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Abstract—The multi-channel weighted nuclear norm mini-
mization (MCWNNM) performs excellently on color image de-
noising. Can we further improve the effectiveness of MCWNNM?
To answer this question, we propose warm start of multi-channel
weighted nuclear norm minimization (WS-MCWNNM) for color
image denoising. In WS-MCWNNM, spatial filtering is utilized
to preprocess the noisy image, and the result of preprocessing is
treated as the input of MCWNNM model to remove noise. Ex-
periment results show the proposed WS-MCWNNM outperforms
MCWNNM both on peak signal-to-noise ratio and structural
similarity.

Index Terms—low-rank, non-local self-similarity, spatial do-
main filter, sparsity.

I. INTRODUCTION

AS one of the mainstream information transmission car-
riers, digital image is inevitably polluted by noise in

acquisition and transmission, which makes image denoising
especially necessary. As a classic problem in image process-
ing, image denoising has many related applications in different
fields. For example, it is one of the foundation of image
restoration models, such as image inpainting [1], deblurring
and super-resolution problems [2]. Also, it is a necessary
step for high-level tasks in image processing, including image
classification, segmentation and target detection [3]. What’s
more, it plays an important role in many practical applications,
such as medical image analysis [4], [5] and remote sensing [3].
Image denoising is a problem of recovering a clean image from
its corrupted image and can be expressed as a degradation
model:

y = x + n

where y is the noisy image, x is the noise-free image, n is
the additive noise. It is generally assumed that n is additive
white Gaussian noise (AWGN) which is a standard normal
distribution with mean of 0 and standard deviation of σ. While
some other noises, such as Poisson noise, can be turned into a
space with Gaussian distribution by a transformation such as
Variance Stabilization Transform [6].
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In the past few decades, many methods of image denoising
have been proposed and can be divided into the following
categories: filtering methods [7]–[10], sparse methods [11]–
[14], statistical property based methods [15]–[18], low-rank
approximation methods [1], [19]–[21], discriminative prior
methods [22]–[27], and the combination of them [28]–[32].
Since denoising is an ill-posed inverse problem, all these
denoising methods utilize their own prior. For example, spatial
filtering, as a typical spatial domain method, believes that
neighbored pixels are similar, and smoothing can reduce
random noise. The smoothing process is to replace the value
of the pixel by the weighted average of the pixels in its
neighborhood. Each individual spatial filter owns its unique
weight, which is the crucial difference among the various
spatial filters. Low rank approximation methods exploit non-
local self-similarity of natural image as a prior for image de-
noising. According to the non-local self-similarity, the matrix
composed of similar blocks in an image must be low rank, so
the method of low rank matrix approximation can be used
for denoising. In this paper, we explore the effect of the
combination of low-rank approximation based methods and
the filtering methods.

As an emerging method of denoising, the low rank ap-
proximation methods show strong competition in existing
methods. Gu et al. [19] proved that the weighted nuclear
norm minimization(WNNM) has a closed-form solution, and
successfully applied it to gray image denoising. As a repre-
sentative method of low rank matrix approximation denoising,
WNNM is the basis of many other methods. By introducing
a weight matrix to balance the data fidelity of RGB channels,
Xu et al. [20] extended the WNNM to multi-channel weighted
nuclear norm minimization (MCWNNM) for color image
denoising. Jia [21] proposed a discriminative weighted nuclear
norm minimization algorithm, which could discriminate streak
artifacts from tissue structure, to improve low-dose computed
tomography image. By utilizing simultaneously penalizes for
high weighted nuclear norm values of all the patch groups
in the image, Yair et al. [1] extended the WNNM into multi-
scale weighted nuclear norm minimization model which could
handle arbitrary image degradations.

In this paper, we focus on color image denoising based
on MCWNNM. We wonder if the denoising performance of
MCWNNM will be improved whether a pre-processed noise
image is taken as input. Therefore, we propose a method
called warm start of multi-channel nuclear norm minimization
(WS-MCWNNM) that combines spatial filter methods with
MCWNNM for color image denoising. Instead of directly
taking the noisy image as input, we use the results of spatial
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filter methods as the input to MCWNNM. This warm start
could improve the denoising performance without changing
the convergence of MCWNNM. The paper is organized as
follows. In section II, we introduce the work of others related
to this article. Section III presents the detail of the proposed
WS-MCWNNM denoising method. In section IV, we show the
experiment results of MCWNNM and WS-MCWNNM with
three spatial filters. Finally, we summarize this paper.

II. RELATED WORK

A. From WNNM to MCWNNM

Non-local self-similarity refers that there are many similar
local patterns inside a natural image. For a local patch, we
extract non-local similar patches from the image to form a
matrix, which is supposed to be of low rank. Therefore, we
can use the low rank matrix approximation method to restore
a denoised matrix from the matrix composed of noisy image
patches. As a method of low rank matrix approximation,
nuclear norm minimization model [33] was first used for video
denoising [34]. Considering the prior knowledge of matrix
singular values, Gu et al. [19] generalized the nuclear norm
minimization model to the WNNM model. The denoising
WNNM model is described as follows:

min
X

1
σ2 | |Y − X| |2F + | |X| |w,∗

where Y is the matrix composed of noisy image patches, X
is the unknown matrix composed of denoised image patches,
| |X| |F =

√∑
i

∑
j |xi j |2 is the Frobenius norm of X, σ is the

standard deviation of AWGN added to the image, | |X| |w,∗ =∑
i |wiσi(X)| is the weighted nuclear norm of matrix X, w =
[w1,w2, . . . ,wn]

T(wi > 0) is the weight vector, σi(X) is the
i th singular value of X.

The WNNM model achieves better denoising performance
than the benchmark BM3D [12] on grayscale images. How-
ever, it’s not trivial to directly apply the WNNM model to
color image denoising. For color image denoising, Xu et al.
[20] proposed MCWNNM by introducing a weight matrix to
balance the data fidelity of R,G,B channels. The MCWNNM
model is as follows:

min
X
| |W(Y − X)| |2F + | |X| |w,∗ (1)

where

W = ©«
σ−1
r I 0 0
0 σ−1

g I 0
0 0 σ−1

b
I

ª®¬
is the weight matrix of different channels, σr, σg, σb are the
standard deviations of AWGN added to the R, G, B channels,
respectively, I is the identity matrix.

The problem (1) was solved under the alternating direction
method of multipliers [35] framework. Reformulate (1) as a
linear equality-constrained problem with two variables X and
Z :

min
X,Z
| |W(Y − X)| |2F + | |Z| |w,∗ s.t . X = Z (2)

The augmented Lagrangian function of (2) is :

L(X,Z,A, ρ) =| |W(Y − X)| |2F + | |Z| |w,∗

+ AT(X − Z) +
ρ

2
| |X − Z| |2F (3)

where A is the augmented Lagrangian multiplier , ρ > 0
is the penalty parameter. The problem (2) can be solved by
successively updating the following variables:

Xk+1 = (WTW +
ρk
2

I)−1(WTWY +
ρk
2

Zk −
1
2

Ak)

Zk+1 = arg min
Z
| |Z − (Xk+1 + ρ

−1
k Ak)| |

2
F + | |Z| |w,∗

Ak+1 = Ak + ρk(Xk+1 − Zk+1)

ρk+1 = µ ∗ ρk (4)

where µ > 1 is a manually chosen constant.
The MCWNNM model has demonstrated competitive per-

formance for color images denoising. In this paper, we propose
a method that combines the traditional spatial filter methods
with MCWNNM to boost denoising performance.

B. Color Image Denoising

Based on the development of grayscale image denoising,
there are several methods for color RGB image denoising.
The first method ignores the relevance of three channels, and
directly applies the grayscale image denoising method to each
channel. The second method transforms the RGB image into
a less correlated color space and then denoises the image in
the transformed space. For example, the color block-matching
and 3-D filtering (CBM3D) [36] turns the RGB image into
a luminance-chrominance color space (such as YCbCr) and
utilizes a grouping constraint on both chrominance. Then the
BM3D was applied to each luminance-chrominance channel
by using of the result of grouping constraint. The third method
combines the signals of each channel and processes them
simultaneously [20], [37], [38]. For instance, MCWNNM
connects the patches from RGB channels as a long patch
vector for processing. The fourth method is the mechanism
working in neural network that is worth mentioning [24], [39],
[40]. A neural network is determined by two elements: the
network structure and the parameters learned from the training
data. By replacing the training data into color images, the
grayscale image denoising method can be directly converted
into a color image denoising method without changing the
network structure.

In this paper, we apply spatial filter methods to each
channel, respectively, and get the denoised image which we
called warm start. Then, the patches from RGB channels of
the warm start are arranged into vectors for MCWNNM’s
processing.

III. WARM START OF MULTI-CHANNEL WEIGHTED
NUCLEAR NORM MINIMIZATION

In this section, we introduce WS-MCWNNM which com-
bines spatial filter methods with MCWNNM for color image
denoising. In subsection III-A, we show the flowchart of our
proposed method WS-MCWNNM. Subsection III-B demon-
strates details of the warm start.
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A. Framework of proposed WS-MCWNNM

We present the framework of WS-MCWNNM which was
shown in Fig. 1. MCWNNM has shown strong competitiveness
in color image denoising. As an traditional method of image
denoising, the spatial filter is no longer popular, but its
processing speed is very fast compared with MCWNNM. As
shown in Fig. 1, we apply the spatial filtering method on the
noisy image to obtain a less noisy image which is the input of
MCWNNM. Then we exploit the MCWNNM to get the final
denoised image. The MCWNNM contains five main steps: 1.
The first step is to extract local key patches which were circled
with red square in Fig. 1 from the image. 2. The second step
is to search the non-local similar patches of each key patch
by using the block matching method. The non-local similar
patches were circled with yellow square in Fig. 1 from the
search window which was circled with blue square in Fig. 1.
3. The third step is to arrange the non-local similar patches of
each key patch into a matrix. 4. The fourth step is to apply the
MCWNNM model (1) to the matrix from step three obtaining
the estimated matrix of the non-local similar patches of each
key patch. 5. The final step is to aggregate all the estimated
matrix to form the denoised image.

B. The warm start

We apply three spatial filter methods on the noisy image to
obtain the warm start. The three filter methods are mean filter,
Gaussian filter and median filter. These methods replace the
value of the pixel by the weighted average value of the pixels
in its neighborhood. The weights of the pixel to be denoised
are described in equations (5), (6) and (7).

Mean(xc) =
1

mn

m∑
i=1

n∑
j=1

xi j (5)

G(xc) =
1
√

2πσ

m∑
i=1

n∑
j=1

e(−
| |xi j−xc | |

2
2

2σ2 )xi j (6)

Med(xc) = sort06i6m,06 j6n(xi j)[b
mn
2
c] (7)

where xc is the coordinate value of pixel to be determined,
xi j is the pixel value of point xi j , b·c is the floor function and
sort(·) is a function that can arrange xi j(0 6 i 6 m, 0 6 j 6 n)
into an vector with ascending sequence, m × n is the size of
filter window.

By using the three filters, we summarize the proposed WS-
MCWNNM in Algorithm 1.

Algorithm 1: Image denoising by WS-MCWNNM
Input:

Clean image x, noisy levels of different channels {σr , σg, σb}
1. Initialization:

Set x(0) as the clean data degraded with noise {σr , σg, σb}
2. Update x(0) with (5) or (7) or (6)
3. for k = 1 : K do
4. Apply the MCWNNM model to x(k−1) and obtain the image x(k)
5. end for
Output: Denoised image x(K ).

IV. DENOISING EXPERIMENTS OF WS-MCWNNM

In [20], Xu et al. demonstrated that MCWNNM outperforms
CBM3D [36], MLP [22], TNRD [31], DnCNN [24], NI
[41], NC [42] and WNNM [19]. To evaluate the denoising
performance of our methods, we only compare them with
the MCWNNM. All methods are run under MATLAB 2018b
environment on a computer with an Intel (R) Core (TM)
i5-4590 CPU (3.30GHz) and 16 GB of RAM. Peak signal-
to-noise ratio (PSNR) and structural similarity (SSIM) [43]
are used to evaluate the denoised results. Experiments are
performed on the 24 color images from the Kodak data set
(http://r0k.us/graphics/kodak/). In subsection IV-A, we intro-
duce the assessment criteria for image denoising in our exper-
iments. Subsection IV-B presents the setting of parameters in
WS-MCWNNM. In subsection IV-C, we show the denoised
results of MCWNNM and our methods on the 24 test images.

A. Assessment Criteria

We exploit PSNR and SSIM to evaluate the quality of the
denoised image. The bigger these two values are, the better the
result of image denoising is. Their definitions are as follows:

PSNR(x, y) = 10 log10

(
(28 − 1)2

MSE(x, y)

)
(8)

SSIM(x, y) =
(2µxµy + c1)(2σxy + c2)

(µ2
x + µ

2
y + c1)(σ

2
x + σ

2
y + c2)

(9)

where

MSE(x, y) =
1

MN

M−1∑
i=0

N−1∑
j=0
[x(i, j) − y(i, j)]2

is the mean square error of x and y, x and y are the pixel value
matrices of noise-free and noise image, respectively, M ×N is
the size of x and y, µx is the average of x, µy is the average
of y, σ2

x is the variance of x, σ2
y is the variance of y, σxy

is the covariance of x and y, c1 = (k1L)2, c2 = (k2L)2 are
two variables to stabilize the division with weak denominator,
L is the dynamic range of the pixel-values, k1 = 0.01 and
k2 = 0.03 are constants.

B. Experimental Settings

In the experiments of MCWNNM, the parameters are set to
the default values except for the number of iterations. In order
to achieve better denoising performance, we set the iteration
numbers of MCWNNM as 12.

In our methods, we set the filter patch size in the step 2
of Algorithm 1 as follows: the mean filter as m = n = 2, the
median filter as m = n = 3, the Gaussian filter as m = n = 3.
As for the parameters in the step 4 of Algorithm 1, we inherit
some coefficients of MCWNNM. The detailed parameters are
set as: the block matching patch size (the red and yellow
square size in Fig.1) as p = 6×6, the search window size (the
blue square size in Fig.1) for block matching as p = 40 × 40,
the number of non-local similar patches as 70, the constant
updating parameter in (4) as µ = 1.001, the iteration numbers
in Algorithm 1 as K = 12.
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Fig. 1. Flowchart of the proposed WS-MCWNNM.

Fig. 2. The 24 test images from the Kodak data set. Images 1 to 24 from left to right and top to bottom.

C. Experimental Results

We evaluate all the methods on 24 widely used color images,
which are shown in Fig.2. AWGN with standard deviations
{σr, σg, σb} are respectively added to each of the R, G,
B channels of the 24 color images to generate the noisy
images. Fig. 3 depicts the clean and denoised images of our
experiments. The PSNR and SSIM results of the 24 images
with different methods are shown in Tab.I with variance
of σr = 30, σg = 10, σb = 50. To save space, averaged
PSNR/SSIM results of other noise levels are presented in
Tab.II. The best results for PSNR and SSIM in each row are
highlighted in bold type in the tables.

It can be seen from Tab. I and Tab. II that the warm start with
Gaussian filter achieves the best PSNR and SSIM. The warm
start with median filter attains higher PSNR but lower SSIM
than MCWNNM. The warm start with mean filter performs
worse than MCWNNM both on PSNR and SSIM.

V. CONCLUSION

In this paper, a warm start of multi-channel weighted
nuclear norm minimization was proposed for color image
denoising. We combined the spatial filtering methods with
MCWNNM. The image processed by the spatial filtering

methods, which we called warm start, was used as the input
of MCWNMM for image denosing. Experiments demonstrated
that our proposed method with warm start of Gaussian filter
outperforms the existing MCWNNM method both on PSNR
and SSIM.
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