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On the Wiener Index of the Strong Product of
Paths

Shijie Duan and Feng Li

Abstract—The sum of the distances between all unordered
pairs of vertices of a connected graph G is called the Wiener
index of G and denoted by W (G). In this paper, we researched
the Wiener index of the strong product of a class of paths
with given orders. By using the structural characteristics of
the strong product graph, we derive the exact Wiener index
of the strong product of two paths while their lengths have
different parities. In addition, we also obtain an upper bound
of the edge-forwarding index of the strong product of two paths.

Index Terms—Wiener index, Strong product graph, Topolog-
ical structure, Path, Edge-forwarding index.

I. INTRODUCTION

N 1959, Sabidussi defined the strong product graph,

Cartesian product graph and direct product graph for the
first time in Reference [1], and they were widely used in
network design. In this paper, we are interested in the strong
product of two graphs, which is defined as follows:
For two random graphs G; and G, their vertex sets and edge
sets are V(G;) and E(G;), respectively, where ¢ = 1,2. The
strong product of G; and G is denoted by G K G, with
vertex set

V(G1 X GQ) = V(Gl) X V(GQ)
= {(xi,yj) T € V(Gl),yj S V(GQ)}

The connection rules of the two vertices (x;, y;) and (xy, yp)
of G1 W Gy are: If and only if ¢ = k and (y;,yn) € E(G2),
or j = h and (z;,z) € E(Gy), or (z;,zr) € E(G1) and
(yj,yn) € E(G2). We call graphs G; and G the factor
graphs of G1 X G, and for convenience, the vertex (z;,y;)
is usually written as z;y;.

The strong product is a method available for the construc-
tion “large” networks from existing “small” networks. For
any random network, we usually focus on its topology, and
the network topology is essentially a graph. Thus, in the
following content, we will interchange “graph” and ‘“net-
work”. A graph constructed by the strong product method
can retain some good properties of the factor graphs, such
as symmetry, transitivity and connectivity. As early as 1973,
by using the extreme value method, Hales [2] determined the
domination number and the cliquecovering number of strong
product graphs. In 1992, Imrich and Klavzar [3] proved that
the contract of the strong product of two graphs is the strong
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product of the subgraphs of these two graphs. In 1998, Vesel
obtained the independent number and chromatic number of
the strong product of some odd cycles [4]. Bresar et al. [5]
calibrated the edge connectivity of strong product graphs
based on the edge connectivities, orders, sizes of factor
graphs and the minimum vertex degree of the strong product
graphs. More on the theory and application of the product
graphs are present in other works [6-8].

In graph theory, the Wiener index is a graph invariant
based on distances, denoted by W (G), defined as W(G) =

> dg(x,y)/2, where dg(z,y) refers to the distance
z,y€V(G)
between two different vertices z,y € V(G). The Wiener
index can be widely studied in various fields and disciplines
[10-13], originating from the pioneering article of chemist H.
Wiener in 1947 [9]. In terms of graph theory, many scholars
have obtained the exact Wiener indices of some graphs with
special structures, such as polygonal systems [14], unicyclic
graphs [15], trees [16-17], and other special graphs [18-19].
In addition, mathematicians and scholars have obtained many
results by exploring the universal results. Gutman et al. used
the orders, sizes and the Wiener indices of factor graphs
to derive the universal results of Wiener indices of several
composite graphs [20]. Plesnik proved that in all 2-connected
graphs with order n, the cycle of C), has the largest Wiener
index [21]. By using the nondecreasing sequence of the
distances between all different vertex pairs of factor graphs,
Casablanca et al. obtained some upper and lower bounds of
the Wiener indices of some strong product graphs [22]. In
reference [23], by limiting the eccentricities of the two factor
graphs, Peterin et al. obtained the Wiener index of the strong
product of two-factor graphs when they both have constant
eccentricities. For more results on the Wiener indices, please
refer to [24-26].

Paths have convenient constructions and excellent prop-
erties, in most virtual and real networks, there are paths as
their subgraphs. Donald gave an upper bound on the number
of paths of a random graph [27]. Barovich studied the paths
of 2-connected graphs [28]. In [29-30], Pattabiraman et al.
relied on the transitivity of the vertices of cycles to minimize
the computational complexity, and by using only the orders
of two-factor graphs, they obtained the Wiener indices of the
strong product of a path and a cycle and the Wiener index
of the strong product of two cycles. Therefore, it is great
significance to study the strong product graph of paths.

Since the path is not vertex-transitivity, so we classify
the vertices at different positions of G = Po,, X Po, 1.
By making full use of the construction properties of G =
P, X P51 1, the shortest path selection between two vertices
of V(G) are defined. Based on the comprehensive above,
the Wiener indices of G = Ps,,, X P5,, 1 are given, where
m > n and n > m. In Section II, we introduce the symbols
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and concepts used in this paper. In Section III, we give the
main results and their proofs of this paper. In Section IV, by
using the shortest path selection of Section III, we determine
an upper bound of the edge-forwarding index of a class of
strong product networks. In addition, Section V presents the
summary of this paper.

II. SYMBOLS AND DEFINITIONS

The symbols and their definitions to be used in this paper

are as follows:
Let G be a graph, while two vertices u,v € V(G) and the
edge {u,v} € E(Q), then the vertices u and v are said to
be adjacent to each other, denoted by u ~ v. G is called
a connected graph, if there is at least one adjacent vertex
for each vertex of V(G). For two given graphs G and H, if
V(H) CV(G), E(H) C E(G), then H is called a subgraph
of G.

A finite nonempty sequence of A = (vgejvieavs ... e,v,)
is composed of vertices and edges, whose items are v and
e, respectively, and the endpoints of e; are v;_; and v;(1 <
1 < n). If all vertices and edges of A are different from each
other, then the graph composed of the vertices and edges of
A is called vgv,,-path, denoted by P,, 1, where the length of
the is n. In addition, if vg = v,, of the sequence A, then the
graph composed of the vertices and edges of A is an n-order
cycle, denoted by C),. The distance between two vertices u
and v of a connected graph G is defined as the length of a
shortest uv-path in the graph G, denoted by dg(u, v).

v v Y Y, Y5 Y Y

X4

Fig. 1. Strong product graph Poyxo X Poyx 341

To facilitate the proofs of the main results, we intro-
duce some new symbols and their definitions. To clarify
the concepts of rows (also called layers) and columns of
P, X Py, 11, in this paper, we use the following two new
forms to express V (Pay, X Pyy,y1), i€,

2m
1) V(Pyy ® Poy1) = | Xi, where
i=1
Xi = {xz € V(P2m)} X V(P2n+1)-

2n+1
2) V(Pom B Poni1) = | Vi, where
=1

)/j = {;] € V(P2n+1)} X V(Pgm)

We call X; is the i-th layer of G = Py, X Py, 41, and
Y; is the j-th column of G. As illustrated in Fig. 1, we
enumerate the strong product of two paths P, and Ps,1,
where m = 2,n = 3, and the number of layers and columns
of Fig. 1 are 2m and 2n + 1, respectively.

For a vertex z;y; of X;(1 < i < 2m) of Py, X Po,q1,
Xi(1 <i<2m)is “this layer” of z;y;, X1, Xo, ..., X;_1 are
called “upper layers” of z;y;, and X411, X419, ..., Xoy, are
called “lower layers” of x;y;. For the sake of convenience,
in the following sections, we directly use the terms of “this
layer”,“upper layers” and “lower layers”. Please note that X;
has no upper layer when 7 = 1, and when 7 = 2m, X; has
no lower layer.

For a vertex z;y;(1 <i <2m,1 < j <2n+1), we use
LV, to represent the vertices of 1st to j — 1-th columns of
their upper layers, and the vertices of j-th to 2m-th columns
of their upper layers are represented by RV,,. For the lower
layers of x;y;, all the vertices of the Ist to j — 1-th columns
are denoted by LVj, and the j-th to 2m-th are denoted by
RV;(see Fig. 2).

Let G = P, X Poyyy 1, D; ;) is defined as the sum of the
distances from z;y;(1 <7 <2m,1 <j <2n+1) to V(G),

ie, Dijy= > da(xiy;,v). Undefined symbols can be
veV(G)
referenced in [6].
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Fig. 2. LVU, RVU, LVd and RVd Of.Z’l'yj

III. MAIN RESULTS

Wiener index describes the situation of a graph distances, it
is one of the most important graph invariants with prominent
application background. Strong product of two paths is a very
comeliness mesh shape, and the vertices at corresponding
positions with the same characteristics. The following two
lemmas need to be used in the proofs of main results.

Lemma 1[9]: For two random graphs G and H, their strong
product G X H is commutative, i.e.,

GXH=HKXQG.

Lemma 209]: Let G and H be two random simple con-
nected graphs, G X H is their strong product graph, for any
two vertices x;y;, 2xyn € V(G X H), where z; ), € V(G)
and y;,yn, € V(H), then,

dexp (T:y;, Tryn) = max{dg(x;, zx), da (y;, yn) }-

Theorem 1: Suppose that P, and P, are two paths
with orders 2m and 2n + 1(n < m), respectively, and the
Wiener index of their strong product G = Ps,, 1 X Py, is:

if 2n < m,
if n<m < 2n.

w(Gm>2n)
w(Gn<m<2n)

W(G) = {
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Where
w(Grm>2n) = —[n5 +(5- 10m)n4 + (—70m2 + 30m—+
5)n® + (—80m* — 90m? + 60m — 5)n*+
(=5m* — 150m® — 15m? + 30m — 6)n—
160m® + 40m] /60,
W(Gpemean) = —[8n° + (20 — 40m)nd + (10 — 80m)n>+

(—80m> — 30m — 5)n? + (—60m3+
5m — 3)n — 40m® + 10m]/15.

Proof: As shown in Fig. 3, by using the structural proper-
ties of GG, we find that the distances from the corresponding
vertices in the four box(real line) to other vertices of V(G)
are the same, and the distances from the corresponding
vertices in the two box(dotted line) to other vertices of V(&)
are the same. It is worth noting that the distance from a vertex
to itself is 0. Therefore, we have,

(4 Z Z Dy jy+2 Z Dn1,5))/

21]1

:2ZZD(1J)+ZD(”+1J) (1

=1 j=1

The entire process of proof is divided into two situations,
correspond to the two addition factors of Eqn (1) respectively.
In addition, the two situations are divided into three sub-
situations respectively.

Y, Yoo Yones You1 Yom
xee = = - e[e - - - ee
X | e @ o e . [ N )
pal N ) o/ e [ I ]
X, 0 o e o e
X2|® @ o e L)
X0 0 - . - e e - . - e e
Xone1| @ @ . . . oo - - - e e

Fig. 3. The symmetry of Py, X Poptq

Situation 1: Combined the structural properties of strong
product graphs with the symbols defined in Section II,
Situation 1 can be divided into the following three sub-
situations:
Sub-situation 1.1, calculate the sum of the distances from

Tnt1yi(1 < 7 < m) to all vertices of this layer, i.e.,
m 2m

Z Z dG(CEnJrlyjaanrlyh)'

j=1h=1

Sub-situation 1.2, calculate the sum of the distances from

Zn41Y;(1 < j < m) to all the vertices of upper layers, i.e.,
m 2

n m
>0 dG($n+1yj,$kyh)-
j=1 k:.l h:.I .
Sub-situation 1.3, calculate the sum of the distances from
Znt1y;(1 < § <'m) to all the vertices of lower layers, i.e.,
m  2n+1 2m
> > > da(znt1y5, Trys). Notice that the sum of the
j=lk=n+2h=1 ) o
above three sub-situations is the final result of Situation 1.

Sub-situation 1.1: Since each layer of G is a path with
order 2m, thus the sum of the distances from x,,11y; to this
layer is expressed as follows:

D =dg(zn+1Yj, Tn+1Yn)

i%D:i{2[1+2+-~+(g’—1)]+j+(j+1)+
o j:-1~+(2m—j)}
Y06 1)+ (2m ) (2m -+ D)2
:;14771—1)/3.

2

Eqn (2) gives the sum of the distances from the first m
vertices of X, to this layer. For Eqn (2), under the premise
of other conditions unchanged, no matter what the subscripts
of the two x of dg(zp+1Yj, Tnt1yn) are, as long as the
subscripts of the two x are the same, the distance is always
satisfy m(4m? —1)/3. Thus in some later situations, we will
call the result of Eqn (2) directly.

Sub-situation 1.2: For the convenience of calculations,
by using symbols LV, and RV,, we divide the sum of the
distances from x,,1y; to upper layers into two parts,

D = da(wny1yj, Tryn)

S Y D=3 S (daen )t
j=1k=1h=1 j=1 w€LV,
S S donriu v}
j=1lveRV,

3)

Next, we calculate the two addition factors of Eqn (3),
respectively,

L =dg(xni1y;,u)
n m j—1
Z =3 3 d(@ntay;, wyn)
wELV, k=1 j=1 h=1
n n+2—k
- (G —Dn+1-k)+

“)

The explanations of the terms appearing in Eqn (4) are as
follows:

For the distances from x,,1y; to all vertices of LV,,, when
the value j of x,1y; is between 1 and n + 2 — k, the
distances from x,41y; to all vertices of k-th layer of LV},
are all n+ 1 —k, and there are j — 1 vertices like this. When
n+3 —k < j < m, the sum of the distances from z,y;
to all vertices of k-th layer of LV, is (n+1—k)? + (n +
2—k)+---4(j—1). The representative shortest paths from
x;y; to LV, and LV, are shown in Fig. 4. The shortest paths
to RV, and RV, are similar to Fig. 4, except the directions
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of LV, and LV, are to the left, but the directions of RV,
and RV are to the right.

an Ylm.l y_‘m

X .o o0

X, . ) . T )

: = : RV, F

X @ ® cwje e ° . o0

X e e ‘e > e ° o0

X (@ @ A0 ° D0

X, o0 -0 o0
« o LV o fle o RV

X @ @ L3IC ) ° L)

Xoi|@ @ o0 ° L)

Fig. 4. The representative shortest path from x;y; to LV, and RV,

Next, we calculate the second addition factor of Eqn (3),

R= dG(ﬂUnHyj, )

n m 2m

Z Z Zzzd Tnt1Yjs TkYn)

j=1veRV, k=1j=1 h=j
=D n+1-k)*+n+1-k)+
k=1 j=1
+ (2m — j)]

= [mn® + 3mn® + (Tm> + m)n]/6.
4)

The explanations of Eqn (5) are similar to the second addition
factor of Eqn (4). The differences between them are that
the distance from x,41y; to xry; is n + 1 — k, and the
distance from vertex x,41y; to these n + 1 — k vertices
ThYjt1s ThYj42s - - -+ ThYjtnt+2—k are all n + 1 — k, the
distance from x,,11y; t0 TpY2m is 2m — j.

By using Eqn (3-5) and the construction characteristics of
the strong product graph, we have

L =dg(zn1Y5, Teyn)

m n 2m m
ZZ L:Z Z dG(xn+1yjau)+
j=1k=1h=1 j=1u€LVy,
Y Y dalwaty;v)
j=1vERV,
—[n* 4+ (2 = 8m)n® + (—12m — 1)n?+

(—32m> + 4m — 2)n]/24.
(6)

Eqn (6) calculates the sum of the distances from x4 1y; (1<
j < 'm) to their upper layers. Next, we calculate the sum of
the distances from x,+1y;(1 < j < m) to their lower layers.

Sub-situation 1.3: Similar to Sub-situation 1.2, we can
use the symbols LV; and RV, to divide the sum of the
distances from x,,11y; to their lower layers into two parts,
then calculate them respectively. It’s not difficult to find that
the upper layers and lower layers of x,,41y; are completely
symmetrical about X, 1. Therefore, the sum of the distances
from x,,41y; to their upper layers and lower layers are equal.
Therefore, in this section, we can directly use the result of
Sub-situation 1.2.

Taking a comprehensive consideration of above three sub-
situations, we have obtained the sum of the distances from
ZTnt1Y;(1 < j < m) to all the vertices of their this layer,
upper layers and lower layers. From Eqn(2) and Eqn(6), we
get the result of Situation 1 as follows:

m m 2m
Z D (n+1,5) = Z Z dG xn+1yj,$n+1yh)+
j=1h=1

m n 2m
E § § da(Tn+1Yj, Thyn)+
j=1k=1h=1
m 2n+1 2m
E g E dc(Tn1Yj, TreYn)
j=1k=n+2h=1
m  2m
= E E dc(Tnt1Yj, Tnt1yn)+
j=1h=1
n 2m

2 Z D> da(@ni1ys, wryn)

j=1k=1h=1
—[n* 4+ (2 = 8m)n® + (—12m — 1)n?+
(=16m3 — 2)n — 32m> + 8m]/12.
(7

Situation 2: For 2 Z Z Dy; ;). namely the sum of the
1=17=

distances from z;y;(1 < ¢ § n,1 < j < m) to all vertices
of V(G), we also divide it into the following three sub-
situations:

Sub-situation 2.1, calculate the sum of the distances from
zy;(1 < ¢ < n,1 < j < m) to this layer, ie.,
n m 2m

> > > dalxiyy, xiyn)-

i=15=1h=1

Sub-situation 2.2, calculate the sum of the distances from
zy;(1 < i < n1 < 5 < m) to upper layers, ie.,

n m i—1 2m

>0 > > dalmiyy, wiyn)-
i=1j=1k=1h=1
Sub-situation 2.3, calculate the sum of the distances from

ziy;(1 < i < n1 < j < m) to lower layers, ie.,
n m 2n+1 2m

Z Z Z ZdG(xiyjaxiyh)'

i=1j=1k=i+1h=1
Sub-situation 2.1: Since each layer of GG is a path with
order 2m, we have

de(ziy;, xiyn) = mn(4m® — 1) /3. (8

Sub-situation 2.2: By using the symbols LV, and RV,
we have

D = dg(xiyj, iyn)

n m t—1 2m n m
»D D=3 3% > dolwwy;u+
i=1 j=1 k=1 h=1 i=1 j=1ueLV, 9
Z Z Z dG xzij
=1vERV,

Eqgn (9) used the same technique as Eqn (3). Therefore, we
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calculate the two addition factors of Eqn (9), respectively,
L= dG(xiyja u)a R= dG(xiyﬁ U)

n m n m i—1j—1
S Y NS S et

=1 j=1u€eLV, j=1k=1h=1
n i—1i—k+1
= Z G-1@E—-k)+
i=1 k=1 j=1
n 1—1 m
Z Z (t—k)"+ (i —k+
i=1 k=1 j=i—k+2
D4+ -1)]
= —[n - 5mn4 + (10m — 5)n® + (15m—
10m*)n? + (10m> — 20m + 4)n] /120,
(10)

n m i—1 2m

YY Y R=Y Y S ot nan)

i=1 j=1veRV, i=1 j— k=1h=j

=> Z > - — k)2 + (i
i=1 k=1 j=1
E+1)4+--- 4+ (2m —j)]
= [mn* + 2mn® + (14m>® — 3m)n’*—
14m3n]/24.
1D

The explanations of Eqn (10-11) are similar to Eqn (4-5),
namely their distance formulas follow the same rule. From
Eqn (10-11), we get the final result of Sub-situation 2.2

ZZ > daly;,u

=1 j=1u€eLV,

Z dg(xiy;,v)

m 1—1 2m

BB

1=1 j=1k=1h=1

Ms
Ms

i=1 j=1veRV,
n m i—17J—
= Z § Z (ziyj, Teyn)+
i=1 j=1k=1h=1
n m i—1 2m
220> dalwiys ain)
i=1 j=1k=1h=j

J
= —[n® — 10mn* — 513 + 30mn’—
80m>n? + (80m?® — 20m + 4)n]/120.

(12)

Sub-situation 2.3: Since the distances from z;y;(1 <
i < n,1 < j < m) to their upper and lower layers are
not completely symmetrical, in this situation, we cannot call
the value of Eqn (2). By using the symbols LV, and RV,
Sub-situation 2.3 is divided into the following two addition
factors,

D = dg(xiy;, viyn)

ZZ > do(wiy;,u)+

i=1 j=1ueLVy

n m 2n+1 2m
2.2 2. 2. D=
i=1 j=1 k=i+1 h=1

ZZ Z dg(xiy;,v)
i=1 j=1veERVy
(13)

Next we calculate the two addition factors of Eqn (13),
respectively.

L = dg(ziy;,v)
on41 j—1

Z Z Z Z dG(xiyj’ 'rk'yh)

i=1 j=1 k=i+1 h=1

m n m

DIPIE

=1 j=1veLV,

.

[(k—i)?+ (k—i+ 1)+

+ (m* = 2m3 + 3m? — 2m)n]/24,
(14

Eqn (14) calculates the sum of the distances from x;y;(1 <
i <m,1 <j < m) to their corresponding LV, and the
distance formula follows the same rules as Eqn (4).

For the sum of the distances from xiyj(l <i1<n,1<
j <'m) to their corresponding RV}, according to the known
condition of Theorem 1, namely m > n, the distance formula
changes while the D-value of m and n is different. Therefore,
the distances from z;y,;(1 < i < n,1 < j < m) to their
corresponding RV is divided into two cases of A and B.

Case A: When m > 2n, the distance rule from z;y;(1 <
1 < mn,1 <j < m) to their corresponding RV is same as
Eqn(5), i.e.,

R =dg(ziy;,v)
n m n m 2n+1 2m
E E R = E E E E da(ziyj, kYn)
=1 j=1vERV, i=1 j=1 k=i+1 h=j
n m  2n+1

.

=333 0k i)+ (k=) +
i=1 j=1k=i+1
(k—i+ 1)+ -+ (2m —j)]

= [15mn?* + 42mn® + (42m>+
27m)n? + (14m?> + 4m)n)/24.
(15)
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Case B: When n < m < 2n,

= da(z:y;,v)
n m 2n+l1 2m

=22 2 > dolwiys wiyn)
i=1 j=1 k=i+1 h=j
n i+2(m—n—1) 2n+1

=2 2 > I

R
22 ) R
1veERVy

=1 j=

=1 Jj=1 k=i+1

(k—i) 4+ (2m—j)+

n m 2m—+i—j—1

> X > k-
=1 j=i+2(m—n)—1 k=i+1

0+ (k=) -+ 2m = )+
n m 2n+1

> X > lem-

=1 j=i4+2(m—n)—1 k=2m+i—j
J+ 1)k —i)]
= —[31n® + (75 — 150m)n?* + (70m?—
350m + 35)n3 + (—240m> 4 90m?—
180m — 15)n? + (5m* — 90m3+
15m? — 10m — 6)n]/120.
(16)

For the explanations of Eqn (16), as illustrated in Fig. 5, we
enumerate the situations when m = 6,n = 3,4, 5, and what
we need to find is the sum of the distances form the white
vertices and the gray vertices to their corresponding RVj.
For the white vertices of Fig. 5, the distance formula from
them to their corresponding RV} is the same as Eqn (15). For
the gray vertices, we found that while the value range of k& is
i+1 <k <2m+41i—j—1, the distance formula is the same
as the white vertices. While 2m +i — 7 —1 < k <2n+1,
the distance from the gray vertices to Xy is all £ — ¢, and
the number of the vertices with distance k — i is 2m —j + 1,
so the distance formula is (2m — j + 1)(k — ¢). From Eqn
(13-16), we have

m>2n,D = dc(miyjaxiyh)

n m 2n+1 2m n m
2.2, 2. 2. 0=2.2 ) doleww+t
i=1 j=1ueLVy

1=1 j=1 k=i+1 h=1
n m
ZZ Z da(ziyj,v)

i=1 j=1 vERV,
= [15mn* 4 (14m? 4 28m)n3+
(42m? + 18m? + 9m)n? + (m*+
12m® 4 3m? + 2m)n] /24,
a7

n<m<2n

Y3 dalmiys,u)+

i= lj 1ueLVy

g
1]
1\
1]
?

i=1 j=1 k=i+1 h=1
m

SN Y doteuy

i=1 j=1vERVy
—[31n° + (75 — 150m)n* + (35—
280m)n® + (—240m> — 90m—
15)n2 + (—80m?® — 6)n]/120.

(18)

In summary, by using Eqn (8), (12), (17), (18), the final
result of Situation 2 is also divided into two cases, i.e.,
when m > 2n,

n.om n m 2m
233 Dy =23 33 dawy )+
i=1 j=1 i=1 j=1 h=1

m i—1 2m

QZZ ZdG(xiyj7$kyh)+

i=1 j=1k=1h=1
2n+1 2m

2 Z Z ZdG(wiijxkyh)

i=1 j=1 k=i+1 h=1

—[n® — 10mn* + (—=70m? + 70m
—5)n3 4+ (—80m> — 90m>+
120m)n? + (—=5m* — 70m3
— 15m? + 30m + 4)n]/60.

3

3
3

19)

When n < m < 2n,

22217(”)722 dG

1=1 j=1

'Lyj7 zyh)

||'M3

i=1 j=1 k=i+1h=1
= —[32n° 4 (75 — 160m)n* 4 (30—
280m)n® + (—320m® — 60m — 15)n>+
(—160m> + 20m — 2)n]/60.
(20)

Fig. 5. P41 X Pon m=6,n=3,4,5

Finally, from Eqn (1) and the final result of Situation 1
and Situation 2, when m > n, we find the Wiener index of
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G = Py W Py,

—QZZD(zJ)+ZD(n+1J

i=1 j=1
—[n®+(5— 10m)n + (=70m? + 30m—+
5)n® + (—=80m3 — 90m? + 60m — 5)n+
(—=5m* — 150m> — 15m? + 30m — 6)n
=< —160m3 + 40m]/60, if 2n<m,
—[8n% + (20 — 40m)n4 + (10 — 80m)n3+
(—80m3 — 30m — 5)n? + (—60m3 + bm—
3)n —40m3 + 10m]/15, if n<m < 2n.

O

Next, we use the same method as Theorem 1 to derive the
Wiener index of the strong product of Py, X P, yq,m < n.

Theorem 2: Suppose that Py, and P, 1(m < n) are two
paths with orders 2m and 2n + 1, respectively, the Wiener
index of their strong product G = Py, X Py, 41 is:

[5mn* + (290m? + 20m)n® + (70m3+
390m? + 15m)n? 4+ (85m* + 140m3+

W(G) =<{ 75m? — 10m)n — m® + 5m* + 75m3—
5m? — 14m]/60, m > 1,
(1613 + 24n? + 14n + 3) /3, m=1.

Proof: When m = 1, there are only two layers in G,
which don’t satisfy most of the distance rules, but we solve
this case separately at the end of the proof. Next we calculate
the Wiener index of G when 1 < m < n. Once again, we
use the symmetry of GG to reduce our calculations, and get
the following equation,

ZDzn+1 +4ZZD 7])

= 13 1
:ZDln+1 +2ZZD(Z7J)
=1 =1 j=1

2y

Compared Fig. 6 and Fig. 3, we find that the symmetry of
the two graphs is different, which leads to the different of
some distance rules between the two theorems, but the proof
idea is same.

YIJ

2n YJ

Y, o Yo
X (o ® o ‘o
gl
X|® @ o o | o o0
. el . .
b
[
[
[
I.I
[
[
[
[
X, @ @ o @
X,:[@ @ o e
]
[
[
[
[
[
1 i .
b
[
. - . |-: . . .
Xow-l@® @ o @ | @ o0
gl
Xul® @ o 0| @ LB

Fig. 6. Symmetry of Py, X Pap41

Situation 1: Initially we find the sum of the distances from
ZiYn+1(1 < i < m) to this layer, upper layers and lower
layers. The upper and lower layers can be divided into four
parts LV, RV, and LV, RV, respectively. For this layer,

the distance rule is same as Theorem 1. As show in Fig. 6,
the sum of the distances from z;y,,4+1 to all vertices on their
left is equal to the sum of the distances from z;y,4+1 to all
vertices on their right, so we have

m 2n-+1

ZD(‘ ntl) = Z Z d(TiYn 1, Tiyn)+

=1 h=1
m  2m 2n+1

ZZ Z dc (iYn 41, Tryn)

=1 k=1 h=1
2n+1

=m Y da(@1ynir, T1yn)+
h=1

m  2m
YO da(@iynit, Trynsa)+
i=1 k=1

m i—1 n

200 3 dea(iynrr, zryn)+

i=1 k=1 h=1

Z Z Z dc(ZiYn 41, TrYn))

i=1 k=i+1 h=1
= [4mn® + (6m? + 6m)n? + (28m> + 6m>—
2m)n +m* + 14m3 — m? — 2m]/12.
(22)

Situation 2: The proof process of this situation is same as

the Situation 2 in Theorem 2. Therefore, we will not repeat
the explanations here but give the final result directly.

m n m n 2n+1
2ZZD(M) = 222 Z da(ziyj, Tiyn)
i=1j=1 i=1 j=1 h=1

m n 1—12n+1

*22.2. 2, 2 doly )

1 k=1 h=1
n 2m  2n-+1

Z > > da(wiys, wiyn)

=1 k= z+1 h=1

= [5mn +290m + (T0m>+
360m? — 15m)n? + (85m*+
45m?)n — m® + 5m® — 4m]/60.

i Mg i

(23)

In summary, from Eqn (21-23), when 1 < m < n, we
obtain the Wiener index of G which is expressed as follows:

ZD(1”+1)+2ZZD(M

=1 j5=1
= [5mn + (290m? 4 20m)n> 4 (70m> + 390m>+
15m)n? 4 (85m* + 140m> + 75m? — 10m)n—
m® 4 5m* + 75m> — 5m? — 14m]/60.
Finally, when m = 1, the structure of G is relatively

simple, and we give the Wiener index of GG separately,
= D) +2)_ D)
j=1
= (16n® + 24n? + 14n + 3)/3.

W(G)
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IV. APPLICATION

By using the shortest path selection of Section III, we
determine a closed upper bound of the edge forwarding index
of the strong product network G = Py, 41 X Py (m > n).
The edge forwarding index is proposed for routing, defined
as follows: For a certain edge e of a routing § in network
G, the edge forwarding index f is defined as the maximum
number of times that the routing is determined by [ passing
through e, i.e., e(G) = max{e.(G,pB) : e € E(G)}. For
a network G, its edge forwarding index is defined as the
minimum value of the edge forwarding index of all routing
in G, ie., ¢(G) =min{e(G, B) : e € E(G)}.

Considering comprehensively of the above definitions, in
order to prove that it is meaningful to determine the upper
bound of the edge forwarding index of the strong product
networks, we transform the problem of maximizing network
capacity into the problem of minimizing the edge forwarding
index. Suppose that G is a certain communication network
with T' edges, and the constant n is the data transmission
efficiency of the routing determined by (. Because we are
aiming at undirected network, so the data can be transmitted
both forward and backward on each edge in the network.
Therefore, the transmission rate e is

2n+ 2(T — 1)n = 2T'n,

the total transmission rate of all edges in the entire network
is

2Tn+T(T — 1)n=T(T + 1)n.

Since the capacity C, of an edge limits the maximum amount
of data forwarding of the edge, the data or signal processed
by an edge should not exceed its capacity, i.e.,

2Tn +e.n < C,

where €, = ¢.(G, 8). Assuming that the maximum capacity
of all edges in the network is C, it is obvious that there is

2Tn +e.n < C, <C.

From the above formula, we can conclude that the transmis-
sion rate n of G must meet the requirement

n<C/2T +¢),

where € = (G, ). Therefore, the total transmission rate of
the edge must meet the requirement

T(T+1)n<T(T+1)C/(e+2T).

Since n, T, C in the above formula are constants, while
the number of edges, the transmission efficiency and the
capacity of the edge are determined, the capacity of the
network is inversely proportional to the edge forwarding
index of the network. So far, we have successfully trans-
form the problem of maximizing network capacity into the
problem of minimum edge forwarding index. Therefore, it is
highly significance to determine the upper bound of the edge
forwarding index of strong product networks. Next, the upper
bound of edge forwarding index of strong product network
G = Py, K Py, is given.

Theorem 3: Let P, and P;,, be two paths with order
2n + 1 and 2m,m > n, respectively. A new upper bound

of the edge forwarding index of the strong product network
G = Py, 11 X Py, constructed by these two paths is:

£(G) < (4m? — 2m)n + 2m? — 2mn?.

Proof : As illustrated in Fig. 7, for the convenience of
observation, we list the cases of m = 6,n = 3, 4. In
the shortest path selection of Theorem 1, the edge with
the largest forwarding index is the dotted line in Fig. 7,
and the forwarding index of edge (Tpt1Ym,Tnt1Ym+t1)
is determined by the number of black vertices. In strong
product network G, the number of the black vertices is

2m(2n 4+ 1) —2n(n + 1) = —2n2 + (4m — 2)n + 2m.
24
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Fig. 7. Symmetry of Poy41 X Pyyy,m =6,n =3, 4

In Fig. 7, we find that the position and number
of black vertices on the left and right sides of edge
(Tn+1Ym, Tn+1Ym+1) are symmetrical, and the number of
black vertices on the left and right sides is

(2m — 1)n +m —n?.

Take the (2m — 1)n + m — n? vertices on the left side of
edge (Tn4+1Ym, Tnt1Ym+1) as the sending-points, the last m
vertices of X, 11, i.€., Tpr1Um+1, Tnt1Ym+2 - - - s Tnt1Y2ms
as the receiving-points. According to the shortest path s-
election in Theorem 1, when the sending-points send da-
ta or signal to the receiving-points, it must pass through
(Tn+1Ym, Tnt1Ym+1)- At this time, the forwarding index of
this edge is

(2m? — m)n +m? — mn?.

By using the symmetry of G, the forwarding index of edge
($n+1ym793n+1ym+1) is

(4m? — 2m)n + 2m? — 2mn?,

which is an upper bound of edge forwarding index of strong
product network G = Pay, 1 X Poy, (m > n). O

V. CONCLUSION

In network planning and design, the strong product method
is one of the simple, reasonable and efficient methods. This
paper analyze the structural characteristics of strong product
graphs, by using symmetry and classification methods to
determine the exact Wiener index of two paths. The obtained
Wiener index is only determined by the orders of the factor
graphs. In the process of proving the conclusion, we also
determine a closed upper bound of the edge-forwarding
index, which also depends on the orders of the factor graphs.
In the next step, we will attempt to deal with the Wiener
indices of different graphs.
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