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Abstract—In this article, we shall give the concepts of bipolar
fuzzy weakly interior ideals of semigroups, and we provide some
interesting properties of bipolar fuzzy weakly interior ideals
of semigroups. The relationship between bipolar fuzzy weakly
interior ideals and bipolar fuzzy left (right) ideals, and the
relationship between bipolar fuzzy weakly interior ideals and
bipolar fuzzy interior ideals are also discussed. In the results,
we proceed to characterize some semigroups by using bipolar
fuzzy weakly interior ideals. Finally, we discuss the image and
pre-image of bipolar fuzzy weakly interior ideals of semigroups.

Index Terms—Bipolar fuzzy set, bipolar fuzzy weakly interior
ideal, regular semigroup, weakly regular semigroup

I. INTRODUCTION

IN REAL life, the bipolar is theory distinguishes between
positive and negative information responses. Positive in-

formation representations are compiled to be possible, while
negative information representations are impossible [1]. The
bipolar information of evaluation can help to evaluate deci-
sions. Sometimes, decisions are not only influenced by the
positive decision criterion but also by the negative decision
criterion, for example, environmental and social impact as-
sessments. Evaluated alternative considerations should weigh
the negative effects to select the optimal choice. Therefore,
bipolar information affects the effectiveness and efficiency
of decision making. It is used in decision-making problems,
organization problems, economic problems, and evaluation,
risk management, environmental and social impact assess-
ments. Thus, the concept of bipolar fuzzy sets is more
relevant in mathematics [2], [3], [4], [5], [6]. The classical
notion of fuzzy sets was innovated by Zadeh in 1965 [7], and
many scientists used fuzzy sets in different fields of science.
The use of fuzzy sets in algebraic structures was carried
out in 1971 by Rosenfeld [8]. He defined fuzzy subgroups
and discussed their important properties. The idea of fuzzy
ideals and fuzzy bi-ideals in semigroups was given in 1979
by Kuroki [9]. In 1994 Zhang [10] introduced the notion of
bipolar fuzzy sets with the extension of fuzzy sets whose
membership degree range is enlarged from the interval [0, 1]
to [−1, 1], and used them for modeling and decision analysis.
In 2000, Lee [11] used the term bipolar valued fuzzy sets
and applied it to algebraic structures. In 2017, Kavikumar et
al. [12] discussed acknowledgments of bipolar fuzzy finite
switchboard state machines. Kuanyun Zhu et al. [13], [14]
purposed lattices of (generalized) fuzzy ideals in residuated

Manuscript received Jun 10, 2020 ; revised Dec 14, 2020.
T. Gaketem is a lecturer at the School of Science, University of Phayao,

Phayao, Thailand. (e-mail: Newtonisaac41@yahoo.com).
P. Khamrot is a lecturer at the Department of Mathematics, Faculty of

Science and Agricultural Technology, Ralamangala University of Technol-
ogy Lanna of Phitsanulok, Phitsanulok, Thailand. (corresponding author to
provide: pk_g@rmutl.ac.th).

lattices and a study on Z-Soft fuzzy rough sets in BCI-
Algebras.

In this article, we give the concepts of bipolar fuzzy
weakly interior ideals of semigroups, and we provide some
interesting properties of bipolar fuzzy weakly interior ideals
of semigroups. On top of that, we study relationships
between bipolar fuzzy weakly interior ideals and bipolar
fuzzy left (right) ideals and relationships between bipolar
fuzzy weakly interior ideals and bipolar fuzzy interior ideals.
In the results, we proceed to characterize some semigroups
by using bipolar fuzzy weakly interior ideals. Finally, we
discuss the image and pre-image of bipolar fuzzy weakly
interior ideals of semigroups.

II. PRELIMINARIES

In this topic, we give some basic definitions which will be
helpful in next topic.

By a subsemigroup of a semigroup S we mean a non-
empty subset I of S such that I2 ⊆ I . A non-empty subset
I of a semigroup S is called a left (right) ideal of S if
SI ⊆ I (IS ⊆ I). By an ideal of a semigroup S we mean a
left ideal and a right ideal of S. A generalized bi-ideal of
a semigroup S is a non-empty subset I of S if ISI ⊆ I .
A subsemigroup I of a semigroup S is called a bi-ideal
of S if ISI ⊆ I . A subsemigroup I of a semigroup S is
called an interior ideal of S if SIS ⊆ I . A semigroup I
of a semigroup S is called a weakly interior ideal of S if
SIS ⊆ I .

A semigroup S is said to be regular if for each k ∈ S,
there exists x ∈ S such that k = kxk. A semigroup S is
called left (right) regular if for each k ∈ S, there exists
a ∈ S such that k = ak2 (k = k2a). A semigroup S is said to
be intra-regular if for each k ∈ S, there exist a, b ∈ S such
that k = ak2b. A semigroup S is called semisimple if every
ideal of S is an idempotent. It is evident that S is semisimple
if and only if k ∈ (SkS)(SkS) for every k ∈ S, that is there
exist w, y, z ∈ S such that k = wkykz. A semigroup S is
called weakly regular if for every k ∈ S, k ∈ (kS)2, that
is there exist x, y ∈ S such that k = kxky. A semigroup S
called quasi-regular if for each k ∈ S, there exist x, y ∈ S
such that k = xkyk (k = kxky). We know that every quasi-
regular is weakly regular.

For any mi ∈ [0, 1], i ∈ A, define

∨
i∈A

mi := sup
i∈A
{mi} and ∧

i∈A
mi := inf

i∈A
{mi}.

We see that for any m,n ∈ [0, 1], we have

m ∨ n = max{m,n} and m ∧ n = min{m,n}.

A fuzzy set (fuzzy subset) of a non-empty set S is a
function f : S → [0, 1].
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Definition 2.1. Let S be a non-empty set. A bipolar fuzzy
set (BF set) f on S is an object having the form

f := {(u, fp(u), fn(u)) | u ∈ S},

where fp : S → [0, 1] and fn : S → [−1, 0].

Remark 2.2. For the sake of simplicity we shall use the
symbol f = (S; fp, fn) for the BF set
f = {(u, fp(u), fn(u)) | u ∈ S}.

The following example of a BF set.

Example 2.3. Let S = {21, 22, 23...}. Define fp : S → [0, 1]
is a function

fp(u) =

{
0 if u is old number
1 if u is even number

and fn : S → [−1, 0] is a function

fn(u) =

{
−1 if u is old number
0 if u is even number.

Then f = (S; fp, fn) is a BF set.

For u ∈ S, define Fu = {(y, z) ∈ S × S | u = yz}.
Define products fp ◦gp and fn ◦gn as follows: For u ∈ S

(fp ◦ gp)(u) =


∨

(y,z)∈Fu

{fp(y) ∧ gp(z)} if u = yz

0 if otherwise.

and

(fn ◦ gn)(u) =


∧

(y,z)∈Fu

{fn(y) ∨ gn(z)} if u = yz

0 if otherwise.

Definition 2.4. Let I be a non-empty set of a semigroup S.
A positive characteristic function and a negative charac-
teristic function are respectively defined by

λpI : S → [0, 1], u 7→ λpI(u) :=

{
1 u ∈ I ,
0 u /∈ I ,

and

λnI : S → [0, 1], u 7→ λnI (u) :=

{
−1 u ∈ I ,
0 u /∈ I .

Remark 2.5. For the sake of simplicity we shall use the
symbol λI = (S;λpI , λ

n
I ) for the BF set

λI := {(u, λpI(u), λnI (u)) | u ∈ I}.

Definition 2.6. [15] A BF set f = (S; fp, fn) on a
semigroup S is called a BF subsemigroup on S if it satisfies
the following conditions:
(1) fp(uv) ≥ fp(u) ∧ fp(v),
(2) fn(uv) ≤ fn(u) ∨ fn(v)
for all u, v ∈ S.

The following example of a BF subsemigroup.

Example 2.7. Let S be a semigroup defined by the following
table:

· a b c d e
a a a a a a
a a a a a a
c a a c c e
d a a c d e
e a a c c e

Define a BF set f = (S; fp, fn) on S as follows :

S a b c d e
fp 0.9 0.8 0.5 0.3 0.3
fn −0.8 −0.8 −0.6 −0.5 −0.3

Then f = (S; fp, fn) is a BF subsemigroup.

Definition 2.8. [15] A BF set f = (S; fp, fn) on a semi-
group S is called a BF left (right) ideal on S if it satisfies
the following conditions:

(1) fp(uv) ≥ fp(v) (fp(uv) ≥ fp(u)),
(2) fn(uv) ≤ fn(v) (fn(uv) ≤ fn(u))
for all u, v ∈ S.

Definition 2.9. [15] A BF set f = (S; fp, fn) on a semi-
group S is called a BF generalized bi-ideal on S if it satisfies
the following conditions:

(1) fp(uvw) ≥ fp(u) ∧ fp(w),
(2) fn(uvw) ≤ fn(u) ∨ fn(w)
for all u, v, w ∈ S.

Definition 2.10. [15] A BF subsemigroup f = (S; fp, fn)
on a semigroup S is called a BF bi-ideal on S if it satisfies
the following conditions:

(1) fp(uvw) ≥ fp(u) ∧ fp(w),
(2) fn(uvw) ≤ fn(u) ∨ fn(w)
for all u, v, w ∈ S.

Definition 2.11. [15] A BF subsemigroup f = (S; fp, fn)
on a semigroup S is called a BF interior ideal on S if it
satisfies the following conditions:

(1) fp(uav) ≥ fp(v),
(2) fn(uav) ≤ fn(v)
for all u, v, a ∈ S.

Remark 2.12. (1) Every BF left (right) ideal of a semi-
group S is a BF bi-ideal of S.

(2) Every BF left (right) ideal of a semigroup S is a BF
generalized bi-ideal of S.

(3) Every BF left (right) ideal of a semigroup S is a BF
interior ideal of S.

(4) Every BF bi-ideal of a semigroup S is a BF generalized
bi-ideal of S.

III. BIPOLAR FUZZY WEAKLY INTERIOR IDEALS ON
SEMIGROUPS

In this topic, we shall give concepts of bipolar fuzzy
weakly interior ideals and discuses important properties it.

Definition 3.1. A BF subset f = (S; fp, fn) of a semigroup
S is said to be a BF weakly interior ideal of S if

(1) fp(uav) ≥ fp(a),
(2) fn(uav) ≤ fn(a)
for all u, v, a ∈ S.
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Remark 3.2. Every BF interior ideal of a semigroup S is a
BF weakly interior ideal of S. But the converse is not true
in Example 3.3

Example 3.3. Let S be a semigroup defined by the following
table:

· a b c d
a a a a a
b a b a a
c a a b a
d a a b b

Define a BF set f = (S; fp, fn) on S as follows : Then

S a b c d
fp 0.5 0.7 0.2 0.9
fn −0.6 −0.4 −0.3 −0.3

f = (S; fp, fn) is a BF weakly interior ideal on S. But f =
(S; fp, fn) is not a BF interior ideal on S, since fp(dd) =
fp(b) = 0.7 � 0.9 = fp(d) ∧ fp(d).

The following theorem we will present that BF weakly
interior ideals and BF interior ideals coincide for some types
of semigroups.

Theorem 3.4. In left (right) regular, regular, intra-regular,
semisimple or weakly regular semigroup S, the BF weakly
interior ideals and BF interior ideals coincide.

Proof: Suppose that f = (S; fp, fn) is a BF weakly
interior ideal of S and let u, v ∈ S. Since S is left regular,
there exists x ∈ S such that u = xu2. Thus,
fp(uv) = fp((xu)uv) ≥ fp(u) ≥ fp(u) ∧ fp(v) and
fn(uv) = fn((ux)uv) ≤ fn(u) ≤ fn(u) ∨ fn(v).
Hence f = (S; fp, fn) is a BF subsemigroup of S.
By Definition 2.11 we have f = (S; fp, fn) is a BF interior
ideal of S. Similarly, we can prove the other cases also.

The following theorem we will study relationship of BF
ideal and BF weakly interior ideals, which readers can easily
prove.

Theorem 3.5. Every BF left (right) ideal of a semigroup S
is a BF weakly interior ideal of S.

The following theorem show that the BF weakly interior
ideals and BF ideals coincide for some types of semigroups.

Theorem 3.6. In regular, left (right) regular, intra-regular,
semisimple or weakly regular, quasi-regular semigroup, the
BF weakly interior ideals and the BF ideals coincide.

Proof: Suppose that f = (S; fp, fn) is a BF weakly
interior ideal of a regular semigroup S and let u, v ∈ S.
Since S is regular, there exists x ∈ S such that u = uxu.
Thus, fp(uv) = fp((uxu)v) = fp((ux)uv) ≥ fp(u) and
fn(uv) = fn((uxu)v) = fn((ux)uv) ≤ fn(u).
Hence f is a BF right ideal of S. Similarly, we can prove
that f = (S; fp, fn) is a BF left ideal of S.
Thus f = (S; fp, fn) is a BF ideal of S. Similarly, we can
prove the other cases also.

The following theorem show that the intersection of two
BF weakly interior ideals.

Theorem 3.7. The intersection of two BF weakly interior
ideals of a semigorup S is a BF weakly interior ideal of S.

Proof: Let f and g be BF weakly interior ideals of a
semigorup S and let u, a, v ∈ S. Then

(fp ∩ gp)(uav) = fp(uav) ∧ gp(uav)
≥ fp(a) ∧ gp(a)
= (fp ∩ gp)(a).

Thus (fp∩gp)(uav) ≥ (fp∩gp)(a). Similarly, we can show
that (fn ∩ gn)(uav) ≤ (fn ∩ gn)(a). Hence f ∩ g is a BF
weakly interior ideal of S.

Corollary 3.8. The intersection of {Bi | i ∈ A} BF weakly
interior ideals of a semigroup S is a BF weakly interior ideal
of S.

The following theorem is an important property for an
equivalent of a BF interior ideal of a semigroup.

Theorem 3.9. A BF subset f = (S; fp, fn) is a BF weakly
interior ideal of a semigroup S if and only if λpS◦fp◦λ

p
S ≤ fp

and λnS ◦ fn ◦ λnS ≥ fn.

Proof: (⇒) Assume that f = (S; fp, fn) is a BF weakly
interior ideal of S and let u ∈ S.

If Fu = ∅, then it is easy to verify that,

(λpS ◦ f
p ◦ λp)(u) ≤ fp(u).

If Fu 6= ∅ then

(λpS ◦ fp ◦ λ
p
S)(u) =

∨
(i,y)∈Fu

{(λpS ◦ fp)(i) ∧ λ
p
S(y)}

=
∨

(i,y)∈Fu

{(
∨

(x,a)∈Fi

({λpS(x) ∧ fp(a)})) ∧ λ
p
S(y)}

=
∨

(i,y)∈Fu

{(
∨

(x,a)∈Fi

({1 ∧ fp(a)})) ∧ 1}

=
∨

(i,y)∈Fu

{(
∨

(x,a)∈Fi

{fp(a)})}

≤
∨

(i,y)∈Fu

{(
∨

(x,a)∈Fi

{fp(xay)})}

= fp(u).

Thus, (λpS ◦fp ◦λ
p
S)(u) ≤ fp(u). Hence, λpS ◦fp ◦λ

p
S ≤ fp.

Similarly, we can show that λnS ◦ fn ◦ λnS ≥ fn .
(⇐) Conversely, let a, u, v ∈ S. Since λpS ◦ fp ◦ λ

p
S ≤ fp

we have (λpS ◦ fp ◦ λ
p
S)(uav) ≤ fp(uav). Thus

fp(uav) ≥ (λpS ◦ fp ◦ λ
p
S)(uav)

=
∨

(i,j)∈Fuav

{(λpS ◦ fp)(i) ∧ λ
p
S(j)}

=
∨

(i,j)∈Fuav

{(
∨

(p,q)∈Fi

({λpS(p) ∧ fp(q)}) ∧ λ
p
S(j))}

=
∨

(i,j)∈Fuav

{(
∨

(p,q)∈Fi

({1 ∧ fp(q)}) ∧ 1)}

=
∨

(i,j)∈Fuav

{(
∨

(p,q)∈Fi

fp(q)})} ≥ fp(a).

Hence, fp(uav) ≥ fp(a). Similarly, we can show that
fn(uav) ≤ fn(a). Therefore f is a BF weakly interior ideal
of S.

The following theorem is an important property for an
equivalent of a BF weakly interior ideal of a regular, left
(right) regular, intra-regular semigroup.

Theorem 3.10. For a regular or a left (right) regular or an
intra-regular semigroup S, f is a BF weakly interior ideal
if and only if λpS ◦ fp ◦ λ

p
S = fp and λnS ◦ fn ◦ λnS = fn

Proof: Assume that f is a BF weakly interior ideal of a
regular semigroup S and let u ∈ S. Then there exists x ∈ S
such that u = uxu = (uxu)xu = u(xux)u. Thus
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λpS ◦ fp ◦ λ
p
S(u) =

∨
(i,j)∈Fu

{(λpS ◦ fp)(i) ∧ λ
p
S(j)}

=
∨

(i,j)∈Fu(xux)u

{(λpS ◦ fp)(i) ∧ λ
p
S(j)}

≥ (λpS ◦ fp)(u(xux))λ
p
S(u) = (λpS ◦ fp)(u(xux)) ∧ 1

= (λpS ◦ fp)(u(xux)) =
∨

(i,j)∈Fu(xux)

{λpS(i) ∧ fp(j)}

≥ (λpS(u) ∧ fp(xux))
= (1 ∧ fp(xux))
= fp(xux) ≥ fp(u).

Hence, λpS ◦ fp ◦ λ
p
S(u) ≥ fp(u).

Therefore, fp ≤ λpS ◦ fp ◦ λ
p
S .

By Theorem 3.9 we have λpS ◦ fp ◦ λ
p
S ≤ fp.

Thus, λpS ◦ fp ◦ λ
p
S = fp. Similarly, we can prove that

λnS ◦ fn ◦ λnS = fn.
For the converse, it follows from Theorem 3.9.
Similarly we can prove the other cases also.

Theorem 3.11. Let S be a semigroup. Then for every
k ∈ S, λk∪SkS = (S;λpk∪SkS , λ

n
k∪SkS) is a BF weakly

interior ideals of S.

Proof: Let u, a, v ∈ S. If a ∈ k∪SkS, then uav ∈ SkS.
Thus λpk∪SkS(uav) = 1 ≥ λpk∪SkS(a) and
λnk∪SkS(uav) = −1 ≤ λnk∪SkS(a).

On the other hand, if a /∈ (k ∪ SkS), then we have
λn(k∪SkS)(uav) ≥ λ

n
(k∪SkS)(a) and

λn(k∪SkS)(uav) ≤ λ
n
(a∪SaS).

Hence λk∪SkS is a BF weakly interior ideals of S.

Theorem 3.12. Let S be a semigroup. Then for every
k ∈ S, λk∪kSk = (S;λpk∪kSk, λ

n
k∪kSk) is a BF generalized

bi-ideals of S.

Proof: Let u, v, w ∈ S. If u,w ∈ (k ∪ kSk),
then uvw ∈ kSk. Thus
λp(k∪kSk)(uvw) = 1 ≥ λp(k∪kSk)(u) ∧ λ

n
(k∪kSk)(w) and

λn(k∪kSk)(uvw) = −1 ≤ λ
n
(k∪kSk)(u) ∧ λ

n
(k∪kSk)(w).

On the other hand, if u /∈ (k ∪ SkS) or w /∈ (k ∪ SkS),
then we have λn(k∪kSk)(uvw) ≥ λ

n
(k∪kSk)(u) ∧ λ

n
(k∪kSk)(w)

and λn(k∪kSk)(uvw) ≤ λ
n
(k∪kSk)(u) ∧ λ

n
(k∪kSk)(w).

Hence λ(k∪kSk) is a BF generalized bi-ideals of S.
In the following theorem, we give a relationship between a

weakly interior ideal and the bipolar characteristic function.

Theorem 3.13. Let I be a non-empty subset of a semigroup
S. Then I is a weakly interior ideal of S if and only if
λI = (S;λpI , λ

n
I ) is a BF weak interior ideal of S.

Proof: Let a, u, v ∈ S and I is a weakly interior ideal
of S. By Theorem 3.11(1) we have λI = (S;λpI , λ

n
I ) is a BF

weakly interior ideal of S.
Conversely let a, u, v ∈ S and a ∈ I .

Since λI = (S;λpK , λ
n
I ) is a BF weakly interior ideal of S

we have λpI(uav) ≥ λ
p
I(a) = 1 and λnI (uav) ≤ λnI (a) = −1.

Thus uav ∈ I . Hence I is a weakly interior ideal of S.
This following definition is of an (s, t)-level subset of a

bipolar fuzzy set.

Definition 3.14. Let f = (S; fp, fn) be a BF set and (s, t) ∈
[−1, 0]× [0, 1]. Define the set
X

(t,s)
f = {u ∈ X | fp(x) ≥ t, fn(x) ≤ s} is called an

(s, t)-level subset of a bipolar fuzzy set of f .

In the following theorem, we give a relationship between

a weakly interior ideal and the (s, t)-level subset of a BF set.

Theorem 3.15. A BF set f is a weakly interior ideal of
a semigroup if and only if the level set X(t,s)

f is a weakly
interior ideal of S for all (s, t) ∈ [−1, 0]× [0, 1].

Proof: Let f be a BF weakly interior ideal of S and
let u, a, v ∈ S, (s, t) ∈ [−1, 0]× [0, 1], u, a, v ∈ X(t,s)

f . Then
fp(u) ≥ t, fp(a) ≥ t and fp(v) ≥ t, also
fn(u) ≤ s, fn(a) ≤ s and fn(v) ≤ s. Thus fn(uav) ≥ t

and fp(uav) ≤ s implies uav ∈ X(t,s)
f .

Hence X(t,s)
f is a weakly interior ideal of S.

Conversely, suppose that X(t,s)
f is a weakly interior ideal

of S. If f is not a BF weakly interior ideal of S, then
there exists u, a, v ∈ S such that fp(uav) < fp(a) or
fn(uav) < fn(a). By assumption, we have uav ∈ X(t,s)

f .
Thus fp(uav) ≥ fp(a) and fn(uav) ≤ fn(a). It is a
contradiction. Hence f is a BF weakly interior ideal of S.

This following definition is of a bipolar (α, β)-cut set.

Definition 3.16. [15] For a BF set f = (S; fp, fn) and
(α, β) ∈ [−1, 0)× (0, 1] we define

P (f ;β) := x ∈ S | fp(u) ≥ β,

N(f ;α) := x ∈ S | fn(u) ≤ α

which are called the positive β − cut of f = (S; fp, fn)
and the negative α-cut of f = (S; fp, fn) respectively. The
set C(f ; (α, β)) := P (f ;β) ∩N(f ;α) is called the bipolar
(α, β)-cut set of f = (S; fp, fn).

In the following theorem, we give a relationship between
a weakly interior ideal and the bipolar (α, β)-cut set.

Theorem 3.17. For a BF set f = (S; fp, fn) on semigroup
S and (α, β) ∈ [−1, 0) × (0, 1], f = (S; fp, fn) is a BF
weakly interior ideal of S if and only if every bipolar (α, β)-
cut set of f = (S; fp, fn) is a weakly interior ideal of S
when it is non-empty set.

Proof: Suppose that f = (S; fp, fn) is a BF weakly
interior ideal of S and (α, β) ∈ [−1, 0) × (0, 1] such that
C(f ; (α, β)) 6= ∅. Let u, v ∈ C(f ; (α, β)) and a ∈ S. Then
fp(u) ≥ β, fp(v) ≥ β, fn(u) ≤ α and fn(v) ≤ α. Thus

fp(uav) ≥ fp(a) ≥ β

and
fn(uav) ≤ fn(a) ≤ α.

Hence uav ∈ C(f ; (α, β)). Therefore C(f ; (α, β)) is a
weakly interior ideal of S.

Conversely, suppose that the bipolar (α, β)-cut set of
f = (S; fp, fn) is a weakly interior ideal of S.
If f = (S; fp, fn) is not a BF weakly interior ideal of S,
then there exist a, u, v ∈ S such that fp(uav) > fp(a)

or fn(uav) < fn(a). Let β = fp(uav)+fp(a)
2 . Then

fp(uav) < β < fp(a). Thus a ∈ C(f ; fp(a), β) but
uav /∈ C(f ; fp(a), β). Similarly we take α = fn(uav)+fn(a)

2
we have a ∈ C(f ; fn(a), α) but uav /∈ C(f ; fn(a), α).
Thus C(f ; (α, β)) is not a weakly interior ideal of S.
It is a contradiction. Hence f = (S; fp, fn) is a BF weakly
interior ideal of S.
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IV. CHARACTERIZING SOME SEMIGROUPS IN TERMS OF
BF WEAKLY INTERIOR IDEALS.

In this topic, we will characterize some semigroups in
terms of BF weakly interior ideals.

The following lemma is basic properties of a positive
characteristic function and a negative characteristic function.

Lemma 4.1. Let I and L be non-empty subsets of a
semigroup S. Then the following statements hold.
(1) λpI ∧ λ

p
L = (λI∩L)

p.
(2) λnI ∨ λnL = (λI∪L)

n.
(3) λpI ◦ λ

p
L = (λIL)

p.
(4) λnI ◦ λnL = (λIL)

n.

Proof: It is straightforward.

Theorem 4.2. Let S be a semigroup. Then the following are
equivalents:
(1) S is regular.
(2) fp∧gp∧hp ≤ fp◦gp◦hp and fn∨gn∨hn ≥ fn◦gn◦hn,

for every BF right ideal f , for every BF weakly interior
ideal g and for every BF left ideal h of S.

(3) fp∧gp∧hp ≤ fp◦gp◦hp and fn∨gn∨hn ≥ fn◦gn◦hn,
for every BF right ideal f , for every BF weakly interior
ideal g and for every BF generalized bi-ideal h of S.

(4) fp∧gp∧hp ≤ fp◦gp◦hp and fn∨gn∨hn ≥ fn◦gn◦hn,
for every BF weakly interior ideal g and for every BF
generalized bi-ideal f and h of S.

(5) λp(k)r ∧ λ
p
k∪SkS ∧ λ

p
(k)l
≤ λp(k)r ◦ λ

p
k∪SkS ◦ λ

p
(k)l

and
λn(k)r ∨ λ

n
k∪SkS ∨ λn(k)l ≥ λ

n
(k)r
◦ λnk∪SkS ◦ λn(k)l , for all

k ∈ S, where (k)r is the right ideal generated by k and
(k)l is the left ideal generated by k.

Proof: (1)⇒ (4) Suppose that f, h are BF generalized
bi-ideals and g is a BF weakly interior ideal of S and
let k ∈ S. Since S is regular, there exists x ∈ S such that
k = kxk = (kxk)xk = kxkxk = (kxk)(xkx)(kxk). Thus

(fp ◦ gp ◦ hp)(k) = (
∨

(i,j)∈Fk

{fp(i) ∧ (gp ◦ hp)(j)}

= (
∨

(i,j)∈F(kxk)(xkx)(kxk)

{fp(i) ∧ (gp ◦ hp)(j)}

≥ fp(kxk) ∧ (gp ◦ hp)(xkx)(kxk)
= fp(uxu) ∧ (

∨
(a,b)∈F(xkx)(kxk)

{gp(a) ∧ hp(b)})

≥ fp(kxk) ∧ (gp((xkx)) ∧ hp(kxk))
≥ fp(k) ∧ fp(k) ∧ (gp(k) ∧ hp(k) ∧ hp(k))
= fp(k) ∧ (gp(k) ∧ hp(k))
= fp(k) ∧ (gp ∧ hp)(k)
= (fp ∧ gp ∧ hp)(k).

Hence, (fp ◦ gp ◦ hp)(k) ≥ (fp ∧ gp ∧ hp)(k).
Therefore fp ∧ gp ∧ hp ≤ fp ◦ gp ◦ hp.
Similarly, we can show that fn ∨ gn ∨ hn ≥ fn ◦ gn ◦ hn.
(4)⇒ (3)⇒ (2) This is obvious because every BF right

ideal is a BF bi-ideal of S and every BF right ideal is a BF
generalized bi-ideal of S.

(2) ⇒ (5) By Theorem 3.11 we have λk∪SkS =
(S;λpk∪SkS , λ

n
k∪SkS) is a BF weakly interior ideal of S. Then

for all k ∈ S,

(λp(k)r ∧ λ
p
k∪SkS ∧ λ

p
(k)l

)(k) ≤ (λp(k)r ◦ λ
p
k∪SkS ◦ λ

p
(k)l

)(k)

and

(λn(k)r ∧ λ
n
k∪SkS ∧ λn(k)l)(k) ≥ (λn(k)r ◦ λ

n
k∪SkS ◦ λn(k)l)(k).

(5)⇒ (1) Let k ∈ S and let (k)r is a right ideal generated
by k and (k)l is a left ideal generated by k. Then by Theorem
3.11 λ(k)r = (S;λp(k)r , λ

n
(k)r

) is a BF right ideals generated
by k and λ(k)l = (S;λp(k)l , λ

n
(k)l

) is a BF left ideals generated
by k.
By assumption,

1 = (λp(k)r ∧ λ
p
k∪SkS ∧ λ

p
(k)l

)(k)

≤ (λp(k)r ◦ λ
p
k∪SkS ◦ λ

p
(k)l

)(k) = 1.

and

−1 = (λn(k)r ∨ λ
n
k∪SkS ∨ λn(k)l)(k)

≥ (λn(k)r ◦ λ
n
k∪SkS ◦ λn(k)l)(k) = −1.

Thus k ∈ ((k)r)(k ∪ SkS)((k)l) implies
k ∈ (k ∪ kS)(k ∪ SkS)(k ∪ Sk) so k ∈ k3 or k ∈ kSk.
Hence k = k3 or k = kxk. Therefore S is regular.

Theorem 4.3. A semigroup S is semisimple if and only if
fp ∧ gp ≤ fp ◦ gp and fn ∨ gn ≥ fn ◦ gn, for each BF
weakly interior ideals f and g of S.

Proof: (⇒) Let f and g be BF weakly interior
ideals of S and let k ∈ S. Since S is semisimple, there
exist x, y, z ∈ S such that k = xkykz = (xky)(xkykzz) =
(xky)(xk(ykz2)). Thus

(fp ◦ gp)(k) =
∨

(i,j)∈Fk

{fp(i) ∧ gp(j)}

= (
∨

(i,j)∈F(xky)(xk(ykz2))

{fp(i) ∧ gp(j)}

≥ fp(xky) ∧ gp(xk(ykz2))
= (fp(k) ∧ gp(k)) = (fp ∧ gp)(k).

Hence, (fp ∧ gp)(k) ≤ (fp ◦ gp)(k).
Therefore fp ∧ gp ≤ fp ◦ gp. Similarly, we can show that
fn ∨ gn ≥ fn ◦ gn.

(⇐) Let k ∈ S. Then by Theorem 3.11 λk∪SkS =
(S;λpk∪SkS , λ

n
k∪SkS) is a BF weakly interior ideals of S.

By assumption,

1 = (λpk∪SkS ∧ λ
p
k∪SkS)(k)

≤ (λpk∪SkS ◦ λ
p
k∪SkS)(k) = 1

and

−1 = (λnk∪SkS ∧ λnk∪SkS)(k)
≥ (λnk∪SkS ◦ λnk∪SkS)(k) = −1.

Thus k ∈ (k ∪ SkS)(k ∪ SkS) so k ∈ k2 or k ∈ kSkS
or k ∈ SkSk Hence k = kk = kkkk = kkkkk or
k = kxky = kxkxkyy = (kx)kxk(y2) or k = xkyk =
xkyxkyk = xk(yk)k(yk) or k = xkykz.
Therefore S is semisimple.

Theorem 4.4. A semigroup S is semisimple if and only if
fp∧gp∧hp ≤ fp◦gp◦hp and fn∨gn∨hn ≥ fn◦gn◦hn, for
every right ideal g and for every BF weakly interior ideals
f and h of S.

Proof: Suppose that f, h are BF weakly interior ideals
and g is a BF right ideal of S and let k ∈ S. Since S is
semisimple, there exist x, y, z ∈ S such that
k = xkykz = (x2ky)(kz)(ykz). Thus
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(fp ◦ gp ◦ hp)(k) = (
∨

(i,j)∈Fk

{fp(i) ∧ (gp ◦ hp)(j)}

=
∨

(i,j)∈F(x2ky)(kz)(ykz)

{fp(i) ∧ (gp ◦ hp)(j)}

≥ fp(x2ky) ∧ (gp ◦ hp)(kz)(ykz)
= fp(x2ky) ∧ (

∨
(a,b)∈F(kz)(ykz)

{gp(a) ∧ hp(b)})

≥ fp(k) ∧ (gp(kz) ∧ hp(ykz))
≥ fp(k) ∧ (gp(k) ∧ hp(k))
= fp(k) ∧ (gp ∧ hp)(k)
= (fp ∧ gp ∧ hp)(k).

Hence, (fp ◦ gp ◦ hp)(k) ≥ (fp ∧ gp ∧ hp)(k).
Therefore fp ∧ gp ∧ hp ≤ fp ◦ gp ◦ hp.
Similarly, we can show that fn ∨ gn ∨ hn ≥ fn ◦ gn ◦ hn.

Conversely, let k ∈ S and let (k)r be a right ideal gener-
ated by k. Then by Theorem 3.11, λ(k)r = (S;λp(k)r , λ

n
(k)r

)
is a BF right ideals generated by k. By assumption,

1 = (λpk∪SkS ∧ λ
p
(k)r
∧ λpk∪SkS)(k)

≤ (λpk∪SkS ◦ λ
p
(k)r
◦ λpk∪SkS(k) = 1

and

−1 = (λnk∪SkS ∨ λn(k)r ∨ λ
n
k∪SkS)(u)

≤ (λnk∪SkS ◦ λn(k)r ◦ λ
n
k∪SkS)(k) = −1

Thus k ∈ (k ∪ SkS)((k)r)(k ∪ SkS) implies
k ∈ (k ∪ SkS)(k ∪ kS)(k ∪ SkS) so k ∈ k3 or k ∈ k2Sk
or k ∈ k2SkS or k ∈ SkSkS.
Hence k = kkk = kkkkk or k = k2xky = kkxky or
k = k2xk = kkxk = kkxkkxk = kk(xk)k(xk) or
k = xkykz. Therefore S is semisimple.

Theorem 4.5. A semigroup S is weakly regular if and only
if fp ∧ gp ≤ fp ◦ gp and fn ∨ gn ≥ fn ◦ gn, for every BF
generalized bi-ideal f and for every BF weakly interior ideal
g of S.

Proof: (⇒) Let f and g be a BF generalized bi-ideal
and BF weakly interior ideal of S respectively let k ∈ S.
Since S is weakly regular, there exist x, y ∈ S such that
k = kxky = (kxk)(xky2). Thus

(fp ◦ gp)(k) =
∨

(i,j)∈Fk

{fp(i) ∧ gp(j)}

=
∨

(i,j)∈F(kxk)(xky2)

{fp(i) ∧ gp(j)}

≥ fp(kxk) ∧ gp(xky2) ≥ (fp(k) ∧ fp(k) ∧ gp(k))
= (fp(k) ∧ gp(k)) = (fp ∧ gp)(k).

Hence, (fp ∧ gp)(k) ≤ (fp ◦ gp)(k).
Therefore fp ∧ gp ≤ fp ◦ gp. Similarly, we can show that
fn ∨ gn ≥ fn ◦ gn.
(⇐) Let k ∈ S. Then by Theorem 3.11

λk∪SkS = (S;λpk∪SkS , λ
n
k∪SkS) is a BF weakly interior ide-

als and λk∪kSk = (S;λpk∪kSk, λ
n
k∪kSk) is a BF generalized

bi-ideals of S.
By assumption,

1 = (λpk∪SkS ∧ λ
p
k∪kSk)(k)

≤ (λpk∪SkS ◦ λ
p
k∪kSk)(k) = 1

and

− 1 = (λnk∪SkS ∧ λnk∪SkS)(k)
≥ (λnk∪SkS ◦ λnk∪SkS)(k) = −1.

Thus k ∈ (k ∪ SkS)(k ∪ kSk) so k ∈ k2 or k ∈ kSkS.
Hence k = kk = kkkk or k = kxky.
Therefore S is weakly regular.

Theorem 4.6. A semigroup S is left quasi-regular if and only
if fp ∧ gp ≤ fp ◦ gp and fn ∨ gn ≥ fn ◦ gn, for every BF
weakly interior ideal f and every BF generalized bi-ideal g
of S.

Proof: (⇒) Let f and g be a BF weakly interior ideal
and a BF generalized bi-ideal of S respectively and let u ∈ S.
Then there exist x, y ∈ S such that k = xkyk. Thus,

(fp ◦ gp)(k) = (
∨

(i,j)∈Fu

{fp(i) ∧ gp(j)}

= (
∨

(i,j)∈Fxkyk

{fp(i) ∧ gp(j)} ≥ fp(xky) ∧ gp(k)

≥ fp(k) ∧ gp(k) = (fp ∧ gp)(k).

Hence, (fp ∧ gp)(k) ≤ (fp ◦ gp)(k).
Therefore fp ∧ gp ≤ fp ◦ gp. Similarly, we can show that
fn ∨ gn ≥ fn ◦ gn.

(⇐) Let k ∈ S. Then by Theorem 3.11 λk∪SkS =
(S;λpk∪SkS , λ

n
k∪SkS) is a BF weakly interior ideals and

λk∪kSk = (S;λpk∪kSk, λ
n
k∪kSk) is a BF generalized bi-ideals

of S. By assumption,

1 = (λpk∪SkS ∧ λ
p
k∪kSk)(k)

≤ (λpk∪SkS ◦ λ
p
k∪kSk)(k) = 1

and

− 1 = (λnk∪SkS ∧ λnk∪kSk)(k)
≥ (λnk∪SkS ◦ λnk∪kSk)(k) = −1.

Thus k ∈ (k ∪ SkS)(k ∪ kSk) so k ∈ k2 or k ∈ SkSk.
Hence k = kk = kkkk or k = xkyk.
Therefore S is left quasi-regular.

Theorem 4.7. Let S be a semigroup. Then the following are
equivalent:
(1) S is right quasi-regular,
(2) fp ∧ gp ≤ fp ◦ gp and fn ∨ gn ≥ fn ◦ gn, for every BF

right ideal f and every BF weakly interior ideal g of S.

Proof: (1) ⇒ (2) Let f and g be a BF right ideal and
a BF weakly interior ideal of S respectively and let k ∈ S.
Then there exist x, y ∈ S such that k = kxky. Thus,

(fp ◦ gp)(k) =
∨

(i,j)∈Fk

{fp(i) ∧ gp(j)}

=
∨

(i,j)∈Fkxky

{fp(i) ∧ gp(j)}

≥ fp(k) ∧ gp(xky) ≥ fp(k) ∧ gp(k) = (fp ∧ gp)(k).

Hence, (fp ∧ gp)(k) ≤ (fp ◦ gp)(k).
Therefore fp ∧ gp ≤ fp ◦ gp. Similarly, we can show that
fn ∨ gn ≥ fn ◦ gn.

(2)⇒ (1) Let k ∈ S and let (k)r be a right ideal generated
by k. Then by Theorem 3.11, λ(k)r = (S;λp(k)r , λ

n
(k)r

) is a
BF right ideals generated by k. By assumption,

1 = (λpk∪SkS ∧ λ
p
(k)r
∧ λpk∪SkS)(k)

≤ (λpk∪SkS ◦ λ
p
(k)r
◦ λpk∪SkS(k) = 1

and

−1 = (λnk∪SkS ∨ λn(k)r ∨ λ
n
k∪SkS)(u)

≤ (λnk∪SkS ◦ λn(k)r ◦ λ
n
k∪SkS)(k) = −1
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Thus k ∈ (k ∪ SkS)((k)r)(k ∪ SkS) implies
k ∈ (k ∪ SkS)(k ∪ kS)(k ∪ SkS) so k ∈ k2 or k ∈ kSkS.
Hencek = kk = kkkk or k = kxky.
Therefore S is right quasi-regular.

Theorem 4.8. Let S be a semigroup. Then the following are
equivalent:
(1) S is right quasi-regular,
(2) fp ∧ gp ≤ fp ◦ gp and fn ∨ gn ≥ fn ◦ gn, for every

BF generalized bi-ideal f and every BF weakly interior
ideal g of S.

Proof: It follows form Theorem 4.5.

V. THE IMAGE AND PRE-IMAGE OF BF WEAKLY
INTERIOR IDEALS.

In this section, we introduce the notion of image and pre-
image of the BF subsemigroups and discuss some of its
properties.

Definition 5.1. [16] A mapping φ from a semigroup S1 to
a semigroup S2 is said to be homomorphism if φ(uv) =
φ(u)φ(v) for all u, v ∈ S1.

Definition 5.2. [17] Let φ be a mapping a semigroup S1

to a semigroup S2 and let f = (fp, fn) and g = (gp, gn)
are bipolar fuzzy subsets in S1 and S2 respectively. Then
the image φ(f) of f is the bipolar fuzzy subset φ(f) =
(φ(f)p, φ(f)n) of S2 defined by for u ∈ S2,

φ(f)p(u) =


∨

x∈φ−1(u)

fp(x) if φ−1(u) 6= ∅

0 if otherwise.

and

φ(f)n(u) =


∨

x∈φ−1(u)

fn(x) if φ−1(u) 6= ∅

0 if otherwise.

and the pre-image φ−1(f) of f under f is the bipolar
fuzzy subset of S1 defined bu for x ∈ S1, (φ

−1(f)p)(x) =
fp(φ(x)), (φ−1(f))p(x) = fp(φ(x)).

Theorem 5.3. Let U and V be two semigroups and
let φ : U → V be an epimomorphism. If f and g are BF
weakly interior ideal of U and V respectively, then
(1) φ(f) is a BF weakly interior ideal of V ,
(2) φ−1(g) is a BF weakly interior ideal of U .

Proof: Suppose that f and g are BF weakly interior
ideal of U and V respectively.
(1) Let v1, v2, v3 ∈ V . Since φ is a surjective, there exist

u1, u2, u3 ∈ U such that φ(u1) = v1, φ(u2) = v2 and
φ(u3) = v3. Thus

φ(f)p(v1v2,v3) =
∨

z∈φ−1(v1v2v3)

fp(z)

= ∨
φ(u1)=v1,φ(u2)=v2,φ(u3)=v3

fp(u1u2u3)

≥ ∨
φ(u1)=v1,φ(u2)=v2,,φ(u3)=v3

fp(u2)

= ∨
z=φ−1(v2)

fp(z) = φ(f)p(v2).

Hence, φ(f)p(v1v2, v3) ≥ φ(fp)(v2).
Similarly φ(φ(fn)(v1v2, v3) ≤ φ(fn)(v2).
Therefore φ(f) is a BF weakly interior ideal of V .

(2) Let a, b, c ∈ U . Then

φ−1(gp)(abc) = gp(φ(abc)) = gp(φ(a)φ(b))φ(c)

≥ (gp)(φ(b)) = φ−1(gp)(b).

Thus, φ−1(gp)(abc) ≥ φ−1(gp)(φ(b)).
Similarly φ−1(gn)(abc) ≤ φ−1(gp)(φ(b)).
Hence φ−1(gp) is a BF weakly interior ideal of U .
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