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Linear Codes over the Ring
Lyt uliy+vly+wly+uvZy+uwziy+vw s+ uvwy

Bustomi, Aditya Purwa Santika, and Djoko Suprijanto*, Member, IAENG

Abstract—We investigate linear codes over the ring Z,+uZ4+
VZ4 + Wha + uvZa + vwy + vwZa + uvvwy, with conditions
u? =u, v? =0, w? = w, w = vy, vw = wu and vw = wo.
We first analyze the structure of the ring and then define linear
codes over this ring. The Lee weight and the Gray map for
these codes are defined and MacWilliams relations for complete,
symmetrized, and Lee weight enumerators are derived. The
Singleton bound as well as maximum distance separable codes
are also considered. Furthermore, cyclic and quasi-cyclic codes
are discussed, and as an application some new linear codes
over Z4 with the highest known minimum Lee distance are
also obtained.

Index Terms—Linear codes, MacWilliams relations, Maxi-
mum distance separable codes, Cyclic codes, Quasi-cyclic codes,
optimal codes.

I. INTRODUCTION

We, as a human being, cannot not communicate to each
other. The transmission of information is the heart of com-
munication. Although reliable communication has been an
unavoidable problem with the human life, it is still a kind
of mystery for a long time. It was in 1948, when Claude E.
Shannon [16] showed that, if it is given a noisy communi-
cation channel, there is a number called the capacity of the
channel such that reliable communication can be achieved at
any rate below the channel capacity (see Section 13 in [16]).
In other word, the existence of good codes is guarantied,
theoretically. This seminal paper [[16] has marked the birth
of information theory and coding theory.

Unfortunately, the proof of Shannon on the existence of
good codes is not constructive: he proved only the existence
of such codes but did not construct the codes itself. One
main problem in coding theory is to construct good codes
that satisfy the Shannon’s noisy-channel coding theorem.

Codes over finite rings have become an active research
area in classical coding theory over the recent decades. In
particular, after the appearance of the work of Hammons,
Kumar, Calderbank, Sloane, and Sol€ [12]], a lot of research
went towards studying (linear) codes over Z,. Although “’the
results were generalized to many different types of rings, the
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codes over Z, remain a special topic of interest in the field of
algebraic coding theory because of their relation to lattices,
designs, cryptography and their many applications’ﬂ [20].

Recently, several new families of rings, namely the non-
chain Frobenius rings, have been studied in connection with
coding theory. These rings have rich mathematical theory,
in particular algebraic structures. Yildiz and Karadeniz [20]
derived algebraic structures related to linear codes over the
ring Z4 + uZy4, with u?> = 0. They [20] also constructed
several good formally self-dual codes over Z4 from the codes
over Z4 + uZy4. Bandi and Bhaintwal ( [2], [3]]) considered
codes over the ring Z4 + vZy4, with v2 =, and Zy + wZy,
with w? = 1, 2w, respectively and derived several algebraic
structures including the MacWilliams relation with respect
to Rosenbloom-Tsfasman metric over the ring Z4 +vZ, and
the properties as well as a construction method of self-dual
codes over the ring Z, + wZ4. Moreover, Dian, Detiena,
Suprijanto, and Barra [[15] have also obtained some results
on linear codes over the ring Zgm + vZgm, with v? = v.
Recently, Li, Guo, Zhu, and Kai [14] generalized the ring
considered by Bandi and Bhaintwal [2] by adding two new
terms uZ, and wvZ,, with the conditions u? = u, v? = v,
and uv = vu, and derived some properties corresponding to
the linear codes over the ring Zy + uZy4 + vZ4 + uvZy.

In this paper, we further generalized the ring considered
by Li, Guo, Zhu, and Kai [14] to the ring Z4 +uZ4 + vZ4 +
why + uwvly + uvwZy + vwZy + uvwy, with the conditions
w2 = u, v2 = v, w? = w, w = vu, uw = wu and
vw = wv. We study linear codes over this ring and derive
some corresponding properties. The paper is organized as
follows. In Section 2, we study main properties of the ring
Ly +uliy + 2y + why + uvZig + uwZy + vwly + wvwy.
We then define linear codes, Lee weight, and also a Gray
map for the linear codes over Zy + uZy + vZy + wZy +
wvZy + uwZy + vwZy + vvwZy. A Singleton bound as
well as maximum distance separable codes are slightly
considered. In Section 3, several types of weight enumerators
are defined and related MacWilliams relations are derived.
Finally, in Section 4, cyclic and quasi-cyclic codes over
Ly + uliy + V24 + Wly + uvZiy + vwy + vwZy + uvwZy
are investigated. As an application, several examples of cyclic
codes over Z,4 with the highest known minimum Lee distance
are obtained.

Throughout this paper, we follow standard definitions for
undefined terms as used in many coding theory books (e.g.
(L3D).

II. STRUCTURES OF LINEAR CODES OVER R

Throughout this paper, R denotes the ring Z4 + uZ4 +
vZy + wZy + uvZy + vwZy + vwZy + uvwZy with ©? = u,

! [20], pp. 25.
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v? =0, w? = w, uww = vu, uw = wu dan Vw = wo.

The ring R can also be regarded as the quotient ring Zj,,
namely Zg4[u,v,w)]/(u® — u,v? — v,w? — w). This ring is
commutative and has identity.

The element ) € R is called idempotent if > = 7. The

elements z and y of R is called orthogonal if xy = 0.

A. Structures of the ring R and a Gray map

First, we consider a decomposition of R then define a Gray
map from the ring R to Z§.
Consider the idempotent elements of R below

m=1—u—v—w+uv+ vw+ vw — vvw
= (1= w)(1 - v)(1 —w),
ne =u—uv —uw + vww = u(l —v)(1 —w),
N3 =v—uv —vw+ wow = (1 —u)v(l —w),
Ny =w—uw—vw+uvw = (1 —u)(l —v)w,
N5 = uv — uwvw = wv(l — w),
ne = uw — wow = u(l — v)w,
N7
Ng = uvw.

vw —wow = (1 — u)vw,

The above eight elements are also pairwise orthogonal, since

115 = 0 for i # j, and satisfy ZS: 1; = 1. Hence, by Chinese
Remainder Theorem, we havei:1
R=Rn @ Rne ® Rn3 ® Rna @ Rns © Rne ® Ry @ Rng
= Zam D Zanz ® Zanz © Lans © Lans © Lane © Lanz
@ Zans.

Moreover, for any r = a + bu + cv + dw + euv + fuw +
gvw + huvw € R with a,b,c,d,e, f,g,h € Z4, we have

8
r=ry mn
=1

=TN1 +TN2 + 103 +1N4 A TN5 + TN + TN7 + TN

=am + (a+b)n2 + (a+c)ns + (a+ d)m
+(a+btcte)ns+(at+b+d+ flns
+(a+c+d+g)mr
+(a+b+c+d+e+f+g+h)ns

=711+ 2N +73N3 + Tans + 505
+ rene + 177 + T3N3

with
r=a
ro=a-+b
rs=a-+c
rs=a+d

rs=a+b+ct+e
re=a+b+d+ f
rr=a+c+d+g
rs=a+b+c+d+e+f+g+h,

and hence rq,72,73,74,75, 76, 77,78 € Z4. It is clear that the

expression r = i1y + rons + r3N3 + r4N4 + 1505 + reNe +
r717 + rgng is unique. Define the map ¢ from R to Z§ by

T (7“1,7”2,7“377“4,7“577”6,7“7,7“8)

We can easily see that ¢ is isomorphic. Finally, the Gray
map in R is defined as an extension of the map ¢ on R™ as

®:R" — 75"
(COacla“-acn—l) — (7'1,0,7’1,1,~~-,7’1,n—1,
"'7r8,0ar8,1a'~'ar8,7z—1)7

8
where ¢; € R and rj; € Zy satisfying ¢; = > 7;1;.
j=1

The Lee weight on Z,4, denoted by wr, is defined as

0, =0,
wr(z) =<2, =2,
1, z=1or3.

From the map ¢ : r — (r1,79,...,7s), we define the Lee
weight on R as wr(r) = Z§:1 wr,(r;). The Lee weight of
a vector ¢ = (¢g,¢1,...,¢p—1) € R™ is defined to be a
rational sum of the Lee weight of its components, that is
wr(c) = Z?:_()l wr,(¢;). We also defined the Lee distance
between ¢ and d € R", as di(c,d) = wr(c — d).

We also have another kind of weight and distance called
a Hamming weight and a Hamming distance, and they are:
wp(r) ={j: r; #0, 0<j <n—1} and dy(r,s) =
wg(r —s), for all r;s € R™, respectively.

B. Linear Codes over R

A nonempty subset C' C R"™ is called a linear code over
R if C' is a submodule of R. To define a dual of the code
C, let us first define the Euclidean inner product on R". Let
x = (20,21, Zp—1) and y = (Y0,Y1,--.,Yn—1) be two
vectors in R™. The Euclidean inner product of x and y is
defined as

n
<X7 y> = ijij
j=1

where the operations are performed in the ring R.
Dual of the code C C R" is the code

Ct={x€eR": (x,y)=0, forally € C}.

Clearly, O+ is also linear if C is linear over R. Since R is
a Frobenius ring, we also have |C| - |C*| = 48" [22].

Denote r = (@ +M)  r(»=D) ¢ R" and r) =
a1 + Tione + -+ + 1rgms, for 0 < ¢ < n— 1. Then r
can be uniquely expressed as

r=7r17 +Tan2 + -+ Te7s,
where r; = (T‘Oj,’f’lj,. . ,’f’nfl,j) € ZZ, for 1 < 7 <8. By

using this expression, the inner product of any two vectors
X,y € R™ can be written as

X-y= (X1 yu)m+ X2 -y2)n2 + -+ (X3 - ys)ns,

where x = xym + Xomp + - + Xgg, X; =
(Toj, T1js -y Tn-1) € ZY, and y = y1m1 +yane + - +
vsns, ¥i = WojsYijr---rYn—1;) € ZY, and x; - y; =

1 .
Y h—o TkjYkj, for 1 < j <n.
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Now, define the codes C;, 1 < i < 8, as follows:

Cy={acZj: an +bn+ -+ hiyg,
for some b,c,...,h € Z}},

Cy={beZj: an, +bny + -+ hys,
for some a,c,...,h € Z}},

Cs={heZ}: an +bn+ -+ hs,
for some a,b,...,g € Z}}.

We can easily see that C;, 1 < ¢ < 8, is a linear code of
length n over Z,,. The code C' can be uniquely decomposed
into C = C1m1 ®Cana®- - -BCs1s, and hence we have |C| =
H§:1 |C;|. Furthermore, we have the following property.

Theorem II.1. Let C C R™ be a linear code. Then we have
the following unique decomposition:
1) C=Cim®Conay®---®Csns, a linear code of length
n over ZLy.
2) Ct=Ctm@Csne®---®Cgng, for 1 <i<8.

Proof: Similar to [[14]. [ |
It is well-known (see for instance [[12]]) that the code C,
1 <17 <8, is permutation-equivalent to a code generated by

0 2I, 2C;
where A; and C; are Zy-matrices and B is a Z4-matrix, and
hence C is permutation-equivalent to a linear code generated
by
mG1
172G

778G8

Moreover, by the result in [12]], the dual C'jL has a
generator

BT _CTAT T I
) = ( B QAQZ A 2(;1 I’“%‘“Z) for1<i<8,
i ki2

and hence C is permutation-equivalent to a linear code
generated by
mGq
n2GY

ns Gy
a parity check matrix of the code C.

Example IL2. Let C; be a linear code over Z, with
generator matrix G, for 1 < j <8, as follows

111 3
G;i=(0 2 0 2
002 2

The code C; contains 22ki1+ki2 = 2242 = 16. Since 4* =
|C|-|C*| = 42:|C|, then |C*| = 42 = |C|. The linear code
8

C = @ Cjm; over R is of cardinality |C| = 16% = 473,
j=1
while the generator matrix of ®(C') is

[olelololololololalololelelololelololelelelelel
[elelololololololalololelololelelolelelelHelelwe)
COOOOOOOOOOOOOOOoO+HOOOOO0O
[clololololololololelolelelel Helelelelelelelole]
[clololololololololelel Holelolelelelolelolelole]
[clolslolslolslel Helolololelolelelelolelelelele]
[clelslolel Holololololeloleloleleleloelelelelele]
[slelHolololololalololelololelelolelelelelelele)
[elelololelolololelelolelelelelelelelelelele] Vg
[elelelolelelolelelelelelelelelelelele] Vel l)]
[elelelolelelelolelelolelelelele] Vogelolole]o o]
[elelololololololelelolele] Vi Helolelelolelelele)
[elelololelolololele] Vi Holololelololelolel el
COO0O00COONHOOOOOOOOOOOOOOO
COOONHOOOOOOOOOOOOOOOOOO
[=] Vi elolelelelelelolelolelolelolelole]olololo]
[clololololololololelolelolelolelolelelele] Vel g
[clololololololelolelolelolelelelele] Vel dolola]
[clololololololelolelelelelele) Vel dolelelelele]
[clololololololelolelele] Vel Helolelelelelelele]
[clololololololele] Vel Holololelolelolelelelele]
[slelelslels] Vel Holololololelelolelelelelelele)]
[slele] Vel Holololololelololelelelelelelelelele)]
[NelHololololololololololololelolelelelelelele)]
[elelolololololololololelelolelelelelelele] V] NIV
[elelololololololalololelelolelelele] V] Vit elele)
[elelelolelelelolelelolelelele] V)] Vit elololololo]
[elelelolelelelelelelele] V] Vit elelelelelolelolo]
[elelelelelelelele] V] Vi elelelelelelelelolelolo]
COOOOONNWOOOOOOOOOOoOOoOOoOO00O
COONNWOOOOOOOOOOOOOoOOoOOoO00O
NDNWOOOOOOOOOOOOOOOoOOoOoO0O00O

¢

C. Singleton bound and MDS codes

Singleton bound is among the famous bound in Coding
Theory. It was proved in 1964 by Singleton [19] that if C' C
R™ is a code over R, then we have

where dy (C) = min{wyg(x—y): x,y € C,x #y}. The
code C is called a maximum distance separable (MDS) if it
attains the Singleton bound mentioned above.

It has been proven by Guenda and Gulliver [11, Proposi-
tion 2.2] that the only MDS codes over Zj is the trivial one.
Moreover, it is also known that C+ is an MDS code if C
is an MDS code (see [[18, Theorem 1]). Hence, we have the
following.

Lemma IL3. Let C be a linear code of length n over Z,.
Then C'is an MDS codes if and only if C is either Z} of
parameters [n,4" 1], (1) of parameters [n,4,n], or (1)* of
parameters [n,4" 1 2], where 1 denotes the all-one vector.

Let us look at the MDS codes over R. By considering a
linear code C of length n over R as C' = Cyny @ Cane @
-+ @ Cgns, where C;, 1 <i < 8, is a linear code of length
n over Zy4, the Singleton bound can be written as

8
1
du(C) <n— §§10g4 |Cil +1,
where dp(C) = min{dy(C;) : 1< i <8}, and dy(C;) is
a Hamming distance of C;, for 1 < < 8.
Then we have the following theorem.

Theorem I1.4. Let C be an MDS codes of length n over R. If
dg =1, dg =2, and dg = n, then for 1 < i < 8, the code
C; is an MDS code of parameters [n,4" 1], [n,4"1 2],
and [n,4,n], respectively.

Proof: We can use the proof of Theorem 5 in [[14]] with
appropriate but minimal modifications. ]

Theorem IL.5. C is an MDS code of length n over R if and
only if for 1 <i <8, C; is an MDS code over Z, with the
same parameters.

Proof: The proof is similar to Theorem 6 in [14]. MW
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III. WEIGHT ENUMERATORS AND MACWILLIAMS
RELATIONS
In this section we consider several weight enumerators for
a linear codes C. We also derived the related MacWilliams
relations.

A. The complete weight enumerator and MacWilliams rela-
tion

We knew that the number of elements of R is 65536.

The complete weight enumerator (CWE) of a linear code
C C R"™ is defined as

65535 |
CWEc(Xo, X1, Xassss) = 3 [ X",
ceC j=0

where ng, (c) denotes the number of appearances of a; € R
in the vector c.

Remark 1. Remember that CW E¢(Xg, X1, ..., Xes535) is
a homogeneous polynomial in 65536 variables with total
degree of each monomial being the length of the code C,
n. Since the code C' is linear, then C' always contains
the vector 0. It implies that the term X always appears
in CWE¢(Xo, X1, - .., Xe5535). From the complete weight
enumerator we may obtain a lot of information related to the
code, such as the size of the code:

CWEc(1,1,...,1) =Y 1=C|.
ceC
O

As the ring R is a Frobenius ring, the MacWilliams
relation for the complete weight enumerator holds (see [22]).
To find the exact relation we define the following character
on R.

Let I be a non-zero ideal in R. Define x : I — C* by

x(a+bu+ cv + dw + euwv + fuw + gvw + huvw) = i

with C* is a unit group in complex number. We know that
X is a non-trivial character on R.

Defining the Hadamard transform by
fle)= "> x(c-d)f(d),
deRn
we obtain the following equation
Y fler=Icl > f(d). (1
ceC deCt

We have the MacWilliams relation for the complete weight
enumerator as follows.

Theorem IIL.1. Let C be a linear code of length n over R.
Then

CWEE(Xo, X1, - -+, Xess35)

1
= @CWEC(M(XOale ooy Xossas) D),

with M is a matrix of size 65536 x 65536 defined by M;; =
x(aiaz).

65535 . (4
Proof: Let f(z) = J] X,*" . The result follows
i=0
from Theorem 8.1 in [22]. |

B. The Symmetrized Lee weight, Hamming weight and Lee
weight enumerator

In the ring Z4, we know that wr(1) = 1 = wr(3) and
the symmetrized Lee weight enumerator for codes over Z4
is defined as

SLW Ex(Xo, X1, X2) = CWEx(Xo, X1, X2, X1).

We define the symmetrized Lee weight enumerator of codes
over R using similar idea as above. For that purpose, we
first decompose R into D; = {x € R : wg(z) = i}, for
0 <17 < 16. Then we have

|Do| = [D1s] = 1,

|D1| = |D1s| = 2(? = 16,

|Dy| = | Dy4| = 2 (2) + G = 120,

D3| = D3] = 2° (i) +2(§ G) = 560,

|Dy| = | Dy = 2 (i) + 22 (2) <f> + (i) = 1820,

|Ds| = |D1a| = 2° (i) +2° (i) (?) - 2(? (;) = 4368,
i =1owl =2(g) <2 (3) () +2 () )

|De| = Dy| = 27(?) +2° @ @ 2 @ @
. 2(?) (;) — 11440,
pa=2(3)+2(5) (1) +=(3) )
g2 (2) <§> n (i) — 12870.

By looking at the elements that have the same Lee weights,
we can define the symmetrized Lee weight enumerator.
Symmetrized Lee weight enumerator (SLWE) of a linear code
C over R is defined as

SLWEc(Xo, X1, ..., X16)

= CLWEc(Xo, X1, ..., X1, X2, ..., X2, X3, ...
16 120 560
X5, Xos s X6 Xry oo, X,
4368 8008 11440

- Xo, X10, -+ X10, X114 -+, X11,

12870 11440 8008 4368
X2, -5, X12, X13, -+, X13, X14, -+ -5 X14,

1820 560 120
X15,...,X15,X16) (2)
16
where X, X1, Xs,..., X6 denote the element of weight
0,1,2,3,...,16, respectively. Then we have

5X37

Xayoooy X0, X5, ..
1820
Xg, ..., Xs, Xo, ..

SLWEc(Xo, X1, Xa, ..., X16)

=3 xpole) xmle xna(e) - ymole) - (3)
ceC
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where
17
no = na, (c), n =Y ng(c),
i=2
137 697
ng = Z Ng, (c), ng = Z Ng, (c),
i=18 i=138
2517 6885
ng = Z Ng, (C)7 ns = Z Ng; (C)a
i=698 i=2518
14893 26333
ng= Y na,(c), nr= Y nglc),
i=6886 i=15434
39203 50643
ng = Z Na; (C), ng = Z Nq, (C)v
i=26334 i=39204
58651 64839
nio = Z N, (c), ni = Z na,(c),
i=50644 i=58652
64799 65399
N2 = Z Na, (), ni3 = Z na,(c),
i=64840 i=64800
65519 65535
g = Z Na,(c), nis = na,(c),
i=65400 i=65520

N16 = Nagssse (C)
The MacWilliams relation with respect to the symmetrized
Lee weight enumerator is as follows.

Theorem IIL.2. Let C be a linear code of length n over R.
Then

SLW Eq1 (Xo, X1, ..., X16) =
1
ESLWEC(BO, Bl, ceey 316)7
where

By = Xp+ 16X, +120X5 + 560X3 + 1280X 4 + 4368X5
+ 8008 X¢ + 11440X 7 + 12870Xg + 11440X
+ 8008 X 10 + 4368 X711 + 1280X 15 + 560X 13
+ 120X 14 + 16 X715 + X1,

By = Xo+ 14X, +90X5 + 350X3 + 910X, + 1638 X5
+2002X¢ + 1430X7 — 1430X9 — 2002X 19
—1638X711 — 910X 12 — 350X13 — 90X 14
—14X15 — Xy,

By = Xo+12X7 +64X5 + 196 X5 + 364X, + 364X5

—b572X7; —858Xg — 572 Xg + 364X11 + 364X 12
196X 15 + 64X14 + 12X 15 + X1,
= Xo+10X; +42X5 4+ 90X3 + 78X, — 78 X5
— 286X — 286 X7 + 286 X9 + 286X
+ 78 X111 — 7T8X12 — 90X 13 — 42X 4
—10X15 — Xy,

By = Xo+8X, + 24X, + 24X5 — 36X, — 120X
— 88X + 88X7 4+ 198X + 88Xg — 88X
—120X11 — 36X 15 + 24 X135 + 24X 14 + 8X15 + Xig,

Bs = Xp+6X; +10X5 — 10X3 — 50X, — 34X5 + 66 X5
£ 110X7 — 110Xg — 66X 10 + 34X, + 50X 10
+10X13 — 10X 14 — 6X15 — X6,

Bs =Xo + 4X; — 20X — 20X4 + 36 X5 + 64X¢
—20X7 —90Xg — 20Xg + 64X 1o + 36 X711
—20X12 — 20X13 +4X15 + X6,

Br =X+ 2X; — 6X5 — 14X5 + 14X, + 42X;
14X — T0X7 + T0Xo + 14X10 — 42X,
—14X15 +14X13 + 6X14 — 2X15 — Xy,

Bs =X¢ — 8X5 4+ 28X, — 56X 4+ 70Xg — 56 X1¢
+28X15 — 8X 14 + X6,

By =Xg — 2X1 — 6Xo + 14X3 + 14X, — 42X
14X + T0X7 — T0Xg + 14X 10 + 42X 14
—14X15 — 14X13 +6X14 + 2X15 — Xq6,

Bio =Xo — 4X, + 20X5 — 20X, — 36X + 64X
420X — 90Xs + 20X + 64X10 — 36X,
—20X12 +20X13 — 4X15 + X6,

Bi1 =Xo —6X7 +10X5 + 10X3 — 50Xy + 34 X5
66X — 110X7 + 110Xo — 66X 10 — 34X11
+ 50Xy — 10X13 — 10X 14 + 6 X5 — Xy,

Bio =X — 8X; + 24Xy — 24 X5 — 36X, + 120X
— 88X — 88X7 4+ 198 X5 — 88Xg — 88X
£ 120X, — 36X 15 — 24X 5 + 24X, — 8X 15
+ X16,

Bis =Xo — 10X7 +42X5 — 90X3 + 78Xy 4+ 78 X5
— 286X¢ + 286X7 — 286 X9 + 286 X9 — 78X 11
—T8X12 +90X13 —42X14 + 10X15 — X5,

By =Xo — 12X, + 64Xy — 196 X5 + 364X, — 364X
4+ 572X7; — 858 Xg + 572Xg — 364X11 + 364X 15
—196X15 + 64X 14 — 12X15 + Xie,

Bis =Xo — 14X + 90X5 — 350X35 4+ 910X, — 1638X5
+2002X5 — 1430 X7 + 1430 Xy — 2002X10
4+ 1638X711 — 910X12 + 350X13 — 90X 14
+14X15 — X,

Big =X — 16X + 120X5 — 560X 3 + 1280X,4 — 4368 X5
+ 8008 X — 11440X7 + 12870 Xg — 11440X
+ 8008X 19 — 4368 X711 + 1280X 12
— 560X15 + 120X 14 — 16X15 4+ X16,
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Proof: For 4,57 = 0,1,2,...,16, we determine
> x(rs) for r € D;. By definition, we have
s€D;
SLWEg1(Xo, X1,...,X16)
=CWEq1(Xo, X1, ., X1, X2y, X2, X3, 1
16 120 560
Xayoo oy Xa, X5, -, X5, X6, - -+, X6y X7y - -0, X7,
1820 4368 8008 11440
Xg, ..., Xs, Xo, ., Xo, X10, > X10, X11, - - -,
12870 11440 8008 4368
X9,y X192, X983, -+, X13, X14, - . ., X14,

1820 560 120
Xis, ..., X15,X16)

16

| CWEC ZZ (a1s) J’ZZ (az8)X

j=0seD; j=0seD;

X37

X117

B3

j=0s€D;

a655365

Since for a;,a, € D; we have

Z Z x(ajs)X; =

j=0seD;

then

SLWEq+ (Xo, X1, ...,

16
_ %SLWEC Z Z Z X(a:i9)X;, ...,

| ‘ a;€Dg j=0s€D;

2. 22 X)X,

a;€D16 j=0 s€D;

Xi6)

By direct calculation, we obtain

BB PP BT

a; €Dy, j=0s€D;

for k=1,2,...

X, = By

, 16. Hence, we have

SLWEq. (Xo, X1, ... Xw)

SLWEC(BO, Bi, ..., Big).

C]
n

Another weight enumerator of a linear code C, called a
Hamming weight enumerator,

Hame(X,Y) Y Xnmwn@ywn(e),
ceC

where wp(c) denotes the Hamming weight of the codeword
c. We have the following.

Theorem IIL3. Let C be a linear code of length n over R.
Then

Hame(X,Y) = SLWE(X,Y,Y,...,Y).
———

16

Proof: Similar to the proof of Theorem 9 in [14]. W
We also have the MacWilliams relation with respect to the
Hamming weight enumerator.

Theorem IIl.4. Let C be a linear code of length n over R.
Then

1
= —Hamc(X +65536Y, X —Y).

HamCL (X, Y) |C|

Proof: Similar to the proof of Theorem 10 in [14]. H
Next, we consider the other weight enumerator with
respect to the Lee weight, called Lee weight enumerator.
For a linear code C, define A; as a number of elements
of C having Lee weight i. The sequence Ag, A1,...,Ai6n
is called weight distribution in C' with respect to the Lee
weight. The Lee weight enumerator for C' is defined by

16n
Leec(X,Y) = ZX1671—1UL(C)Y’LUL(C) _ ZAinﬁn—iYi
ceC i=0

Then we have the following property.

Theorem IIL5. Let C be a linear code of length n over R.
Then

Leec(X,Y) = SLWEq (X6, X1y, X1y? X13y3,
X12Y4 X11Y5 X10Y6 X9Y7 XSYS X7y9
X6Y10 X5Y11 X4Y12 X3Y13 X2Y14 XY15 Ylﬁ).

16
Proof: Denote wy,(c) = > in;(c). Then we have

16 16

Zim(c) = (16—i)ni(c).

i=0

16n—wy(c

Z 16n,(c

By definition, we obtain

_ Z X16n7w1, (C)YU_)L (e)
ceC

Leec(X,Y)

16
Z Z (16—i)n; > in;
= Yi=o0
ceC

16
— Z HX167iyi

ceC i=0

= SLWEq(X', XY,..., Y5,

The following result gives us a MacWilliams relation with
respect to the Lee weight enumerator.

Theorem II1.6. Let C' be a linear code of length n over R.
Then

1
Leeci (X, Y) = ELGCC(X + KX — Y)
Proof: By Theorem dan Theorem [[I1.5] we obtain
Leeci (X,Y) = SLWEq. (X', X%y, ... Y6
1
SLW Ec(Eo, Er, Es, . .., Eig)

Il
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with
Ey= X" +16XY + 120X Y2 + 560X Y3
+1280X12Y4 + 4368 X MY + 8008 X 10y 6
+11440X°Y7 4+ 12870X3Y® + 11440X 7Y
+ 8008 XY 10 4+ 4368 X°Y M + 1280X*Y 12
+560X3Y1 +120X2Y1 4+ 16XY1° 4 Y16
= (X + Y)lﬁ,

Ey = X' 4 14Xy + 90X Y2 + 350X 13Y3
+910X12Y* 4+ 1638X1Y° + 2002 10y 6
+1430X°%Y7 — 1430X 7Y — 2002X6y 10
—1638X°Y —910X4Y'2 — 350X°%Y13
—90X2%Y" —14XY1° Y16

= (X +Y)®(X -Y),

Ey = X1 4+ 12X1Y +64X1Y?2 + 196X 13Y3
+364X 12y 4+ 364X 1 Y5 — 572X%Y7 — 858 X°%Y®
—572X7Y? + 364 X°Y ! 4 364XV 4 196 X3V 13
+64X%Y14 f12XY15 4 Y16
= (X+V)"(X -Y)?

By = X' 4 10XY 4+ 42X1Yy?2 + 90X 13y3
+ 78X 12y* — 78X 1Y — 286X 10y — 286 XY
+286X7Y? + 286XV 4 78Xy — 78 X1y 12
—90X°Y — 42Xy — 10XV — V1
=(X+Y)¥(X -Y),

Ey =X 48Xy + 24X My? + 24X Y3 — 36X 1274
—120X1Y5 — 88X 10y 1 88 X9V + 198 X8Y8
+88X7YY — 88X 0Y10 — 120X°Y 1 — 36 X4y 12
+24X3Y13 4 24X2y M L XY 4 V16

= (X +)?(X -Y)*,

Es = XY 46Xy +10X™Y?2 — 10X13Y3 — 50X 1274
—34XMY5 + 66XV +110X°Y7 — 110X7Y?
—66X%Y10 4 34Xx°Y 1 4 50X4Y12 4 10X3Y13
—10X%y™ — XY — Y16

= (X + Y)ll(X - Y)57

Eg = X0 44Xy —20X3Y3 — 20X 2Y* + 36X 11Y?
+64X10Y6 —20X%Y7 — 90X8Y® — 20X7Y"?
+64X5Y10 4 36 X5V — 20Xy 12
—20X3Y1 4 4XY15 4 Y16

=(X+Y)"(x -Y)S,

Er = X160 42Xy —6X1Y? — 14X 13Y? + 14X 127
+42XMY% —14X10Y5 — 70XV + 70X7Y?
+14X0710 42Xy 14XV 4 14X3Y18
+6X2Y1 —2XY15 — Y16

= (X+Y)(X -Y)T,

Fg = X0 —8x™y? 4 28X12y* - 56X1°0Y% + 70X8Y®

—56X°Y10 4 28X1Y1? — 8 XYM 4 Y10
= (X+Y)¥(X -Y),

By =X _o2XxPy —6X1Y?2 4+ 14X13Y3 4+ 14X12y4
— 42Xy — 14Xy ¢ 4 70XV — 70X7Y?
+14XY10 4 42X5Y M — 14Xy 12— 14X3Y 13
+6X2Y14 4 oxyts —yl6

=(X+Y)(X -Y)°,

Fip= X' —4Xxy +20X13y3 — 20X12y* — 36X !1Y®
+64X10Y° +20X°Y7 — 90X3Y® +20X7Y?
+64X0Y10 — 36 X2y —20X4Y 12 4+ 20Xx3Y 13
_AXY® 4 yl6

= (X +Y)%(Xx -Y)",

By = X% —6XPY +10XMY?2 +10X2Y2 — 50X 1274
+ 34X 1Y% 4 66X10YV% — 110X°Y7 + 110X7Y?
—66X%Y10 — 34 X5V + 50X4Y12 — 10X3Y13
—10X°YM 4+ 6XYT -y

= (X+Y)’(X-Y)",

Eio = X160 _8XPY 4 24X My? — 24X 13y3 — 36X 12y
+120X11y5 — 88X 19y6 — 88 X9V7 + 198 X8Y8
—88X7YY — 88X°%Y10 4 120Xy — 36Xy 12
—24X3Y13 424Xy M _gXY 4 yi6

= (X +Y)(X -Y)",

Fi3 = X' —10XPY +42X1Y? — 90X 13Y? + 78X 12y
+ 78X 1Y — 286X 10V + 286 XY — 286X 7Y
+286X0Y10 — 78 XY — 78X4Y12 4 90X 3Y 13
—42X%yM 410Xy — Y16

= (X +Y)}(X -Y)",

Fuy =X — 12Xy + 64X 1y? — 196X 13Y3
+ 364X 1274 — 364X 1Y5 4+ 572XV 7 — 858 X8Y®
+572X7Y°? — 364X5Y M 4+ 364X4Y12 — 196 X3Y13
+64X%YH —12XY 4 yl6
= (X +Y)*(X =)™,

Eis = X1 — 14Xy + 90X My? — 350X 13Y3
+910X2Y* —1638X11Y? + 2002X 0y
—1430X°Y7 4+ 1430X7Y? — 2002X°Y 10
+1638X°Y1 —910X4Y 12 4+ 350X3Y 18
—90X2YM 4 14XY15 — Y16

= (X +Y)(X-Y)",

Eig =X —16XYY + 120X 14Y? — 560X 13Y3
+1280X12y* — 4368 X 11y 4 8008 X 10y ¢
—11440X°Y 7 4+ 12870X%Y® — 11440X7Y?
+8008X Y10 — 4368 X°Y ! + 1280X*Y 12
—560X3Y 13 +120X2YH — 16 XY + Y16

= (X —Y)'S,

Hence, we have

1
LeecL (X, Y) = WLSG(X 4+ KX — Y)
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IV. CYCLIC AND QUASI-CYCLIC CODES

Now, let us look at an important class of linear codes,
namely cyclic codes. We mainly consider the structural
properties of cyclic codes over the ring R.

The notion of cyclic codes is standard for codes over all
rings. A cyclic shift on R" is a permutation 7" such that

T(co,c1,€25- -, Cn—1) = (Cn=1,€0,C1,- - ,Cn—2).

A linear code C over R is called a cyclic code if C' is
invariant under the cyclic shift 7', namely T'(C') = C. We use
the usual ideas of identifying vectors in R™ and polynomials
in the residue class ring R[x]/(z™ — 1) as follows:

c=(co,C1,C2,..,Cn1) <

c(x) =co+ 1z +caa® + -+ cpra™ 4 (2" — 1),

We can see that T'(c) is identified by z - ¢(z) € R[z]/{z™ —
1). This implies that cyclic codes over R are identified by
ideals in the residue class ring R[x]/(z"™ —1). So, we have to
understand the structure of the residue class ring R[x]/(z"™ —
1) in order to understand cyclic codes over the ring R.

The first theorem below is a straightforward generalization
of Theorem 13 proven by Li, Guo, Zhu, and Kai [14].

Theorem IV.1. Let C' = Cyn1 @ Cona @ - - - ® Csng. Then C
is a cyclic code over R if and only if one of following three
conditions is satisfied:
(1) For t € {1,2,...,8}, Ct is a cyclic code over Z,.
(2) Fort € {1,2,...,8}, Ci* is a cyclic code over Z,.
(3) C* is a cyclic code over R.
8
Proof: Let ¢ = Z mc, € C, and write ¢; =

t=1
(Ct0sCtay--vsCtn—1) € Cy, for 1 < ¢ < 8. Since C' is a
cyclic code, we also have

8 8 8
(Z NtCtn—1, Z MCt,05-- - cht7n—2> eC.
=1 t=1 t=1

So, (Ct.n—1,Ct,05---,Ctn—2) € Ct, for 1 <t < 8, and hence,
C; is cyclic for 1 <t < 8. The reverse also holds, so the
first condition is proven.

If C; is cyclic over Zy, then Cj- is also cyclic ( [21],
Proposition 7.9). From condition (1), C+ is a cyclic code
over R, so C'is a cyclic code over R. ]

We start to observe the generator polynomials of cyclic
code and its dual over R. For that purpose, we need the
following theorem proven by Li, Guo, Zhu, and Kai [14].

Theorem IV.2 ( [14], Theorem 15). Let C = (f(z) +
2p(zx), 2g(x)) be a cyclic code over Zy. Then

Cl _ (/g\(x)* _i_QUﬁcdeg(ﬁ(w))—deg_z;(u(ac))u(x)*7 2?(35)*)
with f(x) = (%), g(z) = (969"(;)1)7 and

()" 1= e ¢ (1
X

The following two theorems provide generator polynomi-
als of cyclic code and its dual over R.

Theorem IV.3. Let C' = Cymy @ Cong @ --- @ Csng be a
cyclic code of length n over R. If for every t € {1,2,...,8},

there exist polynomials fi(x), g:(z), pt(x) € Zy[z] such that
Cy = (fe(x) + 2pe(x), 2g:(x)), then

8 8 8
¢= <Z77tft($) +2% mpi(2), antgt(x)> :

Furthermore, if n is odd, then

8 8
C = <Z7]tft(:17) + 2Zntgt(z)> .
. 8 . 8
<Z nefe(x) + 22%]%@)7

8
ZZntgt(x) . It is obvious that D C C. Let ¢(z) € C.
t=1

Proof: Let D =

Because C' = G,y and Ci = (fy(w) +2pu(w), 29:()),
then there exist u;(z), v (z) € Zo[z] such that

8
c(x) =Y ne((f(@) + 2pe(x) Jus () + 294 (x) v ()

= m(fe(@) + 2pi())ue() + > me2g:(x)vi(w)

8

8
=) _ nmu(x) Z ne(fe(z) + 2pi(z))
1 t=1

t=

8 8
+ Z mvt(x) Z 277,{91‘(1‘)
t=1 t=1

So we have C' C D and hence C' = D. [ |

By using Theorem [IV.2] and the similar technique as in
proof of Theorem we obtain generator polynomials for
the dual of cyclic codes as given in the theorem below.

Theorem IV4. Let C = (f(z) + 2p(z), 2g(x)) be a cyclic
code over Z4. Then

8 8
ct = <Z 09 (2)* + 2 Z ntxdeg(gt(w))—deg(ut(l))ut(m)*7
t=1

2Zﬁ<x)*>.

Now, let us turn to the special class of cyclic codes called
a quasi-cyclic codes.

Let o be a cyclic shift operator over Z}. For any positive
integer s, let o, be the quasi-shift defined by

o (au) 1a® | .. a(s))
— (U (a(l)) E (a<2>> o (a<s>>),
with a,a@ ... a® ¢ Zy% and ”|” is a vector concate-

nation. A quaternary quasi-cyclic code C' of index s and
length ns is a subset of (Z})® such that o5(C) = C. If
8

R = 69§:117th, we can write any » € R as r = Z’?trt

t=1
with 7, € Ry, for 1 <t < 8. We define the mapping

23\"
o R — (Z4 )
n—1 8 n—1
Xi=0 Ti » Xip=1 Xi=0 Tt,i

with r; = xlert,i fort=0,1,...,n—1and r; € R,.
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Then we have a similar theorem of Theorem 17 in [14]].

Theorem IV.5. Let C = Cimy & Cona @ --- & Csng be a
cyclic code of length n over R. Then ®(C) is a quasi-cyclic
code of index 8 and length 8n over Zy.

Proof: Let x?;olci € C. Let ¢; = xi‘:lcm for i =
0,1,...,m =1 and ¢;; € C;. Since C is a cyclic code, we
have C} is cyclic for 1 < ¢ < 8. This means that for every
te{1,2,...,8}, we have a(x?;olrt,i) € Cy, if x?;olrt,i €
Cy. Write ®(xj'¢;) = x5_; 1= r4;. Then

os(Xi_1 X{2g i) = Xp_10(X [y i) € ©(0).

So we have ®(C) is a quasi-cyclic code C' of index 8 and
length 8n over Zj,. ]

Furthermore, by using the Theorem 18 of [[14] below, we
obtain directly the type of ®(C') as given in Corollary

Theorem IV.6 ( [14], Theorem 18). Let Cy,t € {1,2,...,8}
be a cyclic code of length n (n is odd) over Z,. Write
Cy = (f1.0(x)+2f2.4(x)) with f1.4(x) and fa,(x) are monic
factors of ™ — 1 over Zy and fa,(x) | f1,4(x). Then the
cardinality of Cy, for 1 <t <8, is

4n—deg(f1,t(w))2deg(f1,t(w)—deg(fg,t(w))'

The corollary below follows directly.
8
Corollary IV.7. Let ®(C) = HCt be a linear code of

t=1
length 8n (n is odd) over Z4 and Cy is a cyclic code over
Zy for every t € {1,2,...,8}. Then the cardinality of ®(C)
is

ATS (n—deg(f1,4(2))) 953, (des(f1,0 (x) —des(f2,0 (x))

8
Now, consider a linear code (C') = H C} of length 8n

t=1
(n is odd) over Z, and let dy, be the Lee distance of ®(C).
Let miny<,;<s dr,(Cy) = dr(C;), for some j, and let ¢ € C;
such that wy,(c) = d(C;). Then

dp(®74(0,...,0,¢,0,...,0)) = d.(Cy),

and hence dL = minlgtgg dL(Ct)

A. Some examples

Here we provide some examples of cyclic codes of odd
length over R and their Z4-images with parameters [n, k, dr].

Example IV.8. Let n = 3. In Zy[z], 23 — 1 = (2 — 1)(z? +
r+1).

Choose C; = (22 + x4+ 1) +2) fori =1,2,...,8. We
have C' = @}_,Cyn;. Parameters of ®(C) is [24,4%26 2].
<
Example IV.9. Let n = 5. In Zy[z], 2° — 1 = (2 — 1)(z* +
23+ 22 +2+1). Choose C; = ((z* + 23+ 22 +2+1)+2)
fori=1,2,...,8. We have C = @leCtnt. Parameters of
B(C) is [40,48232 2]. <

Example IV.10. Letn = 7. In Zy[z], 2" — 1 = (z+1)(2® +

2+ 1)(2® + 22 + 1). Choose
01=CQZC3Z<($3+J)+1)+2>,
04205206207208:<(.’)33+.%‘2+1)+2>.

Then we have C' = @le(]mt is a cyclic code over R.
Parameters of ®(C) is [56,432224 2].
If we choose another set of C; with

Ci=((a"+az+1)(a®+2°+1)+2), i=1,2,...,8,

then we have C' = @%_,Cyn, is also a cyclic code over R.
Parameters of ®(C) is [56,4%2%8 6]. Let us choose

01202203:<($+1)(333+$+1)(1‘3+1‘2+1)
+2(a® + 2+ 1)),
04=C5206207208=<(£C3+5C2+1)+2>.

We have C' = €B§=1Ct?7t is also a cyclic code over R.
Parameters of ®(C) is [56,423227 2]. <«

Example IV.11. Letn = 9. In Zy[z], 2° — 1 = (z+1)(2® +
2+ 1)(2% 4+ 23 + 1). Choose

Ci={2*+z+1)(a+23+1)+2@ +23+1)), i =
1,2,...,8,

then C = Eszl Cin is a cyclic code over R. Parameters of
D(C) is [72,48216 6].
If we choose

Ci = {(2®4+z+1) (2% 423+ 1) +2(2? +2+1)), i = 1,2,...,8,

We have C = @le Cyny is a cyclic code over R. Parameters
of ®(C) is [72,48232 3]. <
Example IV.12. Let n = 15. In Zy[z], 2*® — 1 = (z +
D@2 +z+ D)@+ + D) (@t + 22 + 1) (2 + 23 + 22+ 1).
Choose
Ci={*"+z+1)@* +23 + )" + 23 + 22+ 1)
+2(z* +x+ 1) (z* + 23+ 1)), for 1 <i <4,
Ci={(a*"+z+1)@* +23 + )" + 23 + 22 +1)
+ 20zt + 23+ 1) (2 +2® + 2%+ 1)), for 5<i < 8.
We have C' = @%_, Cyn; is a cyclic code over R. Parameters
of ®(C) is [120,4242%2, 10].
If we choose
Ci={(z*+z+1)(a* +x+1)(2* +23+1)
+ 202 + 2+ 1) (z* + 2%+ 1)), for 1 <i <4,
Ci={@*+z+1)* +23 + )" + 23+ 2%+ 1)
+2(2* +2® + 1) (z* + 2% + 22 + 1)) for 5 < i < 8.
then C = EBf:l Cyny is a cyclic code over R. Parameters of
D(C) is [120,410216 8], «

Example IV.13. Let n = 31. In Zyfz], 23! — 1 =
F1(:Ij)FQ(.’lﬁ)Fg(.T)F4($)F5<.’E)F6(SL')F7($) with
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We have C' = @%_, Cyn; is a cyclic code over R. Parameters
of ®(C) is [248, 4160240 8],
For another set of C; such as

C1 = Cy = Cy = (Fy(x) Fa(x)F3(x) Fy(x) F5(x)

+ 2F (2) Fy(z) F3(x)),

Cy=C5 = Cs = (Fi(a)F3(x)Fy(x) F5(x) Fe(x)
+ 2F (x)F5(x)Fy(x)),

Cr = Cs = (Fy(z)Fy(2) F5(x) Fg(x) Fr(x)
+ 2F1 (2) Fy(2) F5(2)),

we have C = @?lemt is a cyclic code over R. Parameters
of ®(C) is [248, 489280 12].
Let us choose another set of C; :

C1 = Cy = C3 = Cy = (Fa(x) F3(v) Fy(z) F5(2) Fs ()
+ 2F5(z) Fa(z) F5(2) Fo (2)),

Cs = Cg = C7 = Cg = (F3(x) Fy(x) F5(x) Fo(z) F7 ()
+ 2Fy(z) F5(x) Fs(x) Fr(x)).

We have C' = @le Cyny is a cyclic code over R. Parameters
of ®(C) is [248, 48232 22]. <

Remark 2. We compare our results on linear codes over
Z4 with the database of Z, codes available online [4]. We
conclude that the resulting linear codes are all new with
the highest known minimum Lee distances. These examples
show that some good linear codes over Z, can be obtained
by our Gray map, namely as a Gray image of linear codes
over R.

V. CONCLUSION

In this paper we derive structural properties of linear codes
over the ring R := Zy+uZy+vZy+wly+uvZy+uwly +
vwZy + uwvwZy. We also obtained some new and optimal
linear codes having parameters which are unknown to exist
before.

There are several directions to further research on the
codes over the ring. We are now observing the self-duality
as well as polycyclic codes over the ring k. We obtained
structural properties regarding self-dual codes as well as con-
stacyclic codes over R. The results, which are not included
here, will be published elsewhere in separate papers.
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