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On Some Semigroups Characterized in Terms of
Bipolar Fuzzy Weakly Interior Ideals

Thiti Gaketem, Pannawit Khamrot

Abstract—In this article, we shall give the concepts of bipolar
fuzzy weakly interior ideals of semigroups, and we provide some
interesting properties of bipolar fuzzy weakly interior ideals
of semigroups. The relationship between bipolar fuzzy weakly
interior ideals and bipolar fuzzy left (right) ideals, and the
relationship between bipolar fuzzy weakly interior ideals and
bipolar fuzzy interior ideals are also discussed. In the results,
we proceed to characterize some semigroups by using bipolar
fuzzy weakly interior ideals. Finally, we discuss the image and
pre-image of bipolar fuzzy weakly interior ideals of semigroups.

Index Terms—Bipolar fuzzy set, bipolar fuzzy weakly interior
ideal, regular semigroup, weakly regular semigroup

I. INTRODUCTION

N REAL life, the bipolar is theory distinguishes between

positive and negative information responses. Positive in-
formation representations are compiled to be possible, while
negative information representations are impossible [1]. The
bipolar information of evaluation can help to evaluate deci-
sions. Sometimes, decisions are not only influenced by the
positive decision criterion but also by the negative decision
criterion, for example, environmental and social impact as-
sessments. Evaluated alternative considerations should weigh
the negative effects to select the optimal choice. Therefore,
bipolar information affects the effectiveness and efficiency
of decision making. It is used in decision-making problems,
organization problems, economic problems, and evaluation,
risk management, environmental and social impact assess-
ments. Thus, the concept of bipolar fuzzy sets is more
relevant in mathematics [2], [3], [4], [5], [6]. The classical
notion of fuzzy sets was innovated by Zadeh in 1965 [7], and
many scientists used fuzzy sets in different fields of science.
The use of fuzzy sets in algebraic structures was carried
out in 1971 by Rosenfeld [8]. He defined fuzzy subgroups
and discussed their important properties. The idea of fuzzy
ideals and fuzzy bi-ideals in semigroups was given in 1979
by Kuroki [9]. In 1994 Zhang [10] introduced the notion of
bipolar fuzzy sets with the extension of fuzzy sets whose
membership degree range is enlarged from the interval [0, 1]
to [—1, 1], and used them for modeling and decision analysis.
In 2000, Lee [11] used the term bipolar valued fuzzy sets
and applied it to algebraic structures. In 2017, Kavikumar et
al. [12] discussed acknowledgments of bipolar fuzzy finite
switchboard state machines. Kuanyun Zhu et al. [13], [14]
purposed lattices of (generalized) fuzzy ideals in residuated
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lattices and a study on Z-Soft fuzzy rough sets in BCI-
Algebras.

In this article, we give the concepts of bipolar fuzzy
weakly interior ideals of semigroups, and we provide some
interesting properties of bipolar fuzzy weakly interior ideals
of semigroups. On top of that, we study relationships
between bipolar fuzzy weakly interior ideals and bipolar
fuzzy left (right) ideals and relationships between bipolar
fuzzy weakly interior ideals and bipolar fuzzy interior ideals.
In the results, we proceed to characterize some semigroups
by using bipolar fuzzy weakly interior ideals. Finally, we
discuss the image and pre-image of bipolar fuzzy weakly
interior ideals of semigroups.

II. PRELIMINARIES

In this topic, we give some basic definitions which will be
helpful in next topic.

By a subsemigroup of a semigroup S we mean a non-

empty subset I of S such that 12 C I. A non-empty subset
I of a semigroup S is called a left (right) ideal of § if
SI C IS C1I). By an ideal of a semigroup S we mean a
left ideal and a right ideal of S. A generalized bi-ideal of
a semigroup S is a non-empty subset I of S if IST C I.
A subsemigroup I of a semigroup S is called a bi-ideal
of § if ISI C I. A subsemigroup I of a semigroup S is
called an interior ideal of S if SIS C I. A semigroup [
of a semigroup S is called a weakly interior ideal of S if
SIS CI.

A semigroup S is said to be regular if for each k € S,
there exists x € S such that k = kxk. A semigroup S is
called left (right) regular if for each & € S, there exists
a € S such that k = ak? (k = k2a). A semigroup S is said to
be intra-regular if for each k € S, there exist a,b € S such
that k = ak?b. A semigroup S is called semisimple if every
ideal of S is an idempotent. It is evident that .S is semisimple
if and only if k € (SkS)(SkS) for every k € S, that is there
exist w,y,z € S such that k = wkykz. A semigroup S is
called weakly regular if for every k € S,k € (kS)?, that
is there exist x,y € S such that k = kzky. A semigroup S
called quasi-regular if for each k € S, there exist z,y € S
such that k = zkyk (k = kxky). We know that every quasi-
regular is weakly regular.

For any m; € [0,1], ¢ € A, define

= gt} and = ot ).

We see that for any m,n € [0, 1], we have

mVn=max{m,n} and mAn=min{m,n}.

A fuzzy set (fuzzy subset) of a non-empty set S is a
function f: S — [0,1].
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Definition 2.1. Let S be a non-empty set. A bipolar fuzzy
set (BF set) f on S is an object having the form

fo=A(u, fP(u), f"(w)) [ u e S},
where fP:S —[0,1] and f™:S — [—1,0].

Remark 2.2. For the sake of simplicity we shall use the
symbol f = (S; fP, f™) for the BF set
f=Alu, fP(uw), f*(w) [ u € S}

The following example of a BF set.

Example 2.3. Let S = {21,22,23...}. Define f? : S — [0, 1]
is a function

£7(u) = {0

1 if u is even number

if u is old number

and " : S — [—1,0] is a function

n )1
o=

Then f = (S; fP, f") is a BF set.

For u € S, define F,, = {(y,2) € S x S| u=yz}.
Define products fPogP and f™og"™ as follows: For u € S

if u is old number

if u is even number.

V {fPly) AgP(2)} ifu=yz
(fP o g”)(u) = w2)Er,
0 if otherwise.
and
A {f"y)vgi(z)} ifu=yz
(f"og")(u) =< (w2)eFu
0 if otherwise.

Definition 2.4. Let I be a non-empty set of a semigroup S.
A positive characteristic function and a negative charac-
teristic function are respectively defined by

A0S — [0,1],u — A (u) ::{(1) Z;-j;
and

" n -1 wel

)\I:S—>[O,1],u'—>)\1(u)::{0 wél

Remark 2.5. For the sake of simplicity we shall use the
symbol \p = (S; A, A\}) for the BF set

Ar = {(u, Aj(u), N} (u)) | u € T}

Definition 2.6. [I5] A BF set f = (S;fP,f") on a

semigroup S is called a BF subsemigroup on S if it satisfies
the following conditions:

(1) fP(uv) = fP(u) A fP(v),
(2) f"(uv) < fr(u) v f(v)
Sfor all u,v € S.
The following example of a BF subsemigroup.

Example 2.7. Let S be a semigroup defined by the following
table:

®_AULO Q Q-
QQQQ Q|
ISEESEESERSERST A
(ST U S~ Y
o AN Q Q|
LY N~ N

Define a BF set f = (S; fP, f™) on S as follows :

S| a b c d e
fP 0.9 0.8 0.5 0.3 0.3
fm -08 -08 —-06 -0.5 —-0.3

Then f = (S; fP, f") is a BF subsemigroup.

Definition 2.8. [15] A BF set f = (S; fp, fn) on a semi-
group S is called a BF left (right) ideal on S if it satisfies
the following conditions:

(1) fP(uv) = fP(v) (fF(uv) = fP(u)),

(2) fM(uwv) < f"(v) (f"(uv) < f"(u))

Sfor all u,v € S.

Definition 2.9. [15] A BF set [ = (S; fp, fn) on a semi-
group S is called a BF generalized bi-ideal on S if it satisfies
the following conditions:

(1) fP(uvw) = fP(u) A fP(w),
(2) fM(uvw) < f"(u) vV f"(w

Sfor all u,v,w € S.

Definition 2.10. [15] A BF subsemigroup f = (S; f?, f™)
on a semigroup S is called a BF bi-ideal on S if it satisfies
the following conditions:

(1) fP(uvw) = fP(u) A fP(w),
(2) [ (uow) < f(u) V " (w

for all u,v,w € S.

Definition 2.11. [15] A BF subsemigroup f = (S; f?, f")
on a semigroup S is called a BF interior ideal on S if it
satisfies the following conditions:

(1) f?(uav) = f*(v),
(2) f"(uav) < f*(v)

Sfor all u,v,a € S.

Remark 2.12. (1) Every BF left (right) ideal of a semi-
group S is a BF bi-ideal of S.

(2) Every BF left (right) ideal of a semigroup S is a BF
generalized bi-ideal of S.

(3) Every BF left (right) ideal of a semigroup S is a BF
interior ideal of S.

(4) Every BF bi-ideal of a semigroup S is a BF generalized
bi-ideal of S.

III. BIPOLAR FUZZY WEAKLY INTERIOR IDEALS ON
SEMIGROUPS

In this topic, we shall give concepts of bipolar fuzzy
weakly interior ideals and discuses important properties it.

Definition 3.1. A BF subset f = (S; fP, f™) of a semigroup
S is said to be a BF weakly interior ideal of S if

(1) f?(uav) = fP(a),

(2) f"(uav) < f"(a)

Sfor all u,v,a € S.
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Remark 3.2. Every BF interior ideal of a semigroup S is a
BF weakly interior ideal of S. But the converse is not true
in Example 3.3

Example 3.3. Let S be a semigroup defined by the following
table:

QUL S -
QR QR
QTR
S Q0
SR 2 QX

Define a BF set f = (S; fP, f™) on S as follows : Then
S a b c d
fP 0.5 0.7 0.2 0.9
fm -06 —-04 —-0.3 -0.3

f=(S; fP, f™) is a BF weakly interior ideal on S. But f =
(S; fP, f™) is not a BF interior ideal on S, since fP(dd) =
fP(b) = 0.7 % 0.9 = fP(d) A fP(d).

The following theorem we will present that BF weakly
interior ideals and BF interior ideals coincide for some types
of semigroups.

Theorem 3.4. In left (right) regular, regular, intra-regular,
semisimple or weakly regular semigroup S, the BF weakly
interior ideals and BF interior ideals coincide.

Proof: Suppose that f = (S; fP, f™) is a BF weakly
interior ideal of S and let u,v € S. Since S is left regular,
there exists € S such that u = zu?. Thus,
frluv) = fP((@uyuw) > fP(u) > fP(u) A fP(v) and
F(uv) = f((ur)av) < f2(u) < F2u) V ().

Hence f = (S; fP, f™) is a BF subsemigroup of S.

By Definition 2.11 we have f = (S; fP, f™) is a BF interior

ideal of S. Similarly, we can prove the other cases also. M
The following theorem we will study relationship of BF

ideal and BF weakly interior ideals, which readers can easily

prove.

Theorem 3.5. Every BF left (right) ideal of a semigroup S
is a BF weakly interior ideal of S.

The following theorem show that the BF weakly interior
ideals and BF ideals coincide for some types of semigroups.

Theorem 3.6. In regular, left (right) regular, intra-regular,
semisimple or weakly regular, quasi-regular semigroup, the
BF weakly interior ideals and the BF ideals coincide.

Proof: Suppose that f = (S; fP, f) is a BF weakly
interior ideal of a regular semigroup S and let u,v € S.
Since S is regular, there exists € S such that u = uzu.
Thus, fP(uv) = fP((uzu)v) = fP((uz)uv) > fP(u) and
[ (w) = fr((uzu)v) = f"((ur)uv) < f*(u).

Hence f is a BF right ideal of S. Similarly, we can prove

that f = (S; fP, f™) is a BF left ideal of S.

Thus f = (S; fP, f) is a BF ideal of S. Similarly, we can

prove the other cases also. ]
The following theorem show that the intersection of two

BF weakly interior ideals.

Theorem 3.7. The intersection of two BF weakly interior
ideals of a semigorup S is a BF weakly interior ideal of S.

Proof: Let f and g be BF weakly interior ideals of a
semigorup S and let u,a,v € S. Then

(/PN gP)(uav) = fP(uav) A g?(uav)

fP(a) A gP(a)

(f? Ng¥)(a).

Thus (fPNgP)(uav) > (fPNgP)(a). Similarly, we can show
that (f™ N ¢g™)(uav) < (f" N g™)(a). Hence f N g is a BF
weakly interior ideal of S. ]

v

Corollary 3.8. The intersection of {B; | i € A} BF weakly
interior ideals of a semigroup S is a BF weakly interior ideal

of S.

The following theorem is an important property for an
equivalent of a BF interior ideal of a semigroup.

Theorem 3.9. A BF subset f = (S; fP, f™) is a BF weakly
interior ideal of a semigroup S if and only if Nso fPoXy, < fP
and Ngo fr o > f™

Proof: (=) Assume that f = (S; fP, f™) is a BF weakly
interior ideal of S and let u € S.
If F,, = 0, then it is easy to verify that,

()\g o fPoNP)(u) < fP(u).
If F, # () then

(NgofPoXg)(u) = V. {(Ngo f)@) AXs(v)}

(6,Y)EFy
= V AC V. {X@=) A fPa)}) A Xs(y)}
(t,y)€F, (z,a)EF;
= (V. {1Afr(a)}) A1}
(i,y)EF,  (w,a)EF;
= V {C V {ffaht
(i,y)€F, (z,a)EF;
= ’ \)/EF (( \)/EF {fP(zay)})}
=i

Thus, (Ao fPo %) (u) < fP(u). Hence, Ng o fPo Ny < fP.
Similarly, we can show that A o f" o A¢ > f" .

(<) Conversely, let a,u,v € S. Since X o fP o \g < fP
we have (X o fP o M) (uav) < fP(uav). Thus

fP(uav) > (Xg o f* o X§g)(uav)

= V. AN /7)) ANs()}

)
(4,5) € Fuav

= VUV R0) A @) AN

= VOV @ Aar@ A
(4,§)€EFuav  (P,q)EF;

= VOV @b = ).
(4,5)EFuav  (P,q)EF;

Hence, fP(uav) > fP(a). Similarly, we can show that
f™(uav) < f™(a). Therefore f is a BF weakly interior ideal
of S. ]

The following theorem is an important property for an
equivalent of a BF weakly interior ideal of a regular, left
(right) regular, intra-regular semigroup.

Theorem 3.10. For a regular or a left (right) regular or an
intra-regular semigroup S, f is a BF weakly interior ideal

if and only if N§; o fP o Ny = fP and Ny o fm" o X = f"

Proof: Assume that f is a BF weakly interior ideal of a
regular semigroup S and let u € S. Then there exists x € .S
such that v = uzu = (uau)ru = u(zrux)u. Thus
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Ny o f7 0 N(u) =

(ig)EF, _

= VDB ) AN
(4,5) EFu(zuz)u

(Ng o f7) (u(zuw)) NG (u) = (g o f7)(u(zux)) A1
(Ng o fP)(u(zuz)) =V {XG(D) A FP()}

(4,9) E Fu(zux)
> (Mi(u) A fP(2uz))
= (1A fP(zux))

— fP(euz) > [7(u)

Hence, A o fP o Xg(u) > fP(u).
Therefore, f? < X o fP o .
By Theorem 3.9 we have M o fP o M < fP.
Thus, A% o fP o X = fP. Similarly, we can prove that
Ag o f7l o Ag — fn'
For the converse, it follows from Theorem 3.9.
Similarly we can prove the other cases also. ]

Vo AN o /7)) A NG ()}

v

Theorem 3.11. Let S be a semigroup. Then for every
ke S Meusks = (S; AN sks» A\rusks) IS a BF weakly
interior ideals of S.

Proof: Let u,a,v € S.If a € KUSEKS, then uav € SkS.
Thus A} gpg(uav) =1 > N o <(a) and
Arusks(uav) = =1 < AR g g(a).
On the other hand, if a ¢ (kU SkS), then we have
)‘?kUSk-S)(ucw) 2 )‘?kUSkS) (a) and

)‘ElkUSks)(““v) < )\?auSaS)’
Hence Axusks is a BF weakly interior ideals of S. [ |

Theorem 3.12. Let S be a semigroup. Then for every
ke S, Muksk = (S; A rskr Miuksy) is a BF generalized
bi-ideals of S.

Proof: Let u,v,w € S. If u,w € (kU kSk),
then uvw € kSk. Thus
kaukSk) (uow) = 12> )‘](DkUkSk)(u) A )‘?kUkSk)(w) and
)‘E’kukSk) (uvw) = -1 < )‘?IcukSk) (u) A /\?kukSk)(w)'

On the other hand, if v ¢ (kU SkS) or w ¢ (kU SkS),
then we have AT ;g5 (VW) > AT g (W) A AT sy (W)
and Al sy (W0w) < Al sy () A Mgy (0)-

Hence A(ruksk) is a BF generalized bi-ideals of S. ]

In the following theorem, we give a relationship between a
weakly interior ideal and the bipolar characteristic function.

Theorem 3.13. Let I be a non-empty subset of a semigroup
S. Then I is a weakly interior ideal of S if and only if
A1 = (S; A}, A}) is a BF weak interior ideal of S.

Proof: Let a,u,v € S and I is a weakly interior ideal
of S. By Theorem 3.11(1) we have A\; = (S; A}, A\}) is a BF
weakly interior ideal of S.

Conversely let a,u,v € S and a € I.
Since A\; = (S; A%, A7) is a BF weakly interior ideal of S
we have A} (uav) > A\(a) = 1 and A} (uav) < AF(a) = —1.
Thus uav € I. Hence I is a weakly interior ideal of S. W
This following definition is of an (s, )-level subset of a
bipolar fuzzy set.

Definition 3.14. Let f = (S; f?, f™) be a BF set and (s,t) €
[—1,0] x [0,1]. Define the set

X](f’s) ={u e X | fP(z) > t,f"(z) < s} is called an
(s, t)-level subset of a bipolar fuzzy set of f.

In the following theorem, we give a relationship between

a weakly interior ideal and the (s, t)-level subset of a BF set.

Theorem 3.15. A BF set f is a weakly interior ideal of
a semigroup if and only if the level set X](pt’s) is a weakly
interior ideal of S for all (s,t) € [—1,0] x [0, 1].

Proof: Let f be a BF weakly interior ideal of S and
let u,a,v € S, (s,t) € [-1,0] x [0, 1], u,a,v € X](f’s). Then
fP(u) > t, fP(a) >t and fP(v) > t, also
f(uw) < s,f"(a) < s and f"(v) < s. Thus f™(uav) >t
and fP(uav) < s implies uav € X;t’s).

Hence X}t’s) is a weakly interior ideal of .S.

Conversely, suppose that Xj(f’s) is a weakly interior ideal

of S. If f is not a BF weakly interior ideal of S, then
there exists u,a,v € S such that fP(uav) < fP(a) or
f™(uav) < f™(a). By assumption, we have uav € X%,
Thus fP(uav) > fP(a) and f™(uav) < f™(a). It is a
contradiction. Hence f is a BF weakly interior ideal of S.
|

This following definition is of a bipolar («, 8)-cut set.

Definition 3.16. [15] For a BF set f = (S; fP, f") and
(o, B) € [-1,0) x (0, 1] we define

P(f;B) =z €S| fP(u) =5,
N(f;a):=2z€ S| f"(u) <a

which are called the positive 5 — cut of f = (S; fP, f")
and the negative a-cut of f = (S; f?, f™) respectively. The
set C(f;(a,8)) := P(f;8) N N(f; ) is called the bipolar

(a, B)-cut set of f = (S; fP, f™).

In the following theorem, we give a relationship between
a weakly interior ideal and the bipolar («, 5)-cut set.

Theorem 3.17. For a BF set f = (S; fP, f™) on semigroup
S and (o, ) € [-1,0) x (0,1], f = (S;fP, f") is a BF
weakly interior ideal of S if and only if every bipolar («, 5)-
cut set of f = (S; fP, f™) is a weakly interior ideal of S
when it is non-empty set.

Proof: Suppose that f = (S; fP, f™) is a BF weakly
interior ideal of S and (a,8) € [—1,0) x (0, 1] such that
C(f;(a,8)) # 0. Let u,v € C(f;(c,8)) and a € S. Then
fP(u) > B, fP(v) > B, f"(u) < aand f*(v) < «a. Thus

fP(uav) = fP(a) = B

and
[ (uav) < f*(a) < a.

Hence uav € C(f;(a,f)). Therefore C(f;(a,p5)) is a
weakly interior ideal of S.

Conversely, suppose that the bipolar («, 3)-cut set of
f=(S; fP, f™) is a weakly interior ideal of S.
If f=(S;fP, f") is not a BF weakly interior ideal of S,
then there exist a,u,v € S such that fpguav) > fP(a)
or f*(uav) < f"(a). Let 8 = w Then
fPluav) < B < fP(a). Thus a € C(f; fP(a),B) but
uav & C(f; fP(a), 5). Similarly we take o = w
we have a € C(f; f"(a),a) but uav ¢ C(f; f"(a),a).
Thus C(f; (, B)) is not a weakly interior ideal of S.
It is a contradiction. Hence f = (S; fP, f™) is a BF weakly
interior ideal of S. u
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IV. CHARACTERIZING SOME SEMIGROUPS IN TERMS OF
BF WEAKLY INTERIOR IDEALS.

In this topic, we will characterize some semigroups in
terms of BF weakly interior ideals.

The following lemma is basic properties of a positive
characteristic function and a negative characteristic function.

Lemma 4.1. Let I and L be non-empty subsets of a
semigroup S. Then the following statements hold.
(1) )\Ij) AN )\II)/ = ()\IﬁL)p.
( ) )\? VAT = ()\IuL)n.
(3) A7 o AL = (Arp)”.
(4) A7 0 AL = (Arp)™
Proof: 1t is straightforward. [ |

Theorem 4.2. Let S be a semigroup. Then the following are

equivalents:

(1) S is regular.

(2) fPAGPARP < fPogPoh? and f"Vg"Vh™ > f"og™oh™,
for every BF right ideal f, for every BF weakly interior
ideal g and for every BF left ideal h of S.

(3) fPAGPARP < fPogPoh? and f"Vg"Vh™ > f"og™oh™,
for every BF right ideal f, for every BF weakly interior
ideal g and for every BF generalized bi-ideal h of S.

(4) fPAGPARP < fPogPoh? and f"Vg"Vh™ > f"og™oh™,
for every BF weakly interior ideal g and for every BF
generalized bi-ideal f and h of S.

(5) Alay, A Meusks A Xy, < My, © Miusks © Ay, and
)\(k) V AYUsks )\(k) > )\(k) o ARUsks © )\(k , for all
k € S, where (k) is the right ideal generated by k and
(k); is the left ideal generated by k.

Proof: (1) = (4) Suppose that f, h are BF generalized
bi-ideals and g is a BF weakly interior ideal of .S and
let £ € S. Since S is regular, there exists x € S such that
k = kxk = (kxk)xk = kakak = (kak)(xkz)(kxk). Thus

(frog o)) =( V. _{f0)A (o))
= V {77(i) A (g7 0 h?) (j)}

(4,5) EF(kak) (zka) (kak)
> Fo{kek) A (g7 o ) (k) (k)

= fP(uzu) A V {g?(a) N hP(b)})

((a b)EF(aka)(kak)
k) A (gp((xkx))/\hp(kxk))
A JP(K) A (g7 (k) AP (k) A hP(k))
A (g7 (k) AR (K))
A (g7 A W) (k)
= (f? N g? NRP) (k).

Hence, (f? o gP o hP)(k) > (fP A gP A hP) (k).
Therefore fP A gP A hP < fP o gP o hP.
Similarly, we can show that f™V g™V h"™ > f" o g™ o h™
(4) = (3) = (2) This is obvious because every BF right
ideal is a BF bi-ideal of S and every BF right ideal is a BF
generalized bi-ideal of S.
(2) = (5) By Theorem 3.11 we have Apusps =
(S; A Usks» Atusks) is a BF weakly interior ideal of S. Then
forall k € S,

()‘]Ek) A Nousks A A(k)l)(k) < (/\(k) © Nusks © /\(k) )(k)

and

(Afk).,.

f
> fP(kx
> fP(k)
= fP(k)

= fP(k)

A Niusks AN Ay ) (k) = (Alk), © Aiusks © Al ) (k)

(5) = (1) Let k € S and let (k), is a right ideal generated
by k and (k); is a left ideal generated by k. Then by Theorem
301 Ay, = (S5 A’()k) Alk),.) is a BF right ideals generated
by k and Ax), = (5; )\Z()k)z s A, ) 1s a BF left ideals generated
by k.

By assumption,

L= (A, N Neusws A ,)(k)
< (Ao, © Mrusks © Ay, ) (k) =
and

=1 = (Al V Musks V Alky,) (k)

> (A, © Miusks © Ay, ) (k) = —

Thus k € ((k),)(k U SES)((k);) implies
ke (kUKS)(kuSkS)(kUSk) so k € k3 or k € kSk.
Hence k = k3 or k = kxk. Therefore S is regular. ]

Theorem 4.3. A semigroup S is semisimple if and only if
fPAGP < fPogP and f*V g" > "o g", for each BF
weakly interior ideals f and g of S.

Proof: (=) Let f and g be BF weakly interior
ideals of S and let k£ € S. Since S is semisimple, there
exist z,y, z € S such that k = zkykz = (vky)(zkykzz) =
(wky)(xk(ykz?)). Thus

(fPogh)(k) =V {fr@)ng?()}

(i,§)EF)
( V {fP(@) A gP (i)}

(LI EF ghy) (h(y=2))
> fP(zky) A gP (2k(yk2?))
= (fP(k) AgP(k)) = (f* A g") (k).
Hence, (fP A gP)(k) < (fP o gP)(k).
Therefore fP A gP < fP o gP. Similarly, we can show that
frvgt = frogn.

(<=) Let £k € S. Then by Theorem 3.11 Agusks =
(S; A Usks» Atusks) is a BF weakly interior ideals of S.
By assumption,

1= ()‘iusw A /\ZUSks)(k)
< (Musks © Musks) (k) =1

and

=1 = (Mpusks N Meusks) (k)
> (Mrusks © Akusks) (k) = —1.

Thus k € (kU SkS)(kU SkS) so k € k? or k € kSkS

or k € SkSk Hence k = kk = kkkk = kkkkk or
k = kaky = kakzkyy = (kx)kzk(y?) or k = zkyk =
zkyxkyk = xk(yk)k(yk) or k = xkykz.

Therefore S is semisimple. ]

Theorem 4.4. A semigroup S is semisimple if and only if
fPAGPARP < fPogPohP and "V g"Vh™ > ffog™oh™, for
every right ideal g and for every BF weakly interior ideals
fand h of S.

Proof: Suppose that f, h are BF weakly interior ideals
and ¢ is a BF right ideal of S and let £ € S. Since S is
semisimple, there exist x,y, z € S such that
k = xkykz = (2%ky)(kz)(ykz). Thus
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(Frogremn)(9) = ( VA£G A 0 1))}
_ \/ 5J k

{fP(@) A (gP o BP)(5)}
I EF 21y (k2) (yh2)

%)
E 22ky) A (g7 o hP)(kz)(ykz)

P(x?ky) A ( V {g”(
(a,0)EF(k2)(ykz)
g7 (kz) N hP(yk=2))

a) A hP(b)})

Hence, (fP o g? o h?)(k) > (fP A g A hP)(k).

Therefore fP A gP? A hP? < fP o gP o hP.

Similarly, we can show that f™V ¢ V A" > f™ o g™ o h"™.
Conversely, let k € S and let (k), be a right ideal gener-

ated by k. Then by Theorem 3.11, A(), = (S; A?k)r, Alky,)

is a BF right ideals generated by k. By assumption,

1= (AiuSkS A /\?k)r A AiUSkS)(k)
< (Mrusks © Ak, © Musks (k) =1

and

—1 = (Ausks V Al V Akusks) (1)
< (Musks © A?k)r o Agusks) (k) = —1

Thus k € (kU SkS)((k),)(k U SkS) implies
k€ (kU SkS)(kUkS)(kUSkS) so k € k3 or k € k?Sk
or k € k2SkS or k € SkSES.
Hence k = kkk = kkkkk or k = k’xky = kkxky or
k = k?zk = kkxk = kkxkkxk = kk(zk)k(xk) or
k = xkykz. Therefore S is semisimple. ]

Theorem 4.5. A semigroup S is weakly regular if and only
if fPAgP < fPogPand f"V g" > ["oyg", for every BF
generalized bi-ideal [ and for every BF weakly interior ideal
g ofS.

Proof: (=) Let f and g be a BF generalized bi-ideal
and BF weakly interior ideal of S respectively let k € S.
Since S is weakly regular, there exist x,y € S such that
k = kxky = (kzk)(xky?). Thus

(fPeog”)(k)= NV {frG)ng?(i)}
(i,§)EFK

= \% {rP@) N gP(5)}

(G EF ey (ohy?)
> fP(kak) A gP(xky?) > (fP(k) A fP(k) A g7 (k)
= (f*(k) A g (k) = (f* N gP) (k).
Hence, (f7 A g”)(k) < (f* o g)(k).
Therefore fP A gP < fP o gP. Similarly, we can show that
frvgt = frog”.

(<) Let k € S. Then by Theorem 3.11
Akusks = (S5 A0 srs» A\Rusks) is @ BF weakly interior ide-
als and Apursk = (S5 A rsk: Mruksy) is @ BF generalized
bi-ideals of S.
By assumption,

1= ()‘iusw A )‘]ZukSk)(k)
< (Musks © Meugse) (k) =1
and

— 1= (Musks N Meusks) (k)
> (Arusks © Akusks) (k) = —1.

Thus k € (kU SkS)(k U kSk) so k € k? or k € kSkS.
Hence k = kk = kkkk or k = kxky.
Therefore S is weakly regular. ]

Theorem 4.6. A semigroup S is left quasi-regular if and only
if fPAgP < fPogP and fV g™ > " og", for every BF
weakly interior ideal f and every BF generalized bi-ideal g
of S.

Proof: (=) Let f and g be a BF weakly interior ideal
and a BF generalized bi-ideal of S respectively and let u € S.
Then there exist x,y € S such that k = xkyk. Thus,

(f7 o g?)(k) = ( Y {rr(i) N gP ()}
=V {f”()Agp()}Zf”(xky)Agp(k)

(4,7)EFakyk
> fP(k) A gP(k) = (fP A gP) (k).
< (fPogP)(k).

Hence, (f? A gP)(k)
Therefore fP A gP < fP o gP. Similarly, we can show that
frvgt > frogh

(<) Let k € S. Then by Theorem 3.11 Apusks =
(S5 M sks Arusks) is a BF weakly interior ideals and
Meuksk = (S; AY ksn Afukss) is @ BF generalized bi-ideals
of S. By assumption,

1= ()‘zuSkS A AzukSk)(k’)
< (Miusks © Muksk) (k) =1

and

— 1= (Musks N Neuksk) (k)
> (Arusks © Akuksk) (k) = —1.
Thus k € (kU SkS)(k UkSk) so k € k? or k € SkSk.

Hence k = kk = kkkk or k = zkyk.
Therefore S is left quasi-regular. ]

Theorem 4.7. Let S be a semigroup. Then the following are

equivalent:

(1) S is right quasi-regular,

(2) fPAgP < fPogP and ™V g™ > f™og", for every BF
right ideal f and every BF weakly interior ideal g of S.
Proof: (1) = (2) Let f and g be a BF right ideal and

a BF weakly interior ideal of S respectively and let & € S.
Then there exist x,y € S such that k¥ = kxky. Thus,

(Feg®)= vV {r6)re()
v {POAe6)

(4,3) € Fraky
> fP(k) A gP(xky) = fP(k) A gP (k) =
Hence, (f7 A g7)(k) < (f7 0 g")(k).
Therefore fP A gP < fP o gP. Similarly, we can show that
frvgt = frog™.

(2) = (1) Let k € S and let (k), be aright ideal generated
by k. Then by Theorem 3.11, Az, = (S;A?k)r7>\’(1k)r) is a
BF right ideals generated by k. By assumption,

1= (Musks A )‘i)k)r A Neusks) ()
< (Meusws © /\f)k)T ° Miusks(k) =1

(f? N gP) (k).

and

—1 = (Miusks V Alk), Y Miuses) (w)
< (Musks © )‘?k)r o Mgusks) (k) = —1
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Thus k& € (kU SkS)((k),)(k U SkS) implies

ke (kuSkS)(kUkS)(kUSkS) so k € k? or k € kSkS.
Hencek = kk = kkkk or k = kxky.

Therefore S is right quasi-regular. ]

Theorem 4.8. Let S be a semigroup. Then the following are

equivalent:

(1) S is right quasi-regular,

(2) fPAgP < fPogPand [V g" > f"og" for every
BF generalized bi-ideal f and every BF weakly interior
ideal g of S.

Proof: It follows form Theorem 4.5. [ |

V. THE IMAGE AND PRE-IMAGE OF BF WEAKLY
INTERIOR IDEALS.

In this section, we introduce the notion of image and pre-
image of the BF subsemigroups and discuss some of its
properties.

Definition 5.1. [16] A mapping ¢ from a semigroup Sy to
a semigroup Sy is said to be homomorphism if ¢(uv) =

d(u)p(v) for all u,v € Sy.

Definition 5.2. [17] Let ¢ be a mapping a semigroup Sq
to a semigroup So and let f = (fP, ™) and g = (g%, g")
are bipolar fuzzy subsets in S1 and Sy respectively. Then
the image ¢(f) of [ is the bipolar fuzzy subset ¢(f) =
(6(F)?, &(f)") of Sa defined by for u € S5,

Vo fPa) if o (w) #0
O (w) = { zes ()
0 if otherwise.
and
Vo M=) i () £ 0
O(f)"(u) =  =€o™H(w)
0 if otherwise.

and the pre-image ¢~1(f) of f under f is the bipolar
fuzzy subset of Sy defined bu for x € Si, (¢~ *(f)P)(x) =
fP(6(2)), (671 ()P () = fP(¢(2)).

Theorem 5.3. Let U and V' be two semigroups and

let  : U — V be an epimomorphism. If f and § are BF
weakly interior ideal of U and V respectively, then

(1) &(f) is a BF weakly interior ideal of V,

(2) ¢~1(9) is a BF weakly interior ideal of U.

Proof: Suppose that f and § are BF weakly interior
ideal of U and V respectively.
(1) Let v1,vq,v3 € V. Since ¢ is a surjective, there exist
Uy, ug,uz € U such that ¢(uq) = v1, ¢(u2) = ve and
¢(u3) = vs. Thus

P(f)P (v1vz,03) = V
2€¢~ 1 (v1vav3)
= \% P(uiusu
¢(u1>:v1,¢>(u2):v2,¢(u3>:v3f (uruzus)
v Py
PPN SNV A
Z:¢_v () = ()7 (02)

Hence, ¢(f)P(viva,v3) > ¢(fP)(v2).
Similarly ¢(¢(f")(vive,v3) < ¢(f")(v2).
Therefore ¢(f) is a BF weakly interior ideal of V.

f*(2)

(2) Let a,b,c € U. Then
¢~ (g")(abe) = g?(p(abc)) = g
> (9")(¢(b)) = ¢~
Thus, ¢~ (g”)(abc) > ¢~ (g )( (0)).

Similarly ¢! (g")(abc) < ¢~ (g7)(4(D))-
Hence ¢~ !(gP) is a BF weakly interior ideal of U.

P(p(a)p(b))o(c)
"(g”)(b).
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