Ai)

P
T eed @ a B
(3.5)
Hence, for K large enough,
k> p, (3.6)

which contradicts the fact that 1.’ < p.
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Theorem 3.1 Let Assumption 3.1 hold and {X } be
generated by Algorithm 1. Then either there exists some finite
k, such that BkT0 F,=0or

liminf B/ F, | =0.

k—o0
Proof Assume that Algorithm 1 does not stop after finitely
many steps, then there exists a positive constant & and an

B F, HZg. Let

3.7)

infinite subsequence {k;} such that‘

K ={k|[BIF |}
Using Algorithm 1 and Lemma 3.2, we have

Z[f (%) — F(X.1)]2 Z,O' Pred, (d;’)

keK keK

E . &
> —mINJA, ,—¢.
2.r3 { ‘ Mz}
By the definition of Algorithm 1, it follows

rk > p>0.

(3.8)
This implies
0< f(x,)< F(x)<---< F(x).

Therefore, {f (X, )} is convergent, then
Zp-%min{Ak,%} <o,
Thus A, =0,k &> +oo,k e K, which implies that
p, &>+ as kK —+oo (ke K ). Therefore, we can
assume p, >1 forall k e K.

From the determination of p, (k € K in the inner circle,

the solution dk corresponding to the following subproblem
. 1
ming, (d) = E” F +Bd[ st]d|<c** 39

is unacceptable. LetX, , = X, +d,, we have

PO = (%) _
Pred, (d,)

From Lemma 3.2, it follows
T E . £
Pred, (d,) > =min{c™ "' —!.
(@)= { Mz}
By Lemma 3.1, we get
~ ~ ~ 112 -
f(x)— f(xkﬂ)—Predk(dk):o(”dk” )=0(c2P ),
Therefore,
£ (%)~ f (%) _1‘ . 0@E)
| Pred, (d) gmin{cpkl,gz}
2 M

Since p, — +o0 ask — 400, we obtain

f(x)—f(X.1)
Pred, (d,)

This is in contradiction with (3.10). Thus, the conclusion
follows.

(3.10)

—>1lkeK.

Remark Theorem 3.1 shows that the iterative sequence {X, }
generated by Algorithm 1 satisfies ”BkT Fk” —>0. If The

matrices {B, '} are uniformly bounded in €2, , then we have
IF|—0.

The following lemma means that the solution of the
subproblem in Step 2 is close to quasi-Newton direction when
the number of iterations is sufficiently large.

Lemma 3.4 Let the conditions of Theorem 3.1 hold, d,” be
generated by Algorithm 1. If the iterative sequence {Xk}

converges to X", then there exists a positive integer K such
that

d” =-B'F, (3.12)

forall k > K .
Proof By Assumption 3.1(4), we have

AQ, = 0 0)- Ok (dkp)
= _FkT B.dy _%(dkp)T BJ B.dy
=0(|o7].

Because {X, } converges to X , J(X) J(X) is

positive definite. By the continuity of J(X)" J(X) ,
J(x)" J(X) is bounded. From Assumption 3.1(3),

Af, — Ag, = —F73,d; —%(dkp)T 373,07 +o(?|)
+F'B.d} +%(dk")T B, B.d’
_FT(B, - J,)d) +%(dk")T(BKT B, —J7J,)d/
+o(fd?[)
<|B, -3,y Fk||.||o|;’||+%(o|kp)T(BkT B, —J73,)d/

+old? [y =odar.
Therefore, we obtain
PRI
ag, " ol

o Af, .
which implies that—< —1 as K — oo .Then there exists
0y
a positive integer K and a lower bound of the trust region
radius A, such that
|(B/B)'BIF[<A<a,

holds for all k > K . Because {B, } are nonsingular, we
have
dkp :_(BkT Bk)ilBkT F :_Bllek'
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B. Superlinear convergence

In order to establish the superlinear convergence of
Algorithm 1, the following assumption is further needed.

Assumption 3.2 (1) X, —> X", where X is the solution of
(1.2).

2 Let DcR" be an  open  convex
set, J(x) € Lip, (D), xeD, ie, J(x) is Lipschitz
continuous.

B, —J (X )Xy — X
o 1"“”( ON0sa=1)] _

X =%

Lemma 3.5 ([3]) Let F:R"—R" be continuously
open DcR",
J(x) eLip, (D), xeD.Foranyv,ueD, itfollows

|[F(v)—Fu)-3(x)(v-u)|
<2 x|+ u-x{Jlv-u].

Lemma 3.6 ([3]) Let F,J satisfy the conditions of Lemma

3.5 and assume that J ()™
such that

differentiable in the convex set

(3.12)

exists. Then there existsaz > 0,

IF(v)-F)|=a|v-ul,
forall vueD.
Theorem 3.2 Let Assumptions 3.1 and 3.2 hold, {X, } be

(3.13)

generated by Algorithm 1. Then {X.} converges

superlinearly to X and F(x)=0.
Proof Define e, = X, — X" Now we show that the sequence

{Xk} converges superlinearly to X . From Lemma 3.4, there
exists a positive integer K , it follows
0=B.d/ +F,
= (B = J(x)Nd¢ +F +I(x)d{
for any k > K . Therefore, we have
F.,=(B -J(x)Ndf+[-F_,+F +J(x)d}],
=X ™ X
From Assumption 3.2(2) and Lemma 3.5,
Il N8 =30¢] [ -Fa+ B+ 3000

whered”

o]~ o Ja¢]
G202 7 e e
[¥ea =% 2
Using Assumption 3.2(3), we have lim ”Fk*l” =0
I U

Since i!im ”dkp” =0, this implies
F(X)= limF(x)=0. (3.14)

From Lemma 3.6, there existar > 0,k, > 0, such that

(3.15)

|| Fk+1|| = || I:k+1 -
forall k > K, . According to (3.14) and (3.15), we get

o= tim Il s i g [
= o] e ]

TABLE |
FUNCTIONS OF EXPERIMENT

No. Function

Extended Rosebrock
Logarithmic
Brown almost linear
Penalty

Trigonometric

Broyden tridiagonal
Broyden banded

Discrete boundary value
Extended Freudentein and Roth

s tim al__
S s

© 00O N O OB~ W DN

where I, —””'“h” This implies
&

limr, =0,

k—0
which completes the proof of superlinear convergence.

IV. NUMERICAL EXPERIMENTS

In this section, we report the results of some numerical
experiments with the proposed algorithm. We also give
another two quasi-Newton algorithms determined by the line
search condition (1.5) and the trust region (1.6), and we call
them Algorithms 2 and 3, respectively.

We choose 9 test functions [10, 11, 14] listed in Table 1.

In the experiments, the parameters are chosen

as & =1O_5,p=0.0001,c=0.5. The
quasi-Newton matrix B, = A (see [8]). For Algorithms 1

initial

and 3, we obtain dk from Dogleg method (see [13]). For
Algorithm 3, we update B, , by (1.7) if y;d, >10"°,
otherwise, we set B, ,, = B, . We stop the iteration process if
|F <107

larger than 5000. The program is coded in MATLAB 9.0.

To compare the efficiency of the three algorithms, we use
the performance profile proposed by Dolan and More [4]. The
dimensions of test functions 1-9 are 50. According to the
numerical results, we plot two figures based on the total
number of iterations and the CPU time, respectively.

From Figure 1, we find that Algorithm 2 is slightly better
than Algorithm 3, Algorithm 1 obviously performs better than
Algorithms 2 and 3 on the total number of iterations. From
Figure 2, we can see that Algorithms 2 and 3 have similar
performances. There are no large discrepancies on the CPU
time because a curve crosses another curve. It is clear that our

, and stop the program if the iteration number is
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IAENG International Journal of Computer Science, 46:3, IJCS 46 3 09

algorithm needs fewer CPU time than Algorithms 2 and 3 in
the test problems.
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Figure 1: Performance profile of the number of iterations
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Figure 2: Performance profile of the CPU time

V. CONCLUSIONS

In this paper, we present a Broyden quasi-Newton method
to solve nonlinear equations with a new trust region radius.
The global and superlinear convergence is established under
suitable assumptions. Preliminary numerical results show that
our algorithm is promising.
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