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Inner Local Exponent of Two-coloured Digraphs
with Two Cycles of Length n and 4n + 1

Yogo Dwi Prasetyo, Member, JAENG, Sri Wahyuni, Yeni Susanti, and Diah Junia Eksi Palupi

Abstract—A two-coloured digraph D is a digraph in which
each arc is coloured with one of two colours — for example, red
or black. A two-coloured digraph D@ s said to be primitive
if there are positive integers a and i such that for each pair
of points = and y in D@ there is an (a,i)-walk from z to
y. The inner local exponent of a point p, in D® denoted by
expin(pv,D(2)) is the smallest positive integer a + ¢ over all
non-negative inte{gers a and i such that there is a walk from
each vertex in D® to p, consisting of a red arcs and i black
arcs. In a two-coloured primitive digraph, two cycles of length
n and 4n+1 result in four or five red arcs. For the two-coloured
digraphs, primitivity and inner local exponent are discussed at
each point.

Index  Terms—primitive-digraph, two-coloured-digraph,
digraph-with-two-cycles, inner-local-exponent.

I. INTRODUCTION

A digraph D consists of a non-empty finite set P(D)

and a set A(D) which is a sequential pair of different
elements which are still members of P(D). Set P(D) is a
set of points on digraph D and set A(D) is a directed side
called the set of arcs on digraph D. A digraph in which
the arc is coloured with only two colours, namely red or
black, is called a two-coloured digraph. An (a,i)-walk on a
digraph whose arcs are given two colours is a walk consisting
of a combination of the number of red arcs (a) and black
arcs (7). For a walk K in two-coloured digraph D), r(K)
and b(K) denote the number of red arcs and the number of
black arcs contained in walk K, respectively. The column
r(K)
b(K)
UK) =r(K)+b(K) is the length of the walk K.

Let a and 7 be non-negative integers. The primitivity
of a digraph is determined by the presence of a non-
negative integer representing the number of red and black
arcs contained in the (a,4)-walk. The exponent of a two-
coloured digraph D(?) denoted by exp(D(?) is the smallest
positive integer a1 such that for each pair of points x and y

matrix is the composition of the walk K, and
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in D) there is a (a, 7)-walk from z to . As in the digraph,
local exponents on the digraph are divided into two, namely
inner local exponents and outer local exponents. The smallest
positive integer a+¢ such that there is a path (a, ) from each
point at D) to p, is called the inner local exponent from a
point p, at D?) and denoted by expin(D(?).

Digraph motivation is coloured with two colours found in
computer science, namely in automata theory. In automata
theory, there is an on and off button. Red represents on,
and black represents off. The term synchronizing words in
automata theory is a sequence (0,1) with the same length,
and the sequence (0,1) is the same. So the related problem
is how to make colouring so that it can find local exponents
from points with the same length and colour sequence.
Another motivation is the Road Colouring Problem, namely
determining whether we can find a specific point from each
point so that we move from each point to a certain point
using the same number of red and black colours and the
same colour sequence.

The study of exponent numbers in the two-cycle two-
coloured digraph in terms of the length of each cycle is
classified into several types. The first type is two-cycle two-
coloured digraph exponent number research with a difference
t as in the study by Gao and Shao [1]. Included in the first
type are Suwilo [2], Suwilo [3] with a difference of 1, Shao
et al. [4], Syahmarani and Suwilo [5] with a difference of
2 and Mardiningsih et al. [6] with a difference of 3. The
second type is research on exponent numbers of two-cycle
two-coloured digraphs with a difference of (k — 1)n + 1.
The second type of research has been conducted by Luo [7]
and Sumardi and Suwilo [8] with a difference of n + 1 and
Prasetyo et al. [12] with a difference of 2n + 1. The third
type, apart from the first and second types, were studied
by Mardiningsih et al. [9] with a difference of n — 1. This
study discusses the inner local exponent in a two-cycle two-
coloured digraph with a length of n and 4n + 1. In other
words, this study is a study of the inner local exponent of
two-cycle two-coloured digraphs with a difference of 3n -+ 1.

II. METHOD

The primitivity requirements of the two-coloured digraph
have been discussed by Fornasini and Valcher [10]. Iff the
content of the cycle matrix is equal to 1, then the two-
coloured digraph is said to be primitive. The content of the
cycle matrix is defined as the greatest common divisor of
the submatrix determinant 2 X 2. The cycle matrix for a two-
r(Cy) r(Cs) .
B(Ch) b(Ch) | with

C1 and Cj representing the first and second cycles.

cycle two-colored digraph is M =

Corollary II.1. Given a strongly connected two-coloured
digraph D@ consisting of two cycles, namely cycle n and

Volume 50, Issue 3: September 2023



IAENG International Journal of Computer Science, 50:3, IJCS 50 3 10

cycle 4n+1. If D® is primitive then the matrix cycle is equal

1 4 n—1 4n—3
mM—[n—l 4n—3}0rM_{ 1 4

Proof: The cycle matrix form of D® is M =

1 T2
where 0 < r; < nand 0 <
n—ry 4n+1—ry == -

ry < 4n + 1. Clearly D® is a primitive two-coloured
digraph. Therefore, the determinant of the cycle matrix is
equal to +1. If det (M) = 1, then (4r1 —ra)n+ 7 = 1.
As 0 < re <4n+1, we obtain 4r; —re = 0. Consequently

1 4
rp = 1 and ro = 4. Thus, M = n1 43
If det (M) = -1, then (rp —4ri)n —r = 1. Since
0 < 7y < 4n+1, we obtain 75 —4r; = 1. Hence, 71 = n—1
and ry = 4n — 3. Thus, M = n;l 4”4_3 _ -

The reversal of arc colours from red to black or from black to
red does not affect the yield of the local exponent. Therefore,

1 4
n—1 4”_3‘}. For a

Hamiltonian two-coloured digraph, the number of red arcs
formed from the cycle matrix is four or five red arcs.

The upper and lower bounds of the inner local exponent
in the two-coloured digraph are proved by the proposition
and lemma stated by Suwilo [6].

we can conclude that M =

Proposition IL.1. [2] Given a two-cycle two-coloured di-
graph D) and any point p, located on both cycles in D2,
If for some nonnegative integers a and i, there is a path
Py, p, from point p; to p, such that system

r(Py, p,) a
Mz + Pibvi | = | °
|: b(ij-,dv) ¢
has a non-negative integer solution, then expin(p,, D) <
a+ 1.
Lemma IL1. [2] Given a primitive two-coloured digraph
D3 and p; is any point in D) with the inner local exponent
expin(p;, D®). For everyv = 1,2,...,4n+1 it follows that
expin(p,, D?) < expin(p;, D®) 4 d(pj, po).

Lemma IL.2. [/1] Given a primitive two-coloured digraph
DO which has two cycles, namely Cy and Cs with cycle
r(C1) r(C2) _
B(C1) b(C) and that det(M) = 1. If
expin(p,, D®)) is obtained using the (a.,i,)-walk, then

5 e
= |

b(Ca)r(Pp; p,) = 7(C2)b(Pp; p,) }
r
for the paths P,. ,, and P, ., .

matrix M =

_ T‘(
r(C)b(Pp,, p,) — 0(C1)T (P, p,)

III. RESULTS AND DISCUSSION

A. Hamiltonian Two-coloured Digraphs with Two Cycles of
Length n and 4n + 1

The two-coloured digraph discussed in this subsection is
Hamiltonian two-coloured digraphs with two cycles of length
n and 4n + 1 (see Fig.1). Let the first cycle with length n
be Cy :py = p2 — -+ = Pp_1 — Pn — p1 and the second
cycle with length 4n+1be Cy : p1 = p2 — -+ = pp_1 —
Pn = Pn41°"" —7 Pan —7 P4n+t1 —7 P1.

Let the four red arcs in D® be the first arc p, — pe1
where 1 < e < n—1 and let the second, third and fourth arcs
be pf — Dyy1,Dg — Pg+1 and arcs pp, — pp41, respectively,
where n < f < g < h < 4n+1. Let the five red arcs in DA
be arc p, — p1, arc pe — Pet1, AIC P§ —+ P41, AC pg —
Pg+1 and arc pp, = ppy1, forn <e< f<g<h<dn+1
In Theorem III.1, the red arcs are placed consecutively in Cs,
while in Theorem III.2, the red arcs are placed alternately in
Cs. Let dy; represent the distance from p.1 to p; in C1, dio
represent the distance from p.y; to p; in Cs, dy represent
the distance from ps; to py, d3 represent the distance from
Dg+1 to p1 and dy represent the distance from ppy1 to p;.

Fig. 1. Hamiltonian digraph with two cycles of length n and 4n + 1

Theorem IIL1. Given D, a Hamiltonian two-cycle
primitive two-coloured digraph with length n and 4n + 1.
If D@ has three or four consecutive red arcs at Cy, then
for every v =1,2,...,4n + 1 it follows

expin(p,, D) =

16n? + 4n (dy — d12) + ds + d (p1, po) »
for d12 — d2 S n

12n% — 9n + dy + d (p1,py) »
for n < dis —dy < 3n

12n2% — 9n +4n (dll - d4) +di1 + d(plvpv) )
for d12 — dg Z 3n.

Proof: Assume that expin(Pv,D(z)) for every v =
1,2,...,4n + 1 is obtained using path (a,,?,). The proof
will be divided into three cases as follows.

Case 1.1 : di2 —dy < n.
The first step is to show that expin(p,, D) >

16n2 + 4n (d4 — d12) 4+ dys + d (pl,p,u). Look
at the P, ,, ~and P, ,, paths and define
a1 = b(Co)r(Pp. p,,) r(C2)b(Pp, p,) and
a2 = r<01)b(Pph+1,Pu) - b<Cl)T(P:Dh+1’pu)' The following

five subcases are taken into consideration.
Subcase 1.1.1.

The point p, is on the path p; — p.. The path P,_, is
obtained, namely the path (4, d12 —3+d(p1, pv)). Using this
path, we get ¢1 = 16n—4d;2—4d(p1, p,). The path Py, . .
is obtained, namely the path (0,d4 + d(p1,p,)). Using this
path, we get go = dy + d(p1, py). Based on Lemma I1.2, we

get
Ty q2
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16n + 4d4
16n? — 4ndys + 4ndy — 16n — 3dy + d(p1,py) |-

Thus
cxpin(pv,D(Q)) > 1612 +4n(dy—dio) +ds+d(p1, p,) (1)

for every point p, on the path p; — pe.
Subcase 1.1.2.

The point p, is on the path p.;; — py. The path P, ,, is
obtained, namely the path (1,dyo—4n—1+d(p1,py)). Using
this path, we get g1 = 20n+ 1 —4d;2 —4d(p1, p). The path
Py, .. .p, is obtained, namely the path (1,ds —1+d(p1, p,)).
Using this path, we get g2 = dy — n + d(p1,p,). Based on

Lemma 1.2, we get
]3]
Ty q2

16n + 1+ 4d,y
16n2 — 4ndya + 4ndg — 16n — 1 — 3dy + d(p1,py) |

Thus
expin(pv,D@)) > 16n2+4n(d4—d12)+d4+d(p1,pv) 2)

for every point p, on the path p.41 — py.
Subcase 1.1.3.

The point p, is on the path py1 — p,y. The path P,_,, is
obtained, namely the path (2, d12 —4n—24d(p1, p,)). Using
this path, we get ¢; = 24n+ 2 —4d;2 — 4d(p1, py). The path
Py, .. p, is obtained, namely the path (2,ds —2+d(p1, py)).
Using this path, we get go = dy — 2n + d(p1, py). Based on
Lemma I1.2, we get

q1 ] o
@ |

Ay
Ty
{ 16m + 2 + 4d,y

16n? — dndyz + 4ndg — 16n — 2 — 3dy + d(p1,py) |-
Thus

expin(py, D) > 16n +4n(ds—di2) +ds+d(p1,ps) (3)

>M

for every point p,, on the path py 1 — p,.
Subcase 1.1.4.

The point p,, is on the path py1 — py. The path P, ,, is
obtained, namely the path (3, d12—4n—3+d(p1,py)). Using
this path, we get ¢; = 28n+ 3 —4d;2 —4d(p1, py). The path
Py, .. p, is obtained, namely the path (3,ds —3+d(p1, py)).

Using this path, we get go = dy — 3n + d(p1,p,). Based on

Lemma I1.2, we get
ez
Ty q2

16m + 3 4 4dy
16n? — 4ndyo + 4ndy — 16n — 3 — 3dy + d(p1,py) |-

Thus
expin(p,, D'?) > 16n% +4n(ds—di2) +da+d(p1,py) (4)

for every point p,, on the path p, 1 — pj,.
Subcase 1.1.5.

The point p, is on the path pp+1 — pan+1. The path
P, p, is obtained, namely the path (4,di2 — 4n — 4 +
d(p1,pv)). Using this path, we get ¢z = 32n + 4 —
4dy5 — 4d(p1,py). The path P, is obtained, namely

Ph+1,Pv

the path (0,ds —4n —1+d(p1, p,)). Using this path, we get
g2 = dg —4n — 1+ d(p1, py). Based on Lemma I1.2, we get

=]

16n + 4d4
1602 — 4ndyo + 4ndg — 20n — 1 — 3dy + d(p1,py) |

Let a; = 16n — 4dyo +4dy, and a9 =
16n% — dndio + 4ndy — 20n — 1 + 4dq1o — 3dy + d(pl,pv).
Considering the path (a;,as) from pp4; to p,, note that
the path P, is (0,dy —4n — 1 + d(p1,py)) and the

solution to the system Mz + [ (Lm0 } = [ a1 ]
. b(PPthhPU) a2

is 21 = 16n — 4d;2 + 4d4 and 2o = 0. The path P, , »,
lies on cycle Cy and there is no walk (a1, as) from ppyq
to p,. Therefore, expin(p,, D®) > a; 4 ay. Note that the
shortest walk from p;41 to p, containing at least a; red arc
and least ap black arc is (a1 + r(C2),az + b(Cs))-walk.
Since r(C3) + b(C3) = 4n + 1, we get

HEHERE=IE

|: 16n +4dy + 4 ]

h+1,Pv

16n2 — dndyz + 4ndg — 16n — 4 — 3dy + d(p1, py)
Thus

expin(pv,D@)) > 16n2+4n(d4—d12)+d4+d(p1,pv) 5)

for every point p, on the path pn+1 — pant1-

The conclusion of (1), (2), (3), (4) and (5) is
expin(p,, D®)) > 16n? + 4n(dy — di2) + dy + d(p1, py)
forevery v=1,2,...,4n+ 1.

Next, we prove expin(p,, D®)) < 16n2 4 4n(ds — dy2) +
dy + d(p1,py) for every v = 1,2, ..., 4n + 1. First, we show
that expin(py, D) = 16n> + 4n(dy — d12 + dy and then
by Lemma IL1 to guarantee that expin(p,, D®) < 16n? +
4dn(dy — di2) +dyg + d(p1,py) for every v = 1,2, ..., 4n + 1.

From (1) we get expin(py, D®) > 16n?+4n(ds —di2) +
dy. Next simply show that expin(p;, D?)) < 16n2+4n(ds—
d12) + dy for every p, = 1,2,...,4n + 1, the system of

Mz + |: T(P;Du’pl)

equations
b(Ppu7p1) :| N

[ 16n + 4dy ]

1612 — dndyo + 4nds — 16n — 3d, ©)

has a non-negative integer solution for the path P, ,, . From
(6) we get z1 = 16n—4d12 — (An—3)r(Pyp, p,) +4b(Pp, p1)
and 22 = dy — (1 = n)r(Fp, p,) = b(Pp, py)-

If p, is on p1 — pe, then there is path (4,4n — 3 —
d(p1,py)). Using this path, we get z; = 16n — 4(d12 +
d(p1,pu)) > 0 since dio + d(p1,pu) < 4n and 25 = dg +
d(p1,pu) —1 > 7 since dy +d(p1,pu) > 2n+2 with n > 3.
If p, is on pey1 — py, then there is a path (3,4n — 2 —
d(p1,py))- Using this path, we get z; = 20n + 1 — 4(d12 +
d(p1,py)) > 17 since di2 + d(p1,pu) < 4n—1 with n > 3
and zo = dy+d(p1,pu)—n—1 > 5since dy+d(p1,pu) > 3n
with n > 3. If p, is on pyi1 — pg, then there is a path
(2,4n — 1 — d(p1,pu))- Using this path, we get z; = 24n +
2 — 4(d12 + d(p1,pu)) > 14 since dis + d(p1,pu) < 5n
with n > 3 and 2o = d4 + d(p1,pu) —2n — 1 > 4 since
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dy+d(p1,pu) > 4n—1 with n > 3. If p,, is on py41 — pa,
then there is a path (1,4n — d(p1, p.)). Using this path, we
get 21 = 28n + 3 — 4(d12 + d(p1,pu)) > 23 since dia +
d(p1,pu) < 5n+1 with n > 3 and 29 = dy + d(p1,pu) —
3n—1 > 2 since dy+d(p1,py) > 4n with n > 3. If p,, is on
DPh+1 — Pan+1, then there is a path (0,4n + 1 — d(p1,pu))-
Using this path, we get 21 = 32n+4—4(d12+d(p1,p.)) > 4
since dio+d(p1,py) < 8nand zo = dy+d(p1,pu)—4n—1 >
0 since dyq + d(p1,pu) > 4n + 1.

Therefore, for every v = 1,2,...,4n + 1, the system
of equations (6) has a non-negative integer solution.
Proposition II.1 guarantees for every u = 1,2, ...,4n + 1,
there is a path P, , with a = 16n — 4dio + 4dys
and i = 16n2% — dndio + 4ndy — 16n + 4dio — 3da.
Therefore, expin(p;, D) = 16n? + 4n(dy — di2) + d4
and by Lemma II.L1 we get the -conclusion that
expin(pv,D@)) < 1602 + 4n(dy — di2) + dy + d(p1,po)
for every v=1,2,...,4n + 1.

Case 2.1 : n < dio2 — dy < 3n.

The first step is to show that expin(p,, D(®)) > 12n? —
9 + dy + d(p1,py). Look at the P, ,, and Pp, ., p,
paths and define g1 = b(C2)r(Pp; p,) — 7(C2)b(Pp, p,) and
q2 = r(C)b(Py, 1 .p,) — b(C1)7(Pp,,, p,)- The following
five subcases are taken into consideration.

Subcase 2.1.1.

The point p, is on the path p; — p.. The path P, ;, is
obtained, namely the path (3, d4+d(p1, py)). Using this path,
we get q; = 12n — 9 — 4d4 — 4d(p1,py). The path P, . .,

is obtained, namely the path (0,d4 + d(p1,p.)). Using this
path, we get go = dy4 + d(p1,py). Based on Lemma I1.2 we

get
1y q2
12n — 9
12n% —2In 4+ 9 +dy +d(p1,p0) |-
Thus

expin(p,, D(Q)) > 12n® —9n +ds +d(p1,p,)  (7)

for every point p, on the path p; — pe.
Subcase 2.1.2.

The point p, is on the path p.1 — ps. The path P,
is obtained, namely the path (4,ds — 1 4 d(p1,p,)). Using
this path, we get ¢; = 16n — 8 — 4dy — 4d(p1, py). The path
Py, .. p, is obtained, namely the path (1,ds —1+d(p1, py)).

Using this path, we get go = dy —n + d(p1,p,). Based on

Lemma II.2 we get
2 Jeuz]-
iv - q2
12n — 8
12n% = 21n+ 8+ dy + d(p1,py) |-
Thus
expin(p,, D(2)) > 120 = 9n+dy+d(p1,ps)  (8)

for every point p, on the path p.41 — py.
Subcase 2.1.3.

The point p,, is on the path pyi1 — pg. The path P, ;. is
obtained, namely the path (1,dy —4n+1+d(p1, py)). Using

this path, we get ¢; = 20n — 7 — 4d, — 4d(p1, py). The path
P, is obtained, namely the path (2,ds —2+d(p1,ps)).

Ph+1;Pv

Using this path, we get go = dy — 2n + d(p1, py). Based on

Lemma II.2 we get
q2

Gy

12n — 7
12n% —2In 47 +dy +d(p1,p0) |’
Thus

expin(py, D(Q)) > 120 =9 +dy+d(pr,ps) 9

for every point p,, on the path py1 — p,.
Subcase 2.1.4.

The point p, is on the path p,i1 — pp. The path P,
is obtained, namely the path (2,d4 — 4n + d(p1, p,)). Using
this path, we get ¢; = 24n — 6 — 4dy — 4d(p1, py). The path
Py, .. p, is obtained, namely the path (3,ds —3+d(p1, py)).
Using this path, we get g2 = dy — 3n + d(p1,py). Based on

Lemma I1.2 we get
} >M { @ ] =
q2

Ay
Ty
12n — 6
12n% —2In 46 +dy + d(p1, 1) |
Thus

expin(py, D(Q)) >12n%2 —9n+dy+d (p1,P0) (10)

for every point p, on the path py 1 — pj.
Subcase 2.1.5.

The point p, is on the path pp+1 — pan41. The path
Py, p, is obtained, namely the path (3,dy — 4n — 1 +
d(p1,py)). Using this path, we get ¢y = 28n — 5 —
4dy — 4d(p1,py). The path P,, |, is obtained, namely the
path (0,dy — 4n — 1 + d(p1,py)). Using this path, we get
g2 = dg —4n — 1+ d(p1,py). Based on Lemma IL.2 we get

=]
- |

12n—9
12n2? — 250 + 8 +dy +d(p1,py) |-
Let a; = 12n—9 and ap = 12n? — 25n+8+ds +d(p1, po)-
Considering the path (a;,as) from pp4; to p,, note that
the path P is (0,dy —4n — 1 + d(p1,py)) and the

Ph+1,Pv

solution to the system Mz + [ (Lo i1.p,) } = | ® ]
. b(PP}L+17pu) Q2

is z1 = 12n — 9 and 2o = 0. The path P, ., lies on
cycle Cy and there is no walk (a1, a2) from ppy1 to p,.
Therefore, expin(p,, D(Q)) > a1 + as. Note that the shortest
walk from pp; — p, containing at least a; red arc and
least ag black arc is (a1 + r(C2),az + b(Cs))-walk. Since

r(C2) +b(Ce) = 4n+ 1, we get
P
2% B a2

12n —5
12n% —2In 45+ dy +d(p1,ps) |’
Thus

expin(py, D(Q)) > 12n% — 9n 4 dy + d (p1, o) an
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for every point p, on the path pp+1 — pant1.

The conclusion of (7), (8), (9), (10) and (11) is
expin(p,, D) > 12n% — 9n + dy + d (p1,p,) for every
v=12,...,4n+ 1.

Next, we prove that expin(p,, D) < 12n% —9n +dy +
d (p1,py) for every v =1,2,...,4n + 1. First we show that
expin(py, D?) = 12n?—9n+d, and then by Lemma IL1 to
guarantee that expin(p,, D®) < 12n? —9n+dy+d (p1, py)
for every v =1,2,...,4n + 1.

From (7) we get expin(py, D) > 12n? — 9n + d4. Next
simply show that expin(p;, D®) < 12n2 —9n+d, for every
Pu, w=1,2,...,4n + 1, the system of equations

MZ+ |: T(Ppmpl)

b(Pyun) } B [

has a non-negative integer solution for the path P, ,, . From
(12) we get 23 = 12n — 9 — 4dy — (4n — 3)r(Pp, p,) +
4b(Pp, p,) and 22 = dy — (1 = n)r(Pp,, p,) — b(Fp, p:)-

If p, is on p; — p., then there is a path (4,4n — 3 —
d(p1,py))- Using this path, we get z; = 12n — 9 — 4(dy +
d(p1,py)) = 3 since dg + d(p1,py) < 2n with n > 3 and
2o = dg + d(p1,pu) —1>1 since d4 + d(p1,pu) >n—1
with n > 3. If p, is on p.41 — py, then there is a path
(3,4n — 2 — d(p1,pu)). Using this path, we get z; = 16n —
8 —4(ds+d(p1,pu)) > 0 since dy +d(p1,pu) < 4n—2 and
29 = dg+d(p1,py) —n—1 > 3 since dy+d(p1,py) > 2n+1
with n > 3. If p, is on pyi1 — pg, then there is a path
(2,4n — 1 —d(p1,pu)). Using this path, we get z; = 20n —
7—4(dy+d(p1,pu)) > 9 since dy +d(p1,pu) < 4n—1 and
2o = d4+d(p1,pu)—2n—1 > 4 since dy+d(p1, pu) > 4n—1
with n > 3. If p, is on pg11 — pp, then there is a path
(1,4n — d(p1,pu))- Using this path, we get z; = 24n — 6 —
4(dy + d(p1,pu)) > 14 since dy + d(p1,py) < 4n+ 1 and
2o = d4+d(p1,pu)—3n—1 > 3since dy+d(p1, py) > 4n+1
with n > 3. If p, is on ppy1 — pan+1, then there is a
path (0,4n + 1 — d(p1,py)). Using this path, we get z; =
28n — 5 — 4(dy + d(p1,pu)) > 7 since dy + d(p1,pu) < 6n
with n > 3 and 2z = dy + d(p1,pu) — 4n — 1 > 0 since
dy +d(p1,pu) > 4n + 1.

12n —9

12n2 —21n+9+d, (12)

Therefore, for every u = 1,2,...,4n + 1, the
system of equations (12) has a non-negative integer
solution.  Proposition II.1  guarantees for every
v = 1,2,...,4n + 1, there is a path P, , with
a = 12n — 9 and i = 12n° — 21ln + 9 + da.
Therefore, expin(p;, D®) = 12n? — 9n + d4
and by Lemma II.1 we get the conclusion that

expin(p,, D?) < 12n% — 9n + dy + d(p1,p,) for
every v =1,2,...,4n + 1.

Case 3.1 : di2 — dy > 3n.
The first step is to show that expin(p,, D?®) >
12’/L2 — 9n + 4n(d11 - d4) + d11 + d(plapv)-

Look at the P, , ~and P, _,,  paths and
define 1 = b(C2)r(Pp;p,) — r(C2)b(Pp,p,) and
q2 = r(C1)b(Pp..1.p,) — b(C1)r(Pp,., p,)- The following

five subcases are taken into consideration.
Subcase 3.1.1.

The point p,, is on the path p; — pe. The path P, ;,, is
obtained, namely the path (3, ds+d(p1,py)). Using this path,
we get q1 = 12n — 9 — 4dy — 4d(p1, p,). The path P, ;.
is obtained, namely the path (0, d11 + d(p1,py)). Using this

path, we get g2 = d11 + d(p1,p.). Based on Lemma I1.2 we

get
Wils>m| M=
Z.v - q2
1271 — 9 + 4d11
12n2 — 21n + 9 + 4n(dyy — dg) — 3dy1 +d(p1,po) |

Thus

expin(pv,D(z)) > 12n279n+4n(d11fd4)+d11+d(p1,pv)
(13)

for every point p, on the path p; — pe.

Subcase 3.1.2.

The point p, is on the path p.1 — py. The path P,
is obtained, namely the path (4,ds — 1 + d(p1,py)). Using
this path, we get ¢; = 16n — 8 — 4d4 — 4d(p1, py). The path
P, ., p, is obtained, namely the path (0, dy; —n+d(p1, py)).
Using this path, we get g2 = d11 — n + d(p1,py). Based on

Lemma II.2 we get
ez
Ly q2

12n — 8 + 4d11
12n? — 21n + 8 + 4n(dy1 — dy) — 3d11 + d(p1,py) |-

Thus

expin(p,, D(Q)) > 12n% —9n+4n(dy —dy)+diy +d(p1, py)
(14)

for every point p, on the path p.41 — py.

Subcase 3.1.3.

The point p, is on the path pyy1 — p,. The path P, ,,
is obtained, namely the path (1,ds —4n + 1 + d(p1,py))-
Using this path, we get ¢; = 20n — 7 — 4dy — 4d(p1,py)-
The path P,_, , ,, is obtained, namely the path (0, dy; —2n—
4 4 d(p1,py)). Using this path, we get go = d11 —2n—4+
d(p1,py). Based on Lemma IL.2 we get

]24(3]-
Ty q2
|: 12”—23+4d11 :|

12n2 — 37n + 19 + 4n(dyy — dy) — 3dy1 + d(p1, py)

Let ay = 12n — 21 — 4d4 + 4d11 and Ao = 12n2 —
37 + 19 + 4n(d11 - d4) + 4dy — 3dq11 + d(pl,pv). Con-
sidering the path (ai,as) from p..1 to p,, note that the

path P, ., is (0,di; — 2n — 4 + d(p1,p,)) and the
solution to the system Mz + rBpiipe) | 2| @ is
pet1.py) az

zZ1 = 12n + 23 — 4d4 + 4d11 and Z9 = 0. The path Ppe+1,pv
lies on cycle Cs and there is no walk (a1, as) from peiq
to p,. Therefore, expin(p,, D(Q)) > a7 + as. Note that the
shortest walk from p.4; to p, containing at least a; red arc
and at least ay black arc is (ay + r(C2), as + b(Cs))-walk.
Since r(C3) + b(C3) = 4n + 1, we get

HEPEEEIE
[ 12n — 7+ 4dq; }

12712 —2ln+7+ 4n(d11 - d4) — 3d11 + d(plapv)
Thus

expin(p,, D(z)) > 12n2—9n+4n(d11 —d4)+di1+d(p1,pv)
(15)
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for every point p, on the path pyiq — pg.
Subcase 3.1.4.

The point p, is on the path p,i1 — pp. The path P,
is obtained, namely the path (2,d4 — 4n + d(p1,p,)). Using
this path, we get ¢; = 24n — 6 — 4dy — 4d(p1, py). The path
Py, .. p, is obtained, namely the path (0,d1y — 3n — 2+
d(p1,py)). Using this path, we get ¢o = dy1 — 3n — 2 +
d(p1,py). Based on Lemma I1.2 we get

[ [l

12n — 14 —|— 4d11
12n% — 290 4 12 4 4n(dyy — dy) — 3dy1 + d(p1,po) |

Let a1 = 12n — 14 — 4dy4 + 4dy; and ay = 12n% —
29n 4+ 12 + 4n(d11 — d4) + 4d4 — 3d11 + d(pl,pv). Con-
sidering the path (a;,as) from p.4; to p,, note that the
path P, . , is (0,di1 — 3n — 2 + d(p1,p»)) and the

(Ppe+1,p1,) _ ay :| is

Ppe+17pv) B a2
z1 = 12n+ 14 — 4d4 + 4d11 and 22 = 0. The path P,_, , ,,

lies on cycle Cs and there is no walk (a1, as) from peiq
to p,. Therefore, expin(p,, D(z)) > aj + as. Note that the
shortest walk from p.4; to p, containing at least a; red arc
and at least ay black arc is (a; + 7(Cs), az + b(Cs))-walk.
Since r(Ca) + b(Cy) = 4n + 1, we get

vl=ln e ]-

b(Cs)
12n — 6 — 4d4 + 4d11
12n%2 — 21n+6 + 4n(d11 — d4) + 4dy4 — 3d11
+d(plapv)

. r
solution to the system Mz +

Thus

expin(pv,D(2)) > 12n% —9n+4n(dyy —dy)+diy+d(py, o)
(16)

for every point p, on the path py 1 — pj.

Subcase 3.1.5.

The point p, is on the path pp+1 — DPan41. The path
Py, p, is obtained, namely the path (3,dy — 4n — 1 +
d(p1,py)). Using this path, we get ¢y = 28n — 5 —
4dy — 4d(p1,py). The path P, _ , is obtained, namely
the path (0,d11 — 4n + d(p1,p.)). Using this path, we get
g2 = d11 — 4n + d(p1,py). Based on Lemma 1.2 we get

= n ]

1271 — 5 + 4d11
12n2 — 21n + 5+ 4n(dyy — dg) — 3dy1 +d(p1,ps) |

Thus

eXpin(pU,D(Z)) > 12n2—9n+4n(d11fd4)+d11+d(p1,p,,)
(7
for every point p, on the path pn+1 — pant1-

The conclusion of (13), (14), (15), (16) and (17) is
expin(pv,D@)) > 1202 —9n+4n(dy1 —dy) +dy1 +d(p1, py)
forevery v=1,2,...,4n+ 1.

Next, we prove expin(p,, D(2)) < 12n% —9n+4n(dy; —
dy4)+d11+d(p1,py) forevery v = 1,2,...,4n+ 1. First we
show that expin(p;, D®)) = 12n2 —9n+4n(dyy —dy) +d1y

and then by Lemma IL.1 to guarantee that expin(p,, D(?)) <
12n% — 9n + dy + d(p1,py) for every v = 1,2,... 4n + 1.
From (13) we get expin(p1, D(Q)) > 12n2% — 9n +4n(dy; —
d4) 4 dy1. Next simply show that expin(ps, D(z)) < 12n?% —
9On + 4n(dy1 — dg) + dq; for every py,u=1,2,...,4n+1,
the system of equations

ve [ ] -

12n — 9 — 4dy + 4dq,
12n%2 —21n+9 + 47’L(d11 — d4) + 4dy4 + 3d11

has a non-negative integer solution for the path P, ,, . From
(18) we get z; = 12n — 9 — 4dy — (4n — 3)r(Pp, p,) +
4b(Pp, p,) and zo = diy — (1 = n)r(Pp, p,) — b(Pp, p.)-

If p, is on p; — p., then there is a path (4,4n — 3 —
d(p1,py))- Using this path, we get z; = 12n — 9 — 4(dy +
d(p1,py)) > 23 since dy+d(p1,pu) < n—2 withn > 3 and
2o = di1 +d(p1,pu) —1 > 1 since di1 +d(p1,pu) >n—1
with n > 3. If p, is on p.41 — py, then there is a path
(3,4n—2—d(p1, py))- Using this path, we get z; = 16n—8—
4(dg+d(p1,pu)) > 0since dy+d(p1,pu) < 4n—2and zo =
di1+d(p1,pu)—n—1 > 0since di1+d(p1,pu) > n+1.If p,
ison pyy1 — pgy. then there is a path (2,4n—1—d(p1, pu))-
Using this path, we get 23 = 20n—7—4(ds+d(p1,pu)) > 9
since dg + d(p1,py) < 4n— 1 with n > 3 and 2o = d1; +
d(p1,pu)—2n—1 > 5since d11+d(p1, pu) > 4n withn > 3.
If p, is on py11 — pp, then there is a path (1, 4n—d(p1, pu)).
Using this path, we get z; = 24n—6—4(d4+d(p1,py)) > 18
since dg + d(p1,pu) < 4n with n > 3 and 20 = dy; +
d(p1,pu) — 3n — 1 > 3 since di1 + d(p1,pu) > 4n + 1
with n > 3. If p, is on ppy1 — pan+1, then there is a
path (0,4n 4+ 1 — d(p1,py)). Using this path, we get z; =
28n — 5 —4(dy + d(p1,pu)) > 31 since dy +d(p1,p.) < 4n
with n > 3 and 25 = dy1 + d(p1,py) —4n — 1 > 0 since
diy +d(p1,pu) > 4n + 1.

Therefore, for every u = 1,2,...,4n + 1, the system
of equations (18) has a non-negative integer solution.
Proposition II.1 guarantees for every u = 1,2,...,4n + 1,
there is a path P, , with a = 12n — 9 — 4d4 + 4dy; and
i=12n%— 21n+9—|—4n(d11 - d4) + 4dy4 + 3dy1. Therefore,
expin(pl,D(Q)) = 12n% — 9n + 4n(d11 — d4) + di1
and by Lemma II.1 we get the conclusion that
expin(pv,D(z)) < 12n2—9n+4n(dy1 —dy) +dy1 +d(p1, py)
for every v =1,2,...,4n + 1.

} (18)

Theorem IIL2. Given D?), a Hamiltonian two-cycle prim-
itive two-coloured digraph with cycle Cy and Cs of length n
and 4n+1. If D has three or four red arcs alternating with
a difference of 1 at Cs, then for every v=1,2,...,4n+1
we have
expin(p,, D)) =
16n2 + 4n (dg — d12) + ds + d (p1, po) ,
for d12 — d2 S n
12n%2 —n+4n (d4 - dg) +dy + d(pl,p,,) R
for 7'L<d127d2 <3n-—2
12712 —n 4+ 41’l (d11 — d2) —+ d11 —+ d (pl,pﬂ) s
for dig —ds > 3n—2

Proof: Assume that expin(p,,D?) for every v =
1,2,...,4n + 1 is obtained using path (a,,i,). The proof
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will be divided into three cases as follows.
Case 1.2 : di5 — dy < n.

The proof for Case 1.2 of Theorem IIL.2 is the same as
Case 1.1 in Theorem III.1.

Case 2.2 : n<djp —dy <3n—2.

The first step is to show that expin(p,,, D(Q)) > 12n2—n+
4n(dy—dz)+ds+d(p1,py). Look at the P, ,, and Pp, ., »,
paths and define q; = b(C2)r (P, p,) — 7(C2)b(Pp, p,) and
q2 = r(C)b(Py, 1 .p,) — b(C1)7(Pp,,, p,)- The following
five subcases are taken into consideration.

Subcase 2.2.1.

The point p, is on the path py — pe. The path P, ,,
is obtained, namely the path (3,d2 — 2 + d(p1,p.)). Using
this path, we get ¢; = 12n — 1 —4ds — 4d(p1, py). The path
Py, .. p, is obtained, namely the path (0,ds + d(p1,p.)).
Using this path, we get g2 = dy+d(p1, py). Based on Lemma

11.2 we get
l: a.v :| >M |: q1 :|
1y q2

12n — 1+ 4d,
1202 + 4n(dy — da) — 130 + 1 — 3dy + d(p1,ps) |

Thus

expin(py, D) > 12n2 —n+4n(dy — do) + dy +d (p1, py)
(19)

for every point p,, on the path p; — pe.

Subcase 2.2.2.

The point p,, is on the path p1 — py. The path P, ,, is
obtained, namely the path (4, d2 — 3+ d(p1,p,)). Using this
path, we get q; = 16n —4ds —4d(p1, p,). The path P, | .
is obtained, namely the path (1,dy — 1 4 d(p1,p,)). Using
this path, we get g2 = dy —n + d(p1, p,). Based on Lemma

II.2 we get
3]=u[2]
2% qz

12n + 4d4
12n° + 4n(dy — da) — 13n — 3dy + d(p1,py) |

Thus

expin(py, D®) > 12n% — n 4+ 4n(dy — dy) + dy +d (p1, o)
(20

for every point p,, on the path p.41 — py.

Subcase 2.2.3.

The point p,, is on the path py1 — py. The path P, ,, is
obtained, namely the path (1,dy —4n—14d(p1,py)). Using
this path, we get ¢; = 20n+ 1 — 4dy — 4d(p1, p,). The path
Py, .. p, is obtained, namely the path (2,ds —2+d(p1, py)).
Using this path, we get g2 = dy — 2n + d(p1, py). Based on

Lemma II.2 we get
BEIBE
) q2
12n 4+ 14 4dy
12n% + 4n(d4 — dg) —13n—1—3d4 + d(pl,pv) ’
Thus
expin(p,, D) > 12n® —n+4n(dy — d2) +ds +d (p1, py)

21
for every point p,, on the path py 1 — p,.

Subcase 2.2.4.

The point p, is on the path p; 1 — pp. The path P, ,,, is
obtained, namely the path (2, ds —4n —2+d(p1, py)). Using
this path, we get ¢; = 24n + 2 — 4ds — 4d(p1, py). The path
Py, .. p, is obtained, namely the path (3,ds —3+d(p1, py)).

Using this path, we get go = dy — 3n + d(p1,py). Based on

Lemma I1.2 we get
Gy >M q1 _
Z.v - qz
12n 4+ 2+ 4d,y
12n% +4n(dy — d2) — 13n — 2 — 3ds + d(p1,pv) |

Thus

expin(p,, D(2)) >12n2 —n+ dn(dy —do) +dy+d(p1,pu)
(22)

for every point p,, on the path pg41 — ps.

Subcase 2.2.5.

The point p, is on the path pp+1 — pan41. The path
Py, p, is obtained, namely the path (3,dy — 4n — 3 +
d(p1,py)). Using this path, we get ¢1 = 28n + 3 —
4dy — 4d(p1,py). The path P,, |, is obtained, namely the
path (0,ds — 4n — 1 + d(p1,py)). Using this path, we get
g2 = dy —4n — 1+ d(p1,py,). Based on Lemma I1.2 we get

G n ]

12n — 14 4dy
12n2 + 4n(dy — do) — 17n — 3dy + d(p1,py) |
Let a; = 12n — 1 — 4ds + 4d4 and as = 12n2? + 4n(d4 —
dy) — 1Tn + 4ds — 3dy + d(p1,py). Considering the path

(a1,az) from ppi1 to p,, note that the path B, ., ,, is
(0,dy —4n — 1+ d(pl,pT) and the solution to the system
a

Mz+[ (Ppyirpo) ] - 1 ] is 21 = 12n—1—4dy+4d,

( Ph,+1710u) az .
and zo = 0. The path P, . , lies on cycle (3 and

there is no walk (aj,ag) from ppy; to p,. Therefore,
expin(p,, D®)) > a; + ay. Note that the shortest walk from

Ph+1 to p, containing at least a; red arc and least ay black
arc is (a1 +7(Cq), ag+b(Cs))-walk. Since r(Cs) +b(Cs) =
dn 4 1, we get

{qv}z{al
Ty a9
12n + 3 + 4dy }

|: 12712 + 4’/’L(d4 - dg) —13n -3 — 3d4 + d(phpv)
Thus

[+ [ e

expin(py, D) > 12n2 —n+4n(dy — do) + ds +d (p1, py)
(23)
for every point p, on the path pp41 — pant1.

The conclusion of (19), (20), (21), (22) and (23) is
expin(p,, D?)) > 12n? —n +4n(dy — do) +dy +d (p1, py)
for every v =1,2,...,4n + 1.

Next, we will prove that expin(p,, D?) < 12n% —n +
dn(dy — do) + dg + d(p1,py) for every v = 1,2,... 4n +
1. First we show that expin(p;, D®) = 12n% — n +
4n(dy — d2) + d4 and then by Lemma II.1 to guarantee that
expin(p,, D) < 12n? — n + 4dn(dy — dy) + dy for every
v=12,...,4n+ 1.

Volume 50, Issue 3: September 2023



IAENG International Journal of Computer Science, 50:3, IJCS 50 3 10

From (19) we get expin(py, D)) > 12n? —n +4n(dy —
da) + dy. Next simply show that expin(p;, D?)) < 12n? —
n+4n(ds — da) + dy for every p,, u =1,2,...,4n+1, the
system of equations

Ppu,pl)

)]:

12n — 1 — 4ds + 4dy
12n2 + 4Tl(d4 — dg) —13n+1+4dy — 3dy

Mz + [ g(

Pu>P1

] (24)

has a non-negative integer solution for the path P, ,,. From
(24) we get 21 = 12n — 1 — 4dy — (4n — 3)r(Pp, py) +
4b(Pp,, p,) and 2o = dy — (1 = n)r(Pp, p,) — b(Fp,, py)-

If p, is on p; — p., then there is a path (4,4n — 3 —
d(p1,py))- Using this path, we get z; = 12n — 1 — 4(dy +
d(p1,pu)) > 3 since da+d(p1,py) < 2n+2 with n > 3 and
2o = d4q + d(p1,pu) — 1> 1 since dy + d(p1,pu) >n—1
with n > 3. If p, is on p.41 — py, then there is a path
(3,4n — 2 — d(p1,pu)). Using this path, we get z; = 16n —
4(dg + d(p1,pu)) > 0 since do + d(p1,p.) < 4n and 2o =
dg+d(p1,py) —n—1 > 0since dy+d(p1,py) > n+1.If p,
is on pyy1 — pgy. then there is a path (2,4n—1—d(p1, pu))-
Using this path, we get z; = 20n+ 1 —4(ds + d(p1,pu)) >
5 since dy + d(p1,pu) < 5n — 1 with n > 3 and 2z =
dy + d(p1,pu) —2n — 1 > 2 since dy + d(p1,pu) > 3n
with n > 3. If p, is on pg11 — pp, then there is a path
(1,4n — d(p1,py))- Using this path, we get z; = 24n 4+ 2 —
4(dy + d(p1,pu)) > 10 since da + d(p1,py) < 6n — 2 and
2o = d4+d(p1,pu)—3n—1 > 1since dy+d(p1, py) > 4n—1
with n > 3. If p, is on pp41 — pan+1, then there is a
path (0,4n 4+ 1 — d(p1,py)). Using this path, we get z; =
28n+3—4(do+d(p1, py)) > 7 since da+d(p1, py) < 6142
with n > 3 and 2o = d4 + d(p1,pu) —4n — 1 > 0 since
ds + d(pl,pu) >4n 4+ 1.

Therefore, for every u = 1,2,...,4n + 1, the system of
equations (24) has a non-negative integer solution. Propo-
sition II.1 guarantees for every u = 1,2,...,4n + 1, there
is a path P, , with a = 12n — 1 — 4dy + 4ds and
i=12n%+ 4n(d4 — dg) —13n+ 1+ 4ds — 3d4.

Therefore, expin(p;, D)) = 12n% —n+4n(dy —ds) +d4
and by Lemma II.1 we get the conclusion that
expin(p,, D(Q)) <12n2 —n+4n(dy —da) +dy+d (p1, py)
for every v =1,2,...,4n + 1.

Case 3.2 : dio —dy > 3n — 2.
The first step is to show that expin(p,, D?®) >

12n2 — n + 4n(dyy — d2) + dii + d(p1,po)-
Look at the P, , ~and P, _,,  paths and
define ¢; = b(CQ)r(pr%) - r(C'g)b(pr%) and

q2 = r(C1)b(Pp, 1 ,p,) — b(CL)7(Pp, ., p,). The following
four subcases are taken into consideration.
Subcase 3.2.1.

The point p, is on the path p; — pe. The path P,
is obtained, namely the path (3,d> — 2 + d(p1,p,)). Using
this path, we get ¢; = 12n — 1 — 4ds — 4d(p1, py). The path
P,. ., p, is obtained, namely the path (0,d1; + d(p1,py)).
Using this path, we get ¢o = di1 + d(p1,p»). Based on
Lemma II.2 we get

{@}>M[q1
Ty q2

12n —1 + 4d11
12n? — 13n + 1 + 4n(d11 — d2) — 3d11 +d(p1,py) |-

Thus

expin(p,, D(Q)) > 12n2 —n+4n(di; —da)+di1 +d(p1, py)

(25
for every point p,, on the path p; — pe.
Subcase 3.2.2.
The point p,, is on the path p.y1 — py. The path P, ,, is

obtained, namely the path (4, d2 — 3+ d(p1,p,)). Using this
path, we get q; = 16n —4dy —4d(p1,py). The path P, ;.
is obtained, namely the path (0,dy; —n + d(p1,py)). Using
this path, we get go = d11 —n+d(p1, p»). Based on Lemma

1.2 we get
|: v :| > M|: ! :| =
1y q2

12n +4d11
12n2 — 13n + 4n(dyy — dy) — 3dy1 + d(p1,po) |

Thus

expin(p,, D(z)) > 12n2 —n+4n(dy; —do)+di1 +d(p1, py)
(26)

for every point p,, on the path p.41 — py.

Subcase 3.2.3.

The point p, is on the path pyy1 — p,. The path P, ,,
is obtained, namely the path (1,dy — 4n — 1 + d(p1,pv))-
Using this path, we get g1 = 20n+1—4dy —4d(p1, py). The
path P,  , is obtained, namely the path (1,dy; —n—1+
d(p1,pv)). Using this path, we get go = d11 —2n+d(p1, pu).
Based on Lemma I1.2 we get

Wolsm| M=
Z.v - q2
121’L + 1 + 4d11
12n? — 13n — 1 4+ 4n(dyy — d2) — 3d11 +d(p1,py) |-

Thus

expin(py, D(2)) > 12n% —n+4n(dyy —da)+diy +d(p1, o)
27

for every point p, on the path pyi1 — p,.

Subcase 3.2.4.

The point p, is on the path p,i1 — pp. The path P,
is obtained, namely the path (2,dy — 4n — 2 + d(p1,py))-
Using this path, we get ¢; = 24n+2—4ds —4d(p1, p, ). The
path P, _ , is obtained, namely the path (2,dy; —n—2+
d(p1,pv)). Using this path, we get go = d11 —3n+d(p1, pu).
Based on Lemma I1.2 we get

o]
) q2
12n + 2 + 4d11
12n? — 13n — 2 + 4n(dy1 — d2) — 3d11 +d(p1,py) |-

Thus

expin(p,, D(2)) > 12n2 —n+4n(di; —do)+di1 +d(p1, py)
(28)
for every point p,, on the path pg41 — ps.
The conclusion of (25), (26), (27) and (28) is
expin(p,, D(z)) > 12n? —n+4n(dyy —do) +dy1 +d(p1, py)
for every v = 1,2,...,4n + 1.
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Next, we prove expin(p,, D®) < 12n? — n + 4n(dy; —
da)+d11+d(p1,py) forevery v = 1,2,...,4n+1. First we
show that expin(p,, D(Q)) = 12n% —n+4n(dyy —ds) +d1y
and then by Lemma II.1 to guarantee that expin(p,, D)
12n? — n + 4n(dy; — do) + di1 + d(p1, p,) for every v
1,2,...,4n+ 1.

From (25) we get expin(py, D)) > 12n —n+4n(dy; —
do) +dy1. Next simply show that expin(p;, D(?)) < 12n? —

A

n + 4n(dyy — da) + dyi; for every py,u =1,2,...,4n+ 1,
the system of equations
Mz + [ 7(Pp, p:) ] _
PusP1
12n — 1+ 4d11
12n% — 13n 4 1 + 4n(dy1 — da) — 3dy1 + d(p1, py)
(

has a non-negative integer solution for the path P, ,, . From
(29) we get 2y = 12n — 1 — 4dy — (4n — 3)r(Pp, p1) +
4b(Pp, p,) and 2o = di1 — (1 = n)r(Pp, p,) = b(Pp, p,)-

If p, is on p; — p., then there is a path (4,4n — 3 —
d(p1,pu)). Using this path, we get z; = 12n — 1 — 4(d3 +
d(p1,py)) > 15 since da+d(p1,py) < 2n—1 withn > 3 and
29 =dy1 +d(p1,pu) —1 > 1 since di; +d(p1,pu) > n—1
with n > 3. If p, is on p.41 — py, then there is a path
(3,4n — 2 — d(p1,pu)). Using this path, we get z; = 16n —
4(do + d(p1,pu)) > 0 since do + d(p1,py) < 4n and 2o =
d11+d(p1,pu)—n—1 > 0since d11+d(p1,pu) > n+1. If p,
is on pyy1 — pg, then there is a path (2,4n—1—d(p1,p.)).
Using this path, we get z; = 20n+1—4(d2+d(p1,pu)) > 5
since do + d(p1,py) < 5n— 1 with n > 3 and 25 = dy; +
d(p1,pu) — 2n — 1 > 3 since di1 + d(p1,pu) > 3n+ 1
with n > 3. If p, is on pgr1 — pp, then there is a path
(1,4n — d(p1,py))- Using this path, we get z; = 24n 42 —
4(dy + d(p1,py)) > 10 since da + d(p1,py) < 5n + 1 with
n >3 and 20 = d11 +d(p1,pu) — 3n — 1 > 2 since di1 +
d(p1,py) > 4n with n > 3. If p, is on pp4+1 — Pan+1, then
there is a path (0,4n+1—d(p1,p.)). Using this path, we get
z1 = 28n—3—4(d2+d(p1,pu)) > 13 since do+d(p1,pu) <
5n+ 2 with n > 3 and 25 = dy; + d(p1,pu) —4n—12>0
since di1 + d(p1,pu) > 4n+ 1.

Therefore, for every v = 1,2,...,4n + 1, the system of
equations (29) has a non-negative integer solution. Proposi-
tion II.1 guarantees for every u = 1,2,...,4n + 1, there
is a path P, , with a = 12n — 1 — 4dy + 4d;; and
= 12712 —13n+1 —|—4n(d11 —d2) +4d2 —3d11 +d(p1,pv)

Therefore, expin(p;, D) = 12n% — n + 4n(dy; —
d2) + dy1 and by Lemma II.1 we get the conclusion that
expin(p,, D(2)) < 12n2? —n+4n(dy —do) +dyg +d(p1, py)
for every v=1,2,...,4n + 1.

|

B. Non-Hamiltonian Two-coloured Digraphs with Two Cy-
cles of Length n and 4n + 1

Next, the two-coloured digraph discussed in this article
is non-Hamiltonian two-coloured digraphs with two cycles
of length n and 4n + 1 (see Fig.2). Let the first cycle with
length n be Cy : p1 = p2 = -+ — pp—1 — pp = p1 and
the second cycle with length 4n + 1 be Cs : p1 — pri1 —
Pn42 =7+ —7 Pan —7 Pan+t1 — P1.

Let the five red arcs in D® be the first arc Ph —> Phtl
where 1 < h < n — 1 and let the second, third, fourth and

fifth arcs be pe — Pet1=f,Df — Pf+1,Pf+1 — Pfy2—=g and
arcs pg — pg+1, respectively, where 1 <e < f < f+1<
g < 4n + 1. The second, third, fourth, and fifth red arcs are
laid consecutively in the second cycle (C5). Let d; represent
the distance from p.4; to pp, ds represent the distance from
ps+1 to p1, ds represent the distance from py11 to p;, and
d4 represent the distance from pj,1 to p;.

P4n-1
P4n pn+2
p1=pn
Pan+1 > »( ) pn+1
p2 pn-1

Fig. 2. Non-Hamiltonian digraph with two cycles of length n and 4n + 1

Conjecture IIL1. Given D), a non-Hamiltonian two-cycle
primitive two-coloured digraph with length n and 4n + 1.
If D@ has four consecutive red arcs at Csy, then for every
v=12...,4n+ 1 it follows

expin(p,, D?)) =

16n% — 12n + d3 + d (p1, ps) ,
ford32d4, d37d4§2’ﬂ+1, d4§n71

16n2 — 12n + 4n(dy — d3) + ds + d (p1,pv)
for d3 < dy

4n* —3n +4n (dz — da) + d3 + d (p1,p)
for d3 > dy, d3—ds >2n+1, dy <n — 2.

The following are the steps in making conjecture III.1.
Assume that expin(p,,, D®) for every v = 1,2,...,4n + 1
is obtained using path (a,, %, ). The step will be divided into
three cases as follows.

Case 1.3 : d3 Zd4, d37d4§2n+1, d4§n71.

The first step is to show that expin(p,, D) > 16n? —
12n+-dz +d (p1, py). Look at the P,_,,, and P, ., ,, paths
and define ¢; = b(C2)r(Pp, p,) — 7(C2)b(Py, p,) and gz =
r(C1)b(Ppy11p,) = H(CUT(Ppy iy p,)-

The point p, is on the path p; — p.. The path P,_, is
obtained, namely the path (4, d3+d(p1, py)). Using this path,
we get g1 = 16n —12—4(d3 +d(p1,py)). The path P, , »,
is obtained, namely the path (0,ds + d(p1,p,)). Using this
path, we get go = d3 + d(p1, p,). Based on Lemma I1.2, we

get
I
Ty q2
16n — 12
16n? — 28n 4 12+ ds + d(p1,py) |-
Thus

expin(py, D) > 16n? — 12n+ds + d (p1, p,)  (30)

for every point p, on the path p; — pe.
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Case 2.3 : dz < d4.
The first step is to show that expin(p,,, D®) > 16n?—12n+
4n(dy—ds)+ds+d (p1,py). Look at the P, , and Py, ,, »,
paths and define ¢1 = b(C2)r(Py, p,) — 7(C2)b(P,, p,) and
g2 = 1(C1)b(Ppy41,p,) = B(CT(Ppyiy po)-

The point p, is on the path p; — p.. The path P,_, is
obtained, namely the path (4, d3+d(p1, py)). Using this path,
we get q; = 16n—12—4(d3+d(p1,py)). The path P, . .,

is obtained, namely the path (0,dy4 + d(p1,py)). Using this
path, we get go = dy + d(p1, p,). Based on Lemma I1.2, we

get
2]=[2)-
2 q2
16’/1 + 4(d4 — dg)
1602 — 28n + 4n(dy — d3) + 4ds — 3dy + d(p1,p,) |

Thus

eXpin(pv,D(Z)) > 16n2712n+4n(d47d3)+d4+d(pl,p,,)
(3D

for every point p, on the path p; — pe.

Case 33 : d3 >dy, d3—dy>2n+1, dy<n-—2.

The first step is to show that expin(p,, D?®) >

4n? — 3n + 4n(dz—ds) + d3 + d(pi,p,). Look

at the P, , and P, .,  paths and define
@ = WC)r(Pyp,) — r(C2)b(P,p,) and

q2 = T(Ol)b(Ppg+17pv) - b(cl)T(Png,pu)

The point p,, is on the path p; — p.. The path P,, , is
obtained, namely the path (1, ds+d(p1, py)). Using this path,
we get g1 = 4n — 3 — 4(dy + d(p1,py)). The path P, ., .
is obtained, namely the path (0, ds + d(p1,p.)). Using this
path, we get go = d3 + d(p1, p,). Based on Lemma I1.2, we

get
]zl ]-
1y q2
n — 3+ 4(ds — da)
An? —Tn+ 3+ 4n(d3 — d4) — 3ds3 + 4d4 + d(pl,py) )

Thus

expin(py, D) > 4n? —3n+4n (ds — dy) +ds+d (p1, py)
(32)
for every point p, on the path p; — pe.

Furthermore, the arcs in cycle Cy are placed alternately.
In a non-Hamilton D) two-coloured digraph with five red
arcs, the first arc lies in cycle C, namely arc pp, — ppt1
with 1 < h < n—1. The second arc, third arc, fourth arc, and
fifth arc are located alternately in cycle Co, namely p, —
Pet1, Pf = Df+1> Pf+2 = Pr+3s and prya—g — pgi1 with
l1<e<e+l<f<f+l<f+2<f+3<g<4n+1
Let d; represent the distance from p.41 to pi1, do represent
the distance from psi to p1, ds represent the distance from
Dg+1 to p1, and d4 represent the distance from pp4q to py.

Conjecture IIL2. Given D, a non-Hamiltonian two-cycle
primitive two-coloured digraph with length n and 4n + 1.
If D@ has four alternating red arcs at Cs, then for every
v=12,...,4n + 1 it follows

expin(p,, D?) =

16n? + 4n(ds — d1) + d3 + d (p1,po) ,
for ds >dy, d3—dys <n+1, dg<n-—1

16n2 + 4n(ds — d1) + ds + d (p1,pv)
for d3 < dy

4n? — 3n +4n (ds — dg) +ds + d (p1,py)
fords >dy, d3—dys>n+1, dy <n-—2.

The following are the steps in making conjecture III.2.
Assume that expin(p,, D) for every v = 1,2,...,4n + 1
is obtained using path (a,, %, ). The step will be divided into
three cases as follows.

Case 14 : d3>dy, d3—dy<n—+1, dy<n-—1.

The first step is to show that expin(p,, D®) > 16n% +
4n(d3—di)+ds+d (p1,py). Look at the P,_,,, and P, . .
paths and define g1 = b(C2)7(Pp, p,) — 7(C2)b(Pp, p,) and
qz2 = r(cl)b(PngA,Pu) - b(Cl)r(Ppg+1,Pv)'

The point p, is on the path p; — p.. The path P, , is
obtained, namely the path (4,dy — 3+ d(p1, p.)). Using this
path, we get ¢; = 16n—4(d1 +d(p1,po)). The path P, ;.
is obtained, namely the path (0, ds + d(p1,p,)). Using this
path, we get g2 = d3 + d(p1,p,). Based on Lemma I1.2, we

get
7 ]=[2]-
Ly q2
16n + 4(ds — dy)
16n% + 4n(dz — d1) — 16n + 4dy — 3d3 + d(p1,py) |

Thus
expin(pv,D(Q)) > 16n2+4n(d3—d1)+d3—|—d(pl,pv) (33)

for every point p, on the path p; — pe.

Case 2.4 : ds < d4.

The first step is to show that expin(p,, D®) > 16n> +
4n(dy—dy)+ds+d (pr,py). Look at the P, ,, and P, ., 5,
paths and define g1 = b(C2)7(Pp, p,) — 7(C2)b(Pp, p,) and
a2 = r(cl)b(Pph+1,Pv) - b(Cl)r(PPh,+17:Dv)'

The point p, is on the path p; — p.. The path P, , is
obtained, namely the path (4,d; — 3+ d(p1,p,)). Using this
path, we get ¢; = 16n—4(d1 +d(p1, p,)). The path P, | .
is obtained, namely the path (0,ds + d(p1,p,)). Using this
path, we get g2 = dy + d(p1,p,). Based on Lemma I1.2, we

get
]2(3)-
2% q2
160 + 4(ds — dy)
16n% + 4n(dy — dy) — 16n + 4dy — 3dy + d(p1,py) |
Thus
expin(py, D®) > 16n2+4n(ds—dy)+ds+d (p1, p,) (34)

for every point p, on the path p; — pe.
Case 34 : d3 >dy, d3—ds>n+1, dg <n-—2.

The first step is to show that expin(p,, D®) >
4712 — 3n —+ 477, (dg — d4) —+ d3 + d(plypv)- LOOk

at the P, ,, ~and P, . ,  paths and define
q1 = b(C2)r(Fp, p,) r(C2)b(Pp, p,) and

q2 = r(cl)b(Png,pu) - b(Cl)r(Ppgﬂ,pv)-

The point p, is on the path p; — p.. The path P,, , is
obtained, namely the path (1, ds+d(p1, py)). Using this path,
we get g1 = 4n — 3 — 4(dy + d(p1,py)). The path P, . .
is obtained, namely the path (0,ds + d(p1,p,)). Using this
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path, we get go = ds + d(p1, p,). Based on Lemma I1.2, we

get
Wils>m| M=
Z.v B q2
dn — 3+ 4(ds — dy)
4n* — Tn + 3+ 4n(ds — dy) — 3ds + 4dy + d(p1,py) |

Thus

expin(p,, D(z)) > 4n? —3n+ dn(ds —dy) +ds +d(p1,pv)
(35)
for every point p, on the path p; — pe.

IV. CONCLUSION

The inner local exponent of two-coloured digraphs with
cycles length n and 4n + 1 have been carried out. The inner
local exponent is specialized in two-coloured digraphs with
consecutive red arcs and alternating at C5. The theorems
and conjectures show three inner local exponent patterns for
two-coloured digraphs with n and 4n+ 1 cycle lengths. This
research is significant to complete so that generalizations can
be made for cases n and kn + 1.
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