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Applications of Hesitant Fuzzy Sets to
Completely Regular Semigroups

P. Yairayong *

Abstract— In this paper, we focus on combining the theories
of hesitant fuzzy sets on semigroups and establishing a new
framework for hesitant fuzzy sets on semigroups. The aim of
this manuscript is to apply hesitant fuzzy set for dealing with
several kinds of theories in completely regular semigroups. We
introduce the notions of hesitant fuzzy semiprime sets and
hesitant fuzzy idempotent sets on semigroups and some
properties of them are obtained. We also characterized left
(right) regular, completely regular, intra-regular, regular, left
(right) quasi-regular, quasi-regular intra-regular, left quasi-
regular and semisimple semigroups by the properties of their
hesitant fuzzy ideals. At the end we prove that every hesitant
fuzzy two-sided ideal on a semigroup S is a hesitant fuzzy

interior ideal if and only if S is a semisimple semigroup.

Index Terms—hesitant fuzzy set, semigroup, completely
regular, hesitant fuzzy two-sided ideal, hesitant fuzzy interior
ideal.

. INTRODUCTION

N 1986, Drazin [1] studied some operations of

completely regular semigroups and showed that the J is
a partial order on a given finite semigroup S if and only if S
is completely regular. The structure of completely regular
semigroups has been recently studied by many authors, for
example, by Petrich, Trotter, Yang, He and others, see [2-14,
40]. In 1996, Ajan and Pastijn [15] showed that every finitely
presented group is the greatest group homomorphic image of
a finitely presented completely regular semigroup. In 2000,
Gould and Smith [16] characterized semigroups that are
straight left orders in completely regular semigroups. In 2002,
Mashevitzky [17] showed that the variety V of completely
regular semigroups that contains a nontrivial semilattice has
finitary or unitary unification type if and only if V' consists of
strong semilattices of rectangular groups of finitary or unitary
unification type. In 2009, Dolinka [18] studied some
operations of finite completely regular semigroups and
monoids. He also proved that the finite completely regular
semigroup has a sub-log-exponential free spectrum if and
only if it is locally orthodox and has nilpotent subgroups. In
2010, Khan et al. [19] characterized left simple, right simple,
and completely regular ordered semigroups in terms of
intuitionistic fuzzy quasi-ideals. In 2012, Khan et al. [20]
discussed some characterizations of regular, left (resp. right)
regular, completely regular and weakly regular ordered
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semigroups. In 2014, Maity and Ghosh [21] showed that the
semiring R is quasi completely regular if and only if R is an
idempotent semiring of quasi skew-rings.

In 2008, Kehayopulu and Tsingelis [22] has studied the
right regular, left regular, regular and intra-regular ordered
semigroups. They proved that the ordered semigroup S is
intra-regular if and only g < po u for each fuzzy subset

4 of S. Several examples and interesting properties of

intra-regular  semigroups (LA -semigroup,  ordered
semigroup) can be found in [23-27]. In 2009, Kehayopulu and
Tsingelis [28] discussed some characterizations of intra-
regular, both regular and intra-regular ordered semigroups in
terms of fuzzy sets. In 2012, Khan et. al. [29] proved that the
ordered semigroup S is simple if and only if it is

(€,€vQ)-fuzzy simple and characterized intra-regular
ordered semigroups in terms of (€, vQ) -fuzzy ideals. In
2013, Li and Feng [30] studied the (A, &) -fuzzy ideals and

the (A, 1) -fuzzy interior ideals in intra-regular ordered
semigroups and investigated some of their properties. In 2015,
Kar et. al. [31] introduced the concept of interval-valued
fuzzy hyperideals of a semihypergroup and characterized
regular semihypergroups, intra-regular semihypergroups by
using interval-valued fuzzy hyperideals of semihypergroups.
In 2016, Yousafzai et. al. [32] characterized intra-regular
ordered LA -semigroups in terms of interval valued fuzzy
ideals and interval valued fuzzy bi-ideals. In 2017, Ali et. al.

[33] defined (€,,€, v0,) -fuzzy soft right ideals in AG-

groupoids and characterized intra-regular AG-groupoids. In
2018, Khan et. al. [34] introduced the concept of
(,,€, vQ;)-fuzzy left ideals and (€,,€, v0;)-fuzzy
biideals in AG-groupoidsand and characterized intra-regular
A G -groupoids.

In 2015, Jun et. al. [35] also discussed the relationships
between hesitant fuzzy generalized bi-ideals and hesitant
fuzzy semigroups and characterized (hesitant fuzzy)
generalized bi-ideals and hesitant fuzzy bi-ideals. They
introduced the notions of hesitant fuzzy (generalized) bi-
ideals in semigroups. Ali et. al. [36] defined hesitant fuzzy
sets, hesitant fuzzy product, characteristic hesitant fuzzy set,
hesitant fuzzy AG-groupoids, hesitant fuzzy left ideal,
hesitant fuzzy bi-ideal, hesitant fuzzy interior ideal and
hesitant fuzzy quasi-ideal in AG-groupoids and investigated
some of their properties. In 2016, Jun et. al. [37] also
discussed the relationships between hesitant fuzzy semigroups
with a frontier and a hesitant fuzzy semigroups.They showed
that the hesitant union of two hesitant fuzzy semigroups with
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two frontiers may not be a hesitant fuzzy semigroup with two
frontiers. In 2017, Jun et. al. [38] introduced the concept of

(&,0) -hesitant fuzzy ideals, (&,0) -hesitant fuzzy bi-ideals
and (&, ) -hesitant fuzzy interior ideals in semigroups and

investigated some of their properties. In 2018, Abbasi et. al.
[39] introduced the idea of hesitant fuzzy left (resp., right and
two-sided) ideals, hesitant fuzzy bi-ideals, and hesitant fuzzy
interior ideals in I -semigroups and investigated some of
their properties.

The aim of this manuscript is to apply hesitant fuzzy set for
dealing with several kinds of theories in completely regular
semigroups. We introduce the notions of hesitant fuzzy
semiprime sets and hesitant fuzzy idempotent sets on
semigroups and some properties of them are obtained. We
also characterized left (right) regular, completely regular,
intra-regular, regular, left (right) quasi-regular, quasi-regular
intra-regular, left quasi-regular and semisimple semigroups by
the properties of their hesitant fuzzy ideals. At the end we
prove that every hesitant fuzzy two-sided ideal on a

semigroup S is a hesitant fuzzy interior ideal if and only if
S is a semisimple semigroup.

Il. PRELIMINARIES

In this section, we recollect some preliminaries and
prerequisites of semigroups and hesitant fuzzy sets which we
shall apply in the results of the main section.

For a hesitant fuzzy set H on S and X,y €S, we use
the notations H, =H(X) and H)=H,"H . 1t is
obvious that H = H .

For every a subset A of a semigroup S, define a map

_[[01] ;xeA
(G = {@ ;otherwise.
Then, C, is a hesitant fuzzy set on S and is called
characteristic hesitant fuzzy set on S. The hesitant fuzzy
set C is called identity hesitant fuzzy seton S.

Recall that a hesitant fuzzy set H on a semigroup S is
called a hesitant fuzzy semigroup on S if H) < HXy for
all X,y €S. Recall that a hesitant fuzzy set H on a

semigroup S is called a hesitant fuzzy left (resp., right)
ideal on S if

ny = Hv(ny = HX)
for all X,y € S. If a hesitant fuzzy set H on a semigroup

S is both a hesitant fuzzy left ideal and a hesitant fuzzy right
ideal on S, we say that H is a hesitant fuzzy ideal} on S.

Recall that a hesitant fuzzy semigroup H on a semigroup S
is called a hesitant fuzzy bi-ideal on S if H,, D H; for
all X,y,ze€S. 1f H(x)=[0,1] for all X€ S, then it is

easy to see that H is a hesitant fuzzy semigroup on a
semigroup S. We denote such type of hesitant fuzzy
semigroup S by Y. It is obvious that G =Y. The

hesitant fuzzy product of two hesitant fuzzy sets F and
Gon a semigroup S is defined to be a hesitant fuzzy set
F ©G on S which is given by

UF ()NG(z) ;3y,zeS,suchthatxeyoz
(F 06), =1
%) ; otherwise.

We denote by H(S) the set of all hesitant fuzzy sets on S.
Let S be a semigroups and H,F € H(S). Then, H is
called the subset of F, denoted by H <F if H cF,
forall X € S. For a non empty family of a hesitant fuzzy sets
{H ‘a e ﬂ}, on a semigroup S, the hesitant fuzzy sets
0, H, and 6, _, H, aredefined as follows:
UH),

( aef )
aef

(60ep He ), = Qﬂ(H)

If S isafinite set,say S ={12,3,...,
H,=H,0H,0...0 H, and
04y Hy=H 0 H,6...6 H,.
Recall that a hesitant fuzzy set H on a semigroup S is
called a hesitant fuzzy quasi-ideal on S if
(HOY)6 (YOH)<H.

As is easily seen, any hesitant fuzzy left ideal and any hesitant
fuzzy right ideal on S is a hesitant fuzzy quasi-ideal on S
and any hesitant fuzzy quasi-ideal on S is a hesitant fuzzy bi-
ideal on S. The converse of those properties do not hold in

general. Recall that a hesitant fuzzy set H on a semigroup
S is called a hesitant fuzzy generalized bi-ideal on S if

z
nyz = Hx

It is clear that every hesitant fuzzy bi-

and

n}, then clearly

Y aef}

for all X,y,Z€S.

ideal on a semigroup S is a hesitant fuzzy generalized bi-
ideal on S, but the converse of this statement does not hold
in general. Recall that a hesitant fuzzy set H on a semigroup
S is called a hesitant fuzzy interior ideal on S if
H,, 2H, forall X,y,z€S.

I1l. HESITANT FUZZY SETS ON COMPLETELY REGULAR
SEMIGROUPS

In this section we define the concept of hesitant fuzzy
semiprime sets and then by using this idea we characterize the
left (right) regular semigroup in terms of hesitant fuzzy left
(right) ideals. Also we prove that every hesitant fuzzy set of a

semigroup S is a hesitant fuzzy semiprime set if and only if
the characteristic hesitant fuzzy set G, is a hesitant fuzzy
semiprime set.
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Recall that a semigroup S is called left (right) regular if
for each element X of S, there exists an element S in S
such that X = SX* (X = X°S).

Now we characterize a left (right) regular semigroup in
terms of hesitant fuzzy left (right) ideals.

Theorem 3.1: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is a left (right) regular semigroup.

2) For every hesitant fuzzy left (right) ideal H on S,

H, = HX2 forall X € S.
Proof: First assume that S is a left regular semigroup. Let

H be any hesitant fuzzy left ideal on S and X any element
of S. Since S is left regular, there exists an element S € S

such that X = SX°. By assumption,
HX = stz 2 sz =2 Hxa
which means that H, =H ,

Conversely, assume that 2) holds. Let X be any element of
S. Itis easy to see that, the characteristic hesitant fuzzy set

CL[XZ] of the left ideal L[X*]=Xx*USX? on S is a hesitant

fuzzy left ideal on S. Then we  have,

(CL[le) _(CL[X ) =[0.4],

X e L[x*]=x*>USx?,

since X* e L[x*]. 1t

follows that, there exists an

element S S such that X = SX°. Consequently, S is left
regular.

Now we introduce the notion of hesitant fuzzy semiprime
sets on a semigroup.

Definition 3.2: A hesitant fuzzy set H on a semigroup S
is called a hesitant fuzzy semiprime on S if H, o H , for

all XxeS.

Next, we proved that every hesitant fuzzy set of a
semigroup S is a hesitant fuzzy semiprime set if and only if

the characteristic hesitant fuzzy set G, is a hesitant fuzzy
semiprime set.

Theorem 3.3: Let P be a non empty subset of a semigroup
S. Then the following conditions are equivalent.

1) P is a semiprime subset of S.

2) The characteristic hesitant fuzzy set CP of P isa
hesitant fuzzy semiprime set on S.

Proof: First assume that P is a semiprime subset of S.
Let X be any element of S. If X* € P, then, since P is a
semiprime  subset, Xe€P.  This that,

(Q)X=[0,1]=(C;)z.lfx ¢ P, then
(G),29=(G),

implies

In any case, we have (Q)X ;)(Q,)X2 for all XeS.
Consequently, G, is a hesitant fuzzy semiprime seton S.
Conversely, assume that G, is a hesitant fuzzy semiprime

seton S. Let X be any element of S such that X* € P. By
assumption, (CP)X ;)(C;)XZ =[0,1], which implies that

(CP)X =[0,1]. Then we have, X € P. Consequently, P is

a semiprime subset of S.

The following theorem is a characterization theorem of
hesitant fuzzy semiprime sets on a semigroup.

Theorem 3.4: Let H be a hesitant fuzzy semigroup on a

semigroup S. Then the following conditions are equivalent.
1) H is a hesitant fuzzy semiprime set on S.
2)H,=H, forall xe3.

Proof: First assume that H is a hesitant fuzzy semiprime
set on S. Let X be any element of S. By assumption,
H, 2H . 2 H, =H,. Consequently, H, =H ,

It is obvious that 2) implies 1).

Recall that an element X of a semigroup S is called
completely regular if there exists an element S in S such
that X=XSX and SX=XS. A semigroup S is called

completely regular if every element of S is completely
regular.

Now we give characterizations of a completely regular
semigroup in terms of hesitant fuzzy sets.

Theorem 3.5: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is acompletely regular semigroup.

2) Every hesitant fuzzy quasi-ideal on S is a hesitant fuzzy
semiprime seton S.

3) H, =H , for every hesitant fuzzy generalized bi-ideal
H on S andforall X eS.

Proof: 1)=> 3). Assume that S is a completely regular
semigroup. Let H be any hesitant fuzzy generalized bi-ideal
of S and any element of S. By assumption, there exists an
element S e S such that X = X>SX°. This implies that,

HX = szsx2
> HY
H.,

X
x(x?sx?)
> H{
= H
Consequently, H, = sz
Itis obvious that, 3) = 2).

X"
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2)=1). Assume that 2) holds. Let X be any element of
S. Since Q[x*]=x* U(XZS N SXZ) is a quasi-ideal of
S, we have CQ[XZ] is a hesitant fuzzy quasi-ideal on S. By

assumption, C is a hesitant fuzzy semiprime set on S,

QUx’]
which  implies  that (CQ[Xz])X Q(CQ[XZ])XZ =[0,1].
Therefore, X € Q[x*]= x> U(XZS N SXZ) and hence,

X=x" or XeXx’SNSx’.
completely regular semigroup.

Consequently, S is a

From Theorem 3.5 we can easily obtain the following
theorem.

Theorem 3.6: Let S be a semigroup. Then the following
conditions are equivalent.

1) Every hesitant fuzzy quasi-ideal on S is a hesitant fuzzy
semiprime set on S.

2) Every hesitant fuzzy bi-ideal on S is a hesitant fuzzy
semiprime seton S.

3) Every hesitant fuzzy generalized bi-ideal on S is a
hesitant fuzzy semiprime seton S.

4) H, =H , for every hesitant fuzzy quasi-ideal H on

S andforall X €S.
5 H, = sz for every hesitant fuzzy bi-ideal H on S

and forall X € S.
6) H, =H . for every hesitant fuzzy generalized bi-ideal

H on S andforall xeS.

IV. HESITANT FUZZY SETS ON INTRA-REGULAR SEMIGROUPS

In this section we define the concept of hesitant fuzzy
idempotent sets on semigroups and then by using this idea
we characterize the intra-regular semigroups in terms of
hesitant fuzzy quasi-ideals, hesitant fuzzy bi-ideals, and
hesitant fuzzy generalized bi-ideals.

Recall that a semigroup S is called intra-regular if for
each element X of S, there exists elements S, and S, in

S such that X = §,X°s,.

Now, we proved that every hesitant fuzzy two-sided ideal
on a semigroup S is a hesitant fuzzy interior ideal if and
only if S is an intra-regular semigroup.

Theorem 4.1: Let H be a hesitant fuzzy set on an intra-
regular semigroup S. Then the following conditions are
equivalent.

1) H is a hesitant fuzzy two-sided ideal on S.
2) H is a hesitant fuzzy interior ideal on S.
Proof: It is clear that 1) implies 2). Assume that H is
a hesitant fuzzy interior ideal on S. Let X and Y be any

elements of S. Since S is an intra-regular semigroup,
there exist elements S,S,,S; and S, of S such that

X= Slxzs2 and y = S3y234. Then, since H is a hesitant
fuzzy interior ideal on S, we have

ny - H(Slxzsz)y -
and H, =H H xs,)y(ys) 2 Hy- Consequently,

H is a hesitant fuzzy two-sided ideal on S.

H soxisy 2 Hx

X(53y254) -

Now we characterize an intra-regular semigroup in terms
of hesitant fuzzy two-sided ideals and hesitant fuzzy interior
ideals.

Theorem 4.2: Let S be a semigroup. Then the following
conditions are equivalent.
1) S is an intra-regular semigroup.

2) H,=H_, for every hesitant fuzzy two-sided ideal

H on S andforall XxeS.
3) H, = HXz for every hesitant fuzzy interior ideal H

on S andforall XeS.

Proof: 1)=> 3). Assume that S is an intra-regular
semigroup. Let H be any hesitant fuzzy interior ideal on
S and X any element of S. By assumption, there exist
elements S, and S, of S such that x=slx232. Then we
have,

H:

X 5,x%s,

I

XZ

U
I T

X(sxs)

I

(xs)x(xs,)

T

- X
which implies that H, =H .

It is obvious that, 2) = 3).

2) = 1). Assume that 2) holds. Let X be any element of
S. since J[X*]=x*UX’SUSX> USX’S is a two-
sided ideal of S, we have CJ[XZ] is a hesitant fuzzy two-

sided ideal on S. Then we have,

(CJ[le)x Q(C][xz])xz =[0,1],
which implies that

x € J[x*]= x> UX®S U Sx* U SX°S.
Hence, X=X* or Xe XS or XeSx* or Xe SX’S.
Consequently, S is an intra-regular semigroup.

In the sequel, the following results hold. The proof of
them is straightforward, so we omit it.

Theorem 4.3: Let S be a semigroup. Then the following
conditions are equivalent.
1) Every hesitant fuzzy two-sided ideal on S is a
hesitant fuzzy semiprime set on S.
2) Every hesitant fuzzy interior ideal on S is a hesitant
fuzzy semiprime seton S.
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3) H, = HX2 for every hesitant fuzzy two-sided ideal

H on S andforall X S.
4) H, = HX2 for every hesitant fuzzy interior ideal H

on S andforall XxeS.

The following theorem is a characterization theorem of
hesitant fuzzy interior ideals on a semigroup.

Theorem 4.4: Let H be a hesitant fuzzy set on an intra-
regular semigroup S. Then the following conditions are
equivalent.

1) H is a hesitant fuzzy interior ideal on S.
2) H, =H,, forevery X,y €S.

Proof: First assume that H is a hesitant fuzzy interior
ideal on S. Let X and Yy be any elements of S. Then by
Theorem 4.3,

H, = H

Xy ()’

H

x(yx)y

V)

HYX
H

(yx)?

H

y(xy)x

V)

H,.
which implies that, H, =H,,.
It is dear that 2) implies 1).

By the above theorem we have the following theorem.

Proposition 4.5: Let H be a hesitant fuzzy semiprime
set on a semigroup S. If H is a hesitant fuzzy interior
ideal on S, then HXn - HXM for alt positive integers nN.

Proof: Let N be any positive integer and X any element
of S. By assumption,

H o H

« 20
> H,
= Hx3n—2xn+lx
> H,.,

which implies that, Hx" - Hx"+1'

The following theorem is a crucial result in this paper.

Theorem 4.6: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is an intra-regular semigroup.
2) HOF <HOF for every hesitant fuzzy left
ideal H and every hesitant fuzzy right ideal F on S.
Proof: First assume that S is an intra-regular semigroup.
Let H and F be any hesitant fuzzy left ideal and any
hesitant fuzzy right ideal on S, respectively. Next, let X be

any element of S. By assumption, there exist elements S;
and S, of S suchthat X = slxzsz. Then we have,
(HoF), = (JH,nF,

X=yz

HslX N Fst

U

> H,nF,
= (HX(’) F )X,
which impliesthat H6 F <H OF .

Conversely, assume that 2) holds. Let X be any element
of S. Since L[X]=XxUSX and R[X]=XUXS are a

left ideal and a right ideal on S, respectively, we have
G @nd Gy, are a hesitant fuzzy left ideal and a hesitant

fuzzy right ideal on S, respectively. Then we have,

(CL[x]R[x])X - (q[x] @Q[X])X
= (CL[x] 6 G )X
- (CL[x]mR[x] )X
- o],
which implies that X € L[X]R[X] = (X SX)(xUxS)=

x® U X*S U Sx* U SX®S. Consequently, S is an intra-
regular semigroup.

We now introduces the notion of hesitant fuzzy
idempotent sets on semigroups.

Definition 4.7: A hesitant fuzzy set H on a semigroup

S is called a hesitant fuzzy idempotent on S if
H=HOH.

Next, we characterize a regular and
semigroup in terms of hesitant fuzzy sets.

intra-regular

Theorem 4.8: Let S be a semigroup. Then the following
conditions are equivalent.
1) S isregular and intra-regular.

2) Every hesitant fuzzy quasi-ideal on S is a hesitant
fuzzy idempotent set.

3) HOF <HQ®F for every hesitant fuzzy
generalized bi-ideals H and F on S.

Proof: 1)=>3). Assume that S is regular and intra-
regular. Let H and F be any hesitant fuzzy generalized
bi-ideals on S, and X any element of S. By assumption,
there exist elements S;,S, and S, such that X = XS X and
X= szxzss. Then we have,

X = X§X

= XS,XSX

xS, (S,X%S,)8,X
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= (XSlSZ X)(X3351X)1

UHymFZ

X=yz

H.. .NF

X$,S5X
> H,nF,
= (H oF )
Consequently, H6 F <HOF .
It is obvious that, 3) = 2).
2) = 1). Assume that 2) holds. Let Q be any quasi-ideal

of S and X any element of S. Then we have, G, is a

which means that
(HOF)

U

XS381X

X"

hesitant fuzzy quasi-ideal on S. By assumption, (QDQ)

(%0G),=(%), =04,
X € QQ. Therefore, Q = QQ and hence S is regular and
intra-regular.

X

which  implies  that

From Theorem 4.8 we can easily obtain the following
theorem.

Theorem 4.9: Let S be a semigroup. Then the following
conditions are equivalent.

1) Every hesitant fuzzy quasi-ideal on S is a hesitant
fuzzy idempotent set.

2) Every hesitant fuzzy bi-ideal on S is a hesitant
fuzzy idempotent set.

3) HO6 F <H OF for every hesitant fuzzy quasi-
ideals H and F on S.

4 H6 F <HQOF for every hesitant fuzzy quasi-
ideal H and every hesitant fuzzy bi-ideal F on S.

5 H6 F <H OF for every hesitant fuzzy quasi-
ideal H and every hesitant fuzzy generalized bi-ideal F
on S.

6) H6 F <H OF for every hesitant fuzzy bi-ideal
H and every hesitant fuzzy quasi-ideal F on S.

7) HO F <HQOF for every hesitant fuzzy bi-
ideals H and F on S.

8 HO F <H OF for every hesitant fuzzy bi-ideal
H and every hesitant fuzzy generalized bi-ideal F on S.

99 HOF <HO®F for every hesitant fuzzy
generalized bi-ideal H and every hesitant fuzzy quasi-ideal
F on S.

100 HO F <HQ®OF for every hesitant fuzzy
generalized bi-ideal H and every hesitant fuzzy bi-ideal
F on S.

11) HO6 F <HQOF for every hesitant fuzzy
generalized bi-ideals H and F on S.

We now state another characterization theorem for
regular and intra-regular semigroups.

Theorem 4.10: Let S be a semigroup. Then the
following conditions are equivalent.

1) S is regular and intra-regular.

2) HOF <(H OF )c') (F (DH) for
hesitant fuzzy right ideal H and every hesitant fuzzy left
ideal F on S.

3) HOF <(HOF )6 (F OH) for
hesitant fuzzy generalized bi-ideals H and F on S.

Proof: 1) = 3). Assume that S is regular and intra-
regular. Let H and F be any hesitant fuzzy generalized
bi-ideals on S. It is easy to see that, HO F <H OF .
Then we have, HOF =F 6 H<F ©OH, we can

conclude that H 6 F <(H OF )(') (F @H).

It is obvious that, 3) = 2).

2)=1). Assume that 2) holds. Let H and F be any
hesitant fuzzy right ideal and any hesitant fuzzy left ideal

on S, respectively. By assumption, H 6 F < (H OF )
6(FOH)<FOH and HOF <(HOF)6
(FOH)<HOF. 1t s that,

Ho6 F =F ©OH. Consequently, S is regular and intra-
regular.

every

every

easy to see

By using Theorem 4.10, we have the following theorem.

Theorem 4.11: Let S be a semigroup. Then the
following conditions are equivalent.

1) HOoF —<(H OF )(’) (F OH) for
hesitant fuzzy right ideal H and every hesitant fuzzy left
ideal F on S.

2) HOF <(HOF)6(F OH) for
hesitant fuzzy right ideal H and every hesitant fuzzy quasi-
ideal F on S.

3) HOF <(HOF )6 (F OH) for
hesitant fuzzy right ideal H and every hesitant fuzzy bi-
ideal F on S.

) HOF <(HOF)6(F OH) for
hesitant fuzzy right ideal H and every hesitant fuzzy
generalized bi-ideal F on S.

5 HOF —<(H OF )(’) (F OH) for
hesitant fuzzy left ideal H and every hesitant fuzzy quasi-
ideal F on S.

6) HOF <(H OF )() (F (DH) for
hesitant fuzzy left ideal H and every hesitant fuzzy bi-
ideal F on S.

7 HOF <(H OF )(’) (F @H) for
hesitant fuzzy left ideal H and every hesitant fuzzy
generalized bi-ideal F on S.

every

every

every

every

every

every

every
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8 HOF <(H OF )(’) (F @H) for every
hesitant fuzzy quasi-ideals H and F on S.

99 HOF <(HOF)6(F OH) for every
hesitant fuzzy quasi-ideal H and every hesitant fuzzy bi-
ideal F on S.

1) HOF <(HOF )6 (F OH) for every
hesitant fuzzy quasi-ideal H and every hesitant fuzzy
generalized bi-ideal F on S.

11) HOF <(H®F)(’)(F @H) for every
hesitant fuzzy bi-ideals H and F on S.
12) HOF <(HOF )6 (F OH) for every

hesitant fuzzy bi-ideal H
generalized bi-ideal F on S.

13) H(’)F<(H®F)(’)(F @H) for every

hesitant fuzzy generalized bi-ideals H and on S.

and every hesitant fuzzy

We now state another characterization theorem for is
regular and intra-regular semigroups.

Theorem 4.12: Let S be a semigroup. Then the
following conditions are equivalent.

1) S is regular and intra-regular.

2) HO F <HOF OH for every hesitant fuzzy
quasi-ideal H and every hesitant fuzzy right ideal F on
S.

3y HoOF <HQOF ©OH for every hesitant fuzzy
generalized bi-ideals H and F on S.

Proof: 1)=>3). Assume that S is regular and intra-
regular. Let H and F be any hesitant fuzzy generalized
bi-ideals on S and X any element of S. Since S is
regular and intra-regular, there exist elements S;,S, and S,
of S suchthat X =XS,X and X = S,X’S,. Then we have,

X = XSX
= XS, XS;XS;X
= XSl(SZXZS3)Sl(SZX253)SlX
= (XS,5,X)(XS,5,S,X)(XS;S,X).
By assumption,

X=yz

o)

X=yz z=ab

He. NF

XSS, X
> H,nF,NH,
= (H oF )x’
whichmeans H6 F <H OF OH.
It is obvious that, 3) = 2).

~H

XS35,S,X

V)

XS3$,X

3)=1). Assume that 3) holds. Let H and F be any
hesitant fuzzy quasi-ideal and any hesitant fuzzy right ideal
on S, respectively. Since Y is a hesitant fuzzy right ideal
on S, we haee H=HOY=HQOYOH, which
implies that S is regular. By assumption,
H6OF < HOF OH
< HOF OY
< HOF.
Consequently, S is regular and intra-regular.

From Theorem 4.12 we can easily obtain the following
theorem.

Theorem 4.13: Let S be a semigroup. Then the
following conditions are equivalent.

1) HoOF <HOF OH for every hesitant fuzzy
quasi-ideal H and every hesitant fuzzy left ideal F on S.

2) HO F <HOF OH for every hesitant fuzzy
quasi-ideal H and every hesitant fuzzy right ideal F on
S.

3) HO F <HOF OH for every hesitant fuzzy
quasi-ideals H and F on S.

4 HO6 F <HOF ©OH for every hesitant fuzzy
quasi-ideal H and every hesitant fuzzy bi-ideal F on S.

5 HO F <HOF OH for every hesitant fuzzy
quasi-ideal H and every hesitant fuzzy generalized bi-ideal
F on S.

6) HO F <HOF OH for every hesitant fuzzy
bi-ideal H and every hesitant fuzzy left ideal F on S.

7’ HO F <HOF OH for every hesitant fuzzy
bi-ideal H and every hesitant fuzzy right ideal F on S.

8) HO F <HOF OH for every hesitant fuzzy
bi-ideal H and every hesitant fuzzy quasi-ideal F on S.

99 H6 F <HOF OH for every hesitant fuzzy
bi-ideals H and F on S.

100 HO F <HOF OH for every hesitant fuzzy
bi-ideal H and every hesitant fuzzy generalized bi-ideal
F on S.

11) HO F <HOGF OH for every hesitant fuzzy
generalized bi-ideal H and every hesitant fuzzy left ideal
F on S.

12) H6O F <HOF OH for every hesitant fuzzy
generalized bi-ideal H and every hesitant fuzzy right ideal
F on S.

13) HO F <HOF OH for every hesitant fuzzy
generalized bi-ideal H and every hesitant fuzzy quasi-ideal
F on S.

14) HO F <HOF ©H for every hesitant fuzzy
generalized bi-ideal H and every hesitant fuzzy bi-ideal
F on S.
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15) Ho F <H OF ©H for every hesitant fuzzy
generalized bi-ideals H and F on S.

Now we characterize a regular and
semigroup in terms of hesitant fuzzy ideals.

Theorem 4.14: Let S be a semigroup. Then the
following conditions are equivalent.

1) S is regular and intra-regular.

2) HOF 6 GRHQOF OG for every hesitant
fuzzy quasi-ideal H , every hesitant fuzzy right ideal F
and every hesitant fuzzy left ideal G on S.

3) HOF 6 GRHQOF OG for every hesitant
fuzzy generalized bi-ideal H , every hesitant fuzzy right
ideal F and every hesitant fuzzy left ideal G on S.

Proof: 1)=>3). Assume that S is regular and intra-
regular. Let H,F and G be any hesitant fuzzy
generalized bi-ideal, any hesitant fuzzy right ideal and any
hesitant fuzzy left ideal on S, respectively. Next, let X any

intra-regular

element of S. Since S is regular and intra-regular, there
exist elements S;,S, and S, of S such that X = XS;X and

X= SZXZSS. Thus we have,

X = (X8,5,X)(XS;S,5,X)(XS,S,X). By assumption,
(HOF 06), = JH,n(F 06),

X=yz

-U (Hy m(U F, mGDj]
X=yz z=ab
=2 Hxslszx M Fxs3slszx mes3slx
oH,nF, NG,
=(HoF 6G) ,
which impliesthat H6 F 6 G=xH OF OG.

It is obvious that, 3) = 2).

2) = 1). Assume that 2) holds. Let H,F and G be any
hesitant fuzzy quasi-ideal, any hesitant fuzzy right ideal and
any hesitant fuzzy left ideal on S, respectively. By
assumption,

HO6F = HOF oY
< HOF OY
< HOF.

On the other hand, since Y is a hesitant fuzzy right ideal
on S, we have
FOoOH = FoYOH
= FOYOH
< F OH,

which means that F 6 H =F ©H. Consequently, S is
regular and intra-regular.

The following theorem can be easily seen.

Theorem 4.15: Let S be a semigroup. Then the
following conditions are equivalent.

1) HOF 6 GXHOF ©G for every hesitant
fuzzy quasi-ideal H , every hesitant fuzzy right ideal F
and every hesitant fuzzy left ideal G on S.

2) HOF 6 GRXxHOF OG for every hesitant
fuzzy bi-ideal H , every hesitant fuzzy right ideal F and
every hesitant fuzzy left ideal G on S.

3) HOF 6 GRHOF OG for every hesitant
fuzzy generalized bi-ideal H , every hesitant fuzzy right
ideal F and every hesitant fuzzy left ideal G on S.

V. HESITANT FUZZY SETS ON SEMISIMPLE SEMIGROUPS

In this section, we characterize left (right) quasi-regular,
quasi-regular intra-regular, left quasi-regular and semisimple
semigroups by the properties of their hesitant fuzzy ideals.
Also we prove that every hesitant fuzzy two-sided ideal on a

semigroup S is a hesitant fuzzy interior ideal if and only if
S is a semisimple semigroup.

Recall that a semigroup S is called left (right) quasi-
regular if every left (right) ideal of S is hesitant fuzzy
idempotent, and is called quasi-regular if every left ideal and
every right ideal of S is hesitant fuzzy idempotent.

It is easy to see that, a semigroup S is left (right) quasi-
regular if and only if X € SXSX(X € XSxS), that is, there

exist elements S, and S, in S such that X =S XS,X
(X=Xs,%S,).

Now we characterize a left (right) quasi-regular semigroup
in terms of hesitant fuzzy ideals.

Theorem 5.1: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is left (right) quasi-regular.

2) Every hesitant fuzzy left (right) ideal is hesitant fuzzy
idempotent.

Proof: First assume that S is a left quasi-regular
semigroup. Let H be any hesitant fuzzy left ideal on S and
X any element of S. By assumption, there exist elements S,

and S, of S such that X =S XS,X. Then we have,
(HoH), = [JH,nH,

X=Yyz
- HSlX ﬁHS2X
> H,nH,
= H

X1

which means that H < H ®H. On the other hand, since
H is a hesitant fuzzy left ideal on S, we have
H ©H < H. Therefore, H®H =H and hence H isa

hesitant fuzzy idempotent set on S.
Conversely, assume that every hesitant fuzzy left ideal on
S is hesitant fuzzy idempotent. Let X be any element of S.
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Since L[X] =X\ SX isaleftideal of S, we have G, is

a hesitant fuzzy left ideal on S. By assumption,

(CL[X]L[X] )X (CL[X] ) CL[><] )x

(C:I_[x] )x
)
which means that X € L[X]L[X] = (X Sx)(x U Sx) =

X? U XSX U Sx® U SXSX. Consequently, S is left quasi-
regular.

Now we characterize a quasi-regular semigroup in terms of
hesitant fuzzy quasi-ideals.

Theorem 5.2: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is quasi-regular.
2) H= (H (DY)2 0 (Y OH )2 for every hesitant

fuzzy quasi-ideal H on S.

Proof: First assume that S is a left quasi-regular
semigroup. It follows from Theorem 5.1 that the hesitant
fuzzy right ideal H ©'Y is a hesitant fuzzy idempotent set on

S. Similarly, we can prove that, Y ©® H is a hesitant fuzzy
idempotent set on S. Then we have,

(HOY)Y 6 (YOH) =(HOY)6 (YOH)
< H.

On the other hand, let X be any element of S. By
assumption, there exist elements S,S, on S such that

X = XS§;XS,, which implies that
(HoY) =[J(HoY), n(HoY),

X=yz

S(HOY), N(HOY),

=(U Hamn]m(UHmYdj

y=ab 2=cd
oH,NY, nH,NY,
=H,.
This implies that, H < (H OY)Z. Similarly, we can prove
that, H < (Y OH )2 . Therefore,
H<(HOY) 6 (YOH)
andhence H =(HOY) 6 (YOH)'.

Conversely, assume that 2) holds. Let H be any hesitant
fuzzy right ideal on S. Since H is a hesitant fuzzy quasi-
ideal on S, we have

H = (HoY) 6(YOH)
< (HoYY

< H?
< HOQOY
= H,

which means that H = H 2. Hence, it follows from Theorem

5.1that S is right quasi-regular. Similarly, we can prove that,
S is left quasi-regular. Consequently, S is quasi-regular.

Now we characterize a intra-regular and left quasi-regular
semigroup in terms of hesitant fuzzy ideals.

Theorem 5.3: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is both intra-regular and left quasi-regular.

2)HOF 6 GRHOF OG for every hesitant fuzzy
left ideal H , for every hesitant fuzzy right ideal F and for
every hesitant fuzzy quasi-ideal G on S.

3) HOF 6 GXHOF ©G for every hesitant
fuzzy left ideal H , for every hesitant fuzzy right ideal F
and for every hesitant fuzzy generalized bi-ideal G on S..

Proof: 1)=> 3). Assume that S is both intra-regular and
left quasi-regular. Let H,F and G be any hesitant fuzzy
left ideal, any hesitant fuzzy right ideal and any hesitant fuzzy
generalized bi-ideal on S, respectively. Next, let X any

element of S. By assumption, there exist elements S, S,, S,

and S, of S such that X=$X°s, and X =S,XS,X. Then
we have,
2
X = 8;X5,X = 55(8,X"S, )8, X = (8,5,X)((X5,8,)X)
which means that

(HOF ©G), = (JH,n(F 0G),
X=yz
=2 Hssslxm(F CD(3)2
> er{U FamGDj
z=ab
=2 Hx(\Fxszs4 mGA
> H,nNnF, NG
= (H OF o G)X.

Consequently, H6 F 6 GxHOF OG,

It is obvious that, 3) = 2).

2)= 1). Assume that 2) holds. Let H,F and G be any
hesitant fuzzy left ideal, any hesitant fuzzy right ideal and any
hesitant fuzzy quasi-ideal on S, respectively. Then, since Y

is a hesitant fuzzy right ideal on S, we have
H = HoOYOH

HOYOH

HOH

HOY

H,

A A A A
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which implies that H=H®H. By assumption,
HOF =H6O6YOF =HOYOF <H OF .Cons
equently, S is both intra-regular and left quasi-regular.

From Theorem 5.3 we can easily obtain the following
theorem.

Theorem 5.4: Let S be a semigroup. Then the following
conditions are equivalent.

H)HO6F 6 G=XHOF OG for every hesitant fuzzy
left ideal H , for every hesitant fuzzy right ideal F and for
every hesitant fuzzy quasi-ideal G on S.

2) HOF 6 GRHOF OG for every hesitant fuzzy
left ideal H , for every hesitant fuzzy right ideal F and for
every hesitant fuzzy bi-ideal G on S.

3y HOF 6 G=XHOF O©G for every hesitant fuzzy
left ideal H , for every hesitant fuzzy right ideal F and for
every hesitant fuzzy generalized bi-ideal G on S.

Now, we proved that every hesitant fuzzy two-sided ideal
on a semigroup S is a hesitant fuzzy interior ideal if and only
if S is a semisimple semigroup.

Theorem 5.5: Let S be a semisimple semigroup. Then the
following conditions are equivalent.

1) H is a hesitant fuzzy interior ideal on S.

2) H s a hesitant fuzzy two-sided ideal on S.

Proof: First assume that H is a hesitant fuzzy interior
ideal on S. Let X and Y be any elements of S. Since S is

a semisimple semigroup, there exist elements S,,S, and S,

of S such that X=S;XS,XS;. By assumption, H, =

xy
Hsxs,xs0y = Hisusyxssyy = Hyo which means that H is a
hesitant fuzzy right ideal on S. Similarly, we can prove that,
H is a hesitant fuzzy left ideal on S. Consequently, H isa

hesitant fuzzy two-sided ideal on S.
It is obvious that, 2) = 1).

X!

Now we characterize a semisimple semigroup in terms of
hesitant fuzzy ideals.

Theorem 5.6: Let S be a semigroup. Then the following
conditions are equivalent.

1) S is semisimple.

2) Every hesitant fuzzy two-sided ideal on S is a hesitant
fuzzy idempotent set.

3) HOF =H OF for every hesitant fuzzy interior
ideals H and F on S.

Proof: 1)=>3). Assume that S is a semisimple
semigroup. Let H and F be any hesitant fuzzy interior
ideals on S. Then by Theorem 5.5, H is a hesitant fuzzy
two-sided ideal on S. Since Y is a hesitant fuzzy interior
ideal on HOF <HOY<H and

S, we have

HOF <YOF <F, which means that
HOF <H 6 F. Next, let X be any element of S. By
assumption, there exist elements S, S,,S; and S, in S such
that X = (S,XS, )(S;XS, ). Thus we have,

(HoH), = |JH,nF,

X=yz
Hslst NF
> H,nF,
= (H6F)
it is easy to see that, HO F <H ®F. Consequently,
HoF =HOF.
It is obvious that, 3) = 2).
2)=>1). Assume that 2) holds. Let X be any element in

S. Since J[X]=XW XS U SXUSXS is a two-sided ideal
of S, we have CJ[X] is a hesitant fuzzy two-sided ideal on

S. Then we have, (CJ[X]J[X])X :(CJ[X] QCJ[X])X -
= (CL[X] )X =[0,1], which means that X € J[x]J[x] =

U

S3XSy

X'

(XU XS USXUSXS)(X WU XS LU SXUSXS) = X

UX?S U XSXS U XSX LU XSXS U XSSXS L SxxS U
SXSX U SXSXS U SXSXSXSXS W SXSSx (U SXSSXS.
Consequently, S is a semisimple semigroup.

The following theorem can be easily seen.

Theorem 5.7: Let S be a semigroup. Then the following
conditions are equivalent.

1) Every hesitant fuzzy two-sided ideal on S is a hesitant
fuzzy idempotent set.

2) Every hesitant fuzzy interior ideal on S is a hesitant
fuzzy idempotent set.

3y HO6 F =H ©F for every hesitant fuzzy two-sided
ideals H and F on S..

4 Ho F =H OF for every hesitant fuzzy two-sided
ideal H and every hesitant fuzzy interior ideal F on S.

5 HoO F =H OF for every hesitant fuzzy interior
ideal H and every hesitant fuzzy two-sided ideal F on S.

6) HoO F =H OF for every hesitant fuzzy interior
ideals H and F on S.

7’ HOF =F ©H and HOH =H for every
hesitant fuzzy two-sided ideals H and F on S.

8) HOF =F ©H and HOH =H
hesitant fuzzy interior ideals H and F on S.

for every

Let X be an element of a semigroup S. Then we write
R,={s€S:xsx=x}. Next, let H be a hesitant fuzzy
semigroup of a semigroup S. For every X € S, there exists
an element S€ R, such that H, o H, if H, #J, then

H is called a hesitant fuzzy regular subsemigroup on S.
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Theorem 5.8: Let S be a semigroup. Then the following
conditions are equivalent.
1) A is aregular subsemigroup of S.

2) C, is a hesitant fuzzy regular subsemigroup on S.

Proof: First assume that A is a regular subsemigroup of
S. Obviously C, is a hesitant fuzzy semigroup of S. Let X

be an element of S. If(CA)X =, ie. (CA)X =[0,1],

then X € A, and furthermore from the regularity of A we
know that there exists an element S of R, suchthat s € A,

ie., (CA)S =[0,1]. Therefore, H, > H, and hence C, is

a hesitant fuzzy regular subsemigroup on S.
Conversely, assume that C, is a hesitant fuzzy regular

subsemigroup on S. It is easy to see that A is a
subsemigroup of S. Let X be an element of S. In addition,
if H, oH, =[0,1], then H, =[0,1], which implies that

S e A Hence A isaregular subsemigroup of S.

VI.

In the structural theory of hesitant fuzzy algebraic systems,
hesitant fuzzy sets with special properties always play an
important role. In this work, we focus on a particular topic
related to hesitant fuzzy algebra, which develops fuzzy
versions of semigroups. Specifically, we study the theory of
left (right) regular, completely regular, intra-regular, regular,
left (right) quasi-regular, quasi-regular intra-regular, left
quasi-regular and semisimple semigroups. We introduce the
notions of hesitant fuzzy semiprime sets and hesitant fuzzy
idempotent sets on semigroups and some properties of them
are obtained. We also characterized left (right) regular,
completely regular, intra-regular, regular, left (right) quasi-
regular, quasi-regular intra-regular, left quasi-regular and
semisimple semigroups by the properties of their hesitant
fuzzy ideals. At the end we prove that every hesitant fuzzy

two-sided ideal on a semigroup S is a hesitant fuzzy interior
ideal if and only if S is a semisimple semigroup.

CONCLUSION
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