TAENG International Journal of Computer Science, 50:3, IJCS 50 3 32

Smoothing Connected Bézier Curves and
Surfaces through Optimal Adjustment of the
Control Points

Juncheng Li and Chengzhi Liu

Abstract—In this paper, we aim to improve the order of the
continuity to smooth two connected Bézier curves and surfaces
when they satisfy lower-order continuity. It is necessary to
adjust their control points to smooth two connected Bézier
curves and surfaces. Because each adjusted control point is
always expected not to be far from the original position, we use
the approximate distance functions to optimize the control
points that need to be changed. Based on solving bi-objective
minimizations, we give the methods for smoothing two
connected Bézier curves from C' to C'(r=1, 2). Then we extend
the approaches to the cases of surfaces, which include smoothing
two connected Bézier surfaces in the # direction, in the # and v,
and in the v direction. Some numerical examples show that the
proposed methods are effective and easy to implement, so they
can be used to smooth complex curves and surfaces connected by
Bézier curves and surfaces.

Index Terms—Bézier curve and surface, connection, control
points, optimization, smoothness

I. INTRODUCTION

he Bézier curve [1] has long been an essential module for

geometric design and shape representation in most
computer-aided design systems. Due to the Bézier curve
being established by a linear combination of the Bernstein
basis functions and control points, it has simple and intuitive
expressions and many excellent properties. However, using a
segment of the Bézier curve is often difficult to construct
complex geometric objects. People always need to connect
multiple segments of Bézier curves to generate complex
curves in practical applications. The same is true for the
tensor product Bézier surface.

The connected Bézier curves should satisfy certain
continuity conditions to make the composite curves have
overall smoothness. There are two metrics for the smooth
continuity between connected parametric curves: parametric
continuity (also called C" continuity) and geometric
continuity (also called G" continuity) [2]. The smooth
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continuity between connected Bézier curves we are
concerned with here is parametric continuity. Since the
connection of multiple Bézier curves can be decomposed into
step-by-step connections of two Bézier curves, we only need
to consider the problem of smoothing two connected Bézier
curves. Let us focus on the issues: if two connected Bézier
curves satisfy lower-order continuity, how to improve the
order of the continuity to smooth the connected Bézier curves?
Theoretically, we can adjust the control points of the
connected Bézier curves to let them reach higher-order
continuity, but the adjustment of control points without
specific objectives may not meet the needs of practical
applications. Therefore, we are interested in how to smooth
two connected Bézier curves by optimizing their control
points according to the given objectives.

In recent years, some objective functions have been
proposed for modifying the shape of curves in many kinds of
literature. The internal energy of curves is a widely used
objective function, which has three forms: the stretch energy,
the strain energy, and the curvature variation energy [3, 4].
Without providing an exhaustive survey, we list some
literature where internal energy has been successfully applied
to smooth the shape of curves [3-9]. The external energy of
curves is another common objective function for modifying
the shape of curves [10-12]. As an external energy of curves,
the curve attractor was applied to smooth two connected
curves defined by control points in [11]. The curve attractor
used in [11] can be regarded as the distance between adjusted
control points and their original positions. It is noted that the
methods in [11] took the total distance between all adjusted
control points with their original positions as the
minimization target. Different from [11], we deem that the
distance between each adjusted control point with its original
position should be minimized synchronously, instead of
minimizing the total distance between all adjusted control
points with their original positions. In this paper, we consider
using multi-objective distance minimization to optimize the
control points for smoothing two connected Bézier curves and
surfaces in this paper.

The remainder of this paper is organized as follows. In
Section II, we present the methods for smoothing two
connected Bézier curves by optimizing their control points. In
Section III, we extend the approaches to the tensor product
Bézier surfaces. In Section IV, we show some numerical
examples of the proposed methods. Finally, we give a
conclusion in Section V.
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II. SMOOTHING CONNECTED BEZIER CURVES

Given two Bézier curves

Cl(t) = ibi.m(t)p[ ’ Cz(t) = ib/,n(t)qi ’ (1)

M
where 0<¢<I , bk,M(t):(kJ(lt)Mktk , p, (=0,1--,m)

and g, (j=0,1,---,n) are respective control points.

The problem discussed here can be described as follows:
Assume that C,(r) and C,(¢) satisfy C'(>1) continuity, we
aim to smooth the two connected curves from C'"' to C” by
optimizing their control points. Since C" or C* can meet the
needs of most practical engineering problems, we only
consider smoothing the two connected curves from C"' to C°
(=1, 2).

A. From C’to C!
Since C,(r) and C,(¢) satisfy C° continuity, it must have

C()=Cy(0). (2
By direct calculation from (1) and (2), we have
P.=d,=d. )

To make the two curves satisfy C' continuity, it is necessary
to have

Ci(H)=C(0) . 4)
Then from (1) and (4), we obtain
m(d_pm—l):n(ql _d) N (5)

Hence, we only need to adjust the control points p, , and
q, to make (5) hold for smoothing the two connected Bézier

curves from C° to C', see Fig. 1 for an illustration.
Let p,, and g, be the adjusted position of the control

point p, , and g, respectively. Then, from (5) we have

~ + -
§="d-"p (6)

m—1*
n

Oftentimes, each adjusted control point is expected to be
close from its original position. Then we can get a
bi-objective minimization as follows,

min  (D(#,-).Do(@)) (7)

where D,(p, ) =|p,.. —p..[ represent the approximate

distance between p, , and p, ,, D,(d):=|4, —q,| represent
the approximate distance between 4§, and g, .
From (6), we can rewrite (7) as

. - - T
min  (D(p,- ) Dy(P,) (®)
where
- . 2
Dl(pm—l) = pm—l - pm—l ‘ >
m+n m ¥
Dz(i’ml) = H d 77"3”1—1 —q
n
3
2 g,
1 q,
0
q,
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(b) C' continuity
Fig. 1. The control points of two connected Bézier curves from C° to C!

Generally, (8) can be transformed into a single objective
minimization as follows,

min  D(p,_,)=AD(p,_)+(1-A)D,(p,_) » )

where A (0<4<1) is the weight. If the optimal solution of (9)

is unique, then it must be the non-inferior solution of (8) [13].
Before solving (9), the value of 1 needs to be determined.

To this end, we consider the following single objective

minimizations,

(10)

min

D)

mi

=i

D,(p,.)- (In

of (10), denoted by p., , is
p._ =p,.. . The solution of (11), denoted by p._,, should

Clearly, the solution

) m+n

m-1 =

satisfy mTHd—%ﬁ;_l =q,, thatis p d—%ql.

Then we determine the value of 4 by using the sorting

algorithm [13] overall described in Algorithm 1.

Algorithm 1. Determining the value of the weight for
smoothing connected Bézier curves.
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1. Compute &/ =D.(p._)-D.(p., ), i,j=12.
2
2. Let g:=Y% 5, i=12.
Jj=1
3. Compute 2,=g,/(g +g,), i=12.
4.If 4 > 4,, the weight is taken as 1 = 4,, else the weight is
taken as A=14 .

Because D,(p._,)=0 and D,(p. ,)=0, in Stepl we have
8 =0, 8=D(p. )20, & =Dy(p._)=0, and & =0. Then
in Step2, we have g, =D/(@._,) and g, =D,(p._,). In Step 3,

we can easily get the initial weights of the two targets which
satisfy that 4,4, >0 and 4 +4, =1. In Step 4, we choose the

final weight of (9).
After determining the value of the weight, the solution of (9)
can be given by the following theorem.

Theorem 1. Given two Bézier curves C,(¢) and C,(¢) that

satisfy C° continuity. For smoothing the two connected curves
from C° to C', the adjusted control points p, , and §, are

given by
— An’p,, .+ (1= 2)(m(m+n)d —mnq,)
m (1= A)m* + An® ’ (12)
. m+n ., m_
ql = d - 7pm—1’
n n

where A is determined by Algorithm 1, and d=p,,.
Proof. The gradients of D(p, ) expressed in (9) can be

calculated by
aD(i’m—l) — ﬁ, aDl(i]m—l) + (l—ﬂ,) aDZ(i’m—])
Py Py Py
= 2/1(73m—1 - pm—l) -
202222002 g, ). (13)
n n n

Since (9) has a unique optimal solution solved by
aD(p,, ) _

P
and (6).

B. From C' to C*

Since C,(r) and C,(r) satisfy C' continuity, (3) and (5)
must hold. In order to make the two connected curves satisfy
C?, it is also necessary to have

0, then we can get (12) by computing from (13)

Cl(H=C5(0) . (14)
By computing from (1) and (14), we have
m(m—=1)(p,,_, = 2P, +P,) =n(n-1)(q, 29, +q,) . (15)

Because p, ,, p, =4, and g, should keep unchanged for
ensuring the two curves satisfy C' continuity, we only need to

adjust the control points p, , and g, to make (15) hold for

smoothing the two connected Bézier curves from C' to C?, see
Fig. 2 for an illustration.

6

]

(b) C?* continuity
Fig. 2. The control points of two connected Bézier curves from C! to C

According to the process of smoothing the two connected
curves from C° to C', we give the following theorem without
derivation.

Theorem 2. Given two Bézier curves C,(t) and C,(r)

that satisfy C' continuity. For smoothing the two connected
curves from C' to C*, the adjusted control points p,_, and

g, are given by

_n(n=D(An(n-Dp, , - (1= m(m-1)e-4q,))

Pn- An*(n=1)* + (1= A)ym*(m —1)* ’ (16)
L m(m—1) .
2 n(n _ 1) m=2°
where A is determined concerning Algorithm 1, and
mm—-1)+2m(n—1)+nn-1) , 2m(m—-1)+2m(n—1)
e= d - pmfl N
n(n—1) n(n-1)
III. EXTENSION TO THE SURFACES
Given two tensor product Bézier surfaces
S =33 b, (b, O,
,:10 },:o (1 7)
S, (u,v) = zzb[,mz b,,, (V1. ;,
i=0 j=0

where 0<u,v<1, p,; and g, are respective control points.
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Since the surface has u and v directions, there are three
ways to connect two Bézier surfaces: connected in the u
direction, in the u and v directions, and in the v direction. In
each direction, we consider smoothing the two connected
surfaces from C™' to C” (r=1, 2).

A. Smoothing connected Bézier surfaces in the u direction

Let us first consider smoothing two connected Bézier
surfaces from C’ to C' in the u direction. Since S,(u,v) and

S, (u,v) satisfy C° continuity in the u direction, it must have

S, (u,1) =S, (u,0) . (18)
By computing from (17) and (18), we have
{ml ey (19)
pi,nI = qi,O = u[5l = 0’1""5m1-

In order to make the two surfaces satisfy C' continuity in
the u direction, the following additional condition needs to be
met by adopting the Faux method [14, 15],

6SI(u,v)‘ :652(u,v)‘
ov ‘1 ov ‘v:()'

y=

(20)

The physical meaning of (20) is that the cross-boundary
tangencies of the two surfaces on their common boundary
should be the same. Then from (17) and (20) we obtain

= Pina Gy~ W
n

21

,i=0,1,,m.

n

2 1

That means we only need to adjust the control points p,, ,,
q., (i=0,1,---,m) to make (21) hold for smoothing the two
connected surfaces from C”to C' in the u direction. Let Pis
and g,, be the adjusted position of the control point p,, ,
and g, , respectively. Then, from (21) we have

- _mtm

n

—_— 15 | — e

q[,l u; _7p[,n|71 s 1= 0’15 ,m.
n, n,

(22)

Similar to the curves, the bi-objective minimizations can be
obtained as follows,

. - - T
min (&, (B, Eo(Bry)) s (23)
where
~ ~ 2
E,‘,l(l’,',nH) = pi,n,fl _pi,n,—l >
2
Ei,z(ﬁi,nl—1) = M”i _if’i,nl—l G| > i=0,1---,m,.
n, n,
We transform (23) into the following minimizations,
min E[(ﬁ[,n‘ )= a)A‘EI,i(i][,n,—l) +(1- a)[)EZ,[(i’[,n,—l) > (24)

where i =0,1,---,m,, », (0<w <1) are the weights.
Similarly, the values of @, (i=0,1,---,m) need to be

determined before solving (24). We consider the following
single-objective minimizations to this end,

min £, (P, ) (25)

min EZ,i(i]x,n‘ —1) > (26)

where i =0,1,---,m, .

It is clear that the solution of (25), denoted by p}, ,, is

Piw =Pin> i=0,1L---,m . The solution of (26), denoted by
8 . + s .
7., should satisfy "2y ~Mip2 g | that is
> nz n2 L >
s +
pizn—l:n] nzui_ﬂqils i:():la"'aml-
B n o

Then we use the sorting algorithm [13] to determine the
values of @, (i=0,1,---,m) . The overall algorithm is described

in Algorithm 2.

Algorithm 2. Determining the values of the weights for
smoothing connected Bézier surfaces in the u direction.
1. Compute g/{,i = Ek,i(i’i];nlf]) - Ek,i(i,z{(,nl ), ko j=12.

2
2. Let h,=Y¢l,, k=12.
j=1

3. Compute &, . :=h [(h,+h,), k=12.
4. If &,2¢,,, the weight is taken as w =¢,,, else the

weight is taken as o, =& ;.

Because E (p;, )=0 and E, (p;, ,)=0, in Stepl we
have &,=0, &, =E (p;, )20, &,=E, (p;, )20, and
&,=0 . Then in Step2, we have h,=E (p;, ) and
h,; = E,,(p;, ) - InStep 3, we can easily get the initial weights
of the two targets which satisfy that &4, >0 and
&, +&,=1.In Step 4, we choose the final weight of (24).

After determining the values of the weights, we can obtain
the solution of (24) given by the following theorem.

Theorem 3. Given two Bézier surfaces S,(u,v) and
S,(u,v) that satisfy C° continuity in the u direction. For
smoothing the two connected surfaces from Cto C"in the u
direction, the adjusted control points p,, , and §,, are
given by

~ onp,, +( —a),.)(nl(n1 +m)u, —nlnzq,._l)

Pin- (- o) + o ’

(27)

- n +n,

U U;
n,

n .
_7pi,n, -1°
n,

where o, are determined by Algorithm 2, and w,=p,,

i=0,1,---,m,.
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Proof. The gradients of E(p,, ,) expressed in (24) can be

calculated by
OE.(p, OF, ,(p, OE, .(p,
Agpm,—l) — COI 1,1~(p1,nl—1) + (1 _ a)‘) 2,1~(px,n, —l)
ap[.nl—l ap[,n, -1 ap[,n,—l
= za)i(ﬁi,nlfl - pi,nlfl) -
2(1_0),')”1[’/“’12”; _ﬂi’i.nl—l —‘7,-,1}, (28)
nZ nZ nZ

where i =0,1,---,m, .

Since (24) has a unique optimal solution solved by
OE(P,, 1)
Py
and (22).

Then let us consider smoothing connected Bézier surfaces
from C' to C* in the u direction. Since S,(u,v) and S,(u,v)

=0, then we can get (27) by computing from (28)

satisfy c continuity in the u direction, (19) and (21) must
hold. In order to make the two surfaces satisfy C* continuity in
the u direction, the additional condition can be simplified to
[14,15]

0’8, (u,v) ‘
o’

_ o’S, (u,v)‘

o 29)

v=1 v=0

The physical meaning of (29) is that the second-order
cross-boundary tangencies of the two surfaces on their
common boundary should be the same. By computing from
(17) and (29), we have

m(n — 1)(pi,n, S zpi,nl—l + P )

=ny(n, =1)(qG,0 =29, +9.5) (30)

where i =0,1,---,m, .

Because p,, , P, =4,y 4., (i=0,1,---,m) should keep
unchanged for ensuring the two surfaces satisfy C' continuity,
we only need to adjust the control points p,, , and
g, (i=0,1,---,m) to make (30) hold for smoothing the two

connected surfaces from C' to C* in the u direction.

According to the process of smoothing two connected
surfaces from C° to C' in the u direction, we give the
following theorem without derivation.

Theorem 4. Given two Bézier surfaces S,(u,v) and
S,(u,v) that satisfy C' continuity in the u direction. For
smoothing the two connected surfaces from C' to C* in the u
direction, the adjusted control points p,, , and §,, are

given by

- _ n,(n, = D(“’inz (n,=Dp,,_, —A—@)n(n - D(f, - qi,z))
Pin-2= on(n, =1’ + (- o)n (n, —1)
n(n —1) .

ny(n,—1)" "

5

‘7,‘,2 :ﬁ +

-2

€2))

where w, are determined referring to Algorithm 2, and
o= n(n, —1)+2n,(n, —1)+ n,(n, —1) 2, —

m,(n, —1)
2n,(n, = 1) +2n,(n, —1)

ny(n, —1) o

4, i=0,1,-,m,.

B. Smoothing connected Bézier surfaces in the other two

directions

Similar to the derivation process of smoothing two
connected surfaces from C™' to C" (=1, 2) in the u direction,
the following conclusions about smoothing two connected
surfaces from C"' to C" (=1, 2) in the other two directions can
be proved.

Theorem 5. Given two Bézier surfaces S,(u,v) and
S,(u,v) that satisfy C° continuity in the u and v directions.

For smoothing the two connected surfaces from 10 Cin
the u and v directions, the adjusted control points p,, , and

q,; are given by

2
- _OMp; ot (1- wi)(n1(n1 +my)v, — nlmqu,f)

-1

(1= o) +am ’ (32)
- m+m, n o
;== 0= Pin
m, m,
where w, are determined referrving to Algorithm 2, and

v,=p,, i=j=0L-m.

Theorem 6. Given two Bézier surfaces S,(u,v) and
S,(u,v) that satisfy C' continuity in the u and v directions.

For smoothing the two connected surfaces from C'to Cin
the u and v directions, the adjusted control points p,, , and

q,,; are given by

my(my =D (@my(my = V)p, , , — (1= 0)m(m ~1)g, -4, )

m-2 wm2(m, —1)* +(1—o)n (n, —1)*
~ n(n —1) .
G, =8+————P

m,(m, —1) 2

(33)

where w, are determined referring to Algorithm 2, and

— m(n =D +2m(m, =) +m,(m, - 1) v —

i i

m,(m, —1)
2n1(nl—1)+2nl(m2—1) l_j_()lm
i —17 —J T Vb .
m,(m, —1)

Theorem 7. Given two Bézier surfaces S,(u,v) and
S,(u,v) that satisfy C° continuity in the v direction. For

smoothing the two connected surfaces from C° to C' in the v
direction, the adjusted control points p, ,, and §,, are

given by
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~ _ a)jmzzpm,—l,j+(1_a)j)(ml(m1 +m2)rj _mlmqu,j)

m=1,j —

1- a)j)m,2 + a)j.mi ’ (34)
- om+m,

9=

r - P
i m =1,
, J mz J
where w, are determined referring to Algorithm 2, and

1= Puyr J= 0L

Theorem 8. Given two Bézier surfaces S,(u,v) and
S,(u,v) that satisfy C' continuity in the v direction. For

smoothing the two connected surfaces from C' to C* in the v
direction, the adjusted control points p, ,, and q,, are

given by

B m,(m, —1) (a)jm2 (m, — l)pmr“ —(1- a)j)ml (m, — 1)(hj — qu.))

P2 = a)jmzz(mz “1y +(17a)j)m12(m1 —1)

s

~ m,(m, —1)
Gy =h;+—— 2.

m,(m, —1)

(35)

where o, are determined referring to Algorithm 2, and

_ my(m = 1)+ 2m(m, —1) + m,(m, = 1) r_
J

h.:

J

m,(m, —1)
2my (m; —1) + 2m,(m, —1)
m,(m, —1)

pm,—l,j’ J :0’15“.’”1'

IV. NUMERICAL EXAMPLES

In this section, we present several examples to illustrate the
effectiveness of the proposed methods.

05

0

=5 0 5
(a) C° continuity

0.5

1.5 .
-5 0 5

(b) C' continuity
Fig. 3. Smoothing two connected Bézier curves from C°to C'

Example 1. Given a quadratic Bézier curve C,(r) with
control points
Py =(40), p=(LD, p,=(0,0),
and a cubic Bézier curve C,(¢) with control points
q,=(0,0), g, =(,1/2),
q,=(3.,4/5), 4,=(4,0).
It implies that the two curves satisfy C° continuity. Let us

smooth the two connected Bézier curves from C° to C'. From
(12), we can obtain the adjusted control points are

P =(=5/4.,1/8), 4,=(5/6,-1/12) .
The original and smoothed curves generated by the proposed
method are shown in Fig. 3.
Example 2. Given a cubic Bézier curve C,(r) with control

points

po =(-4.0,0), p, =(-3.LD,

p,=(LL0), p;=(0,0,-1),
and a quartic Bézier curve C,(¢) with control points

7, =(0,0,-1), q,=(3/4,-3/4,-7/4),
q,=3.2,1), 4,=(4,1,0), q,=(5,0,-2).

It implies that the two curves satisfy C' continuity. Let us

smooth the two connected Bézier curves from C' to C2. From
(16), we can obtain the adjusted control points are

P, =(-15,9/2), 4,=(2,0,-3/4).
The original and smoothed connection curves generated by
the proposed method are shown in Fig. 4.

4.
2.
Q-
2.l
6 T -
—— T
4 T oy ®
2 T — 2
0~ —, 0
-2
(a) C' continuity
6 .
9
4.
2.
Q-
2L
5 T -

"

-5 -5

(b) C* continuity
Fig. 4. Smoothing two connected Bézier curves from C' to C

Example 3. Given a 2x3 Bézier surface S (u,v) with

control points
Poo=(=5,-5,-50), p,, =(-4,-5,-40),

Por =(-3,-5,-20), p,,=(-2,-5,-14),
Pio= (—5,-4,-40), P = (-4,-4,-20) ,
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P, =(-3,-4,-12), p;=(-2,-4,-10),
Py =(=5,-3,-35), p,, =(-4,-3,-18),
P, =(=3,-3,-10), p,;=(-2,-3,-8),
and a 2x3 Bézier surface S,(u,v) with control points
Goo =(-2,-5,-14), g,,=(0,-5,-30),
9o =(1,-5,-2), 4,5 =(2,-5,0),

40 =(-2,-4,-10), g,, =(0,-4,-28),
qio=(1,-4,-3), 4,5, =(2,-4,-1),
q,0=(-2,-3,-8), q,, =(0,-3,-32),
q4,,=(1,-3,-6), g,;=(2,-3,-5) .

It implies that the two surfaces satisfy C° continuity in the u
direction. Let us smooth the two connected Bézier surfaces
from C° to C' in the u direction. The adjusted control points

computed by the proposed method are
Po2=(=7/2,-5.-9), p,=(-7/2,-4,-2),
P..=(=7/2,-3,3), §,, =(-1/2,-5,-19),
q,,= (-1/2,-4,-18), Gy, = (-1/2,-3,-19) ..
Fig. 5 shows the original and smoothed connection surfaces
generated by the proposed method.

(b) C' continuity
Fig. 5. Smoothing two connected Bézier surfaces from C°to C' in the u
direction

Example 4. Given a 3x2 Bézier surface S (u,v) with

control points
Poo = (_59_57_50) s Pog = (_59_47_40) 5

Po, =(=5,-3,-35), p,, =(-4,-5,-40),
P, =(-4,-4,-20), p,,=(-4,-3,-18),
Voo =(=3,-5,-25), p,, =(-3,-4,-12),
P, =(-3,-3,-10), p;,=(-2,-5,-14),

p},l = (_29_47_10) s Pso = (—2,—3,—8) 5

and a 3x2 Bézier surface S,(u,v) with control points

Go0 = (=5,-3,-35), g,, =(-5,-2,-30),
q,,=(-1,-4,0), q,,=(-4,-3,-18),
q,,=(-4,-2,-16), g,, =(0,-3,-12),

G, =(-3,-3,-10), g,, =(-3,-2,-8),
4, =(1,-3,-6), g5, =(-2,-3,-9),
q;,=(-2,-2,-6), q;,=(3,-3,-5).
It implies that the two surfaces satisfy C' continuity in the u
direction. Let us smooth the two connected Bézier surfaces
from C' to C* in the u direction. The adjusted control points

computed by the proposed method are
Poo = (-3,-13/2,-35), Pro =(-2,-6,-30),

Pro=(-1,-6,-39/2), p,,=(1/2,-6,-27/2),
Gor = (-3,-5/2,-15), q,,=(-2,-2,-22),
Grr =(-1,-2,-23/2), §,,=(1/2,-2,-11/2).
Fig. 6 shows the original and smoothed connection surfaces
generated by the proposed method.

-6
(b) C* continuity
Fig. 6. Smoothing two connected Bézier surfaces from C! to C? in the u
direction

Example 5. Given a 2x3 Bézier surface S (u,v) with

control points
Poo =(=5,-5,-50), p,, =(-4,-5,-40),

Poo =(=3,-5,-20), p,;=(-2,-5,-14),
Pro =(-5,-4,-40), p,, =(-4,-4,-20),
P, =(3,-4,-12), p;=(-2,-4,-10),
Po =(-5,-3,-35), p,, =(-4,-3,-18),
p,,=(-3,-3,-10), p,; =(-2,-3,-8),

Volume 50, Issue 3: September 2023



TAENG International Journal of Computer Science, 50:3, IJCS 50 3 32

and 3x2 Bézier surface S,(u,v) with control points
9o =(-2,-5,-14), q,, =(-2,-4,-10) ,
qo,z = (—2,—3,—8) s Gio = (—2,—4,—35) s
q,,=(-2,-3,-30), g, =(-2,-2,-28),
qZ,O = (_23_37_40) s qzvl = (_27_2)_38) s
qZ.Z = (_2’_19_36) s ‘13,0 = (_2>_2a_48) s
g, =(-2,-1,-46) , g,, =(-2,0,-45).
It implies that the two surfaces satisfy C° continuity in the u
and v directions. Let us smooth the two connected Bézier
surfaces from C” to C' in the u and v directions. The adjusted
control points computed by the proposed method are
Po, = (-5/2,-11/2,-13/2), p,, =(-5/2,-9/2,-1),
ﬁl,B = (_5/27_7/271) ) 5]1,0 = (_3/29_9/25_43/2) P
g, =(-3/2,-7/2,-19), G, = (-3/2,-5/2,-17) .
The original and smoothed connection surfaces generated by
the proposed method are shown in Fig. 7.

(b) C' continuity
Fig. 7. Smoothing two connected Bézier surfaces from C°to C! in the u and
v directions

Example 6. Given a 3x2 Bézier surface S (u,v) with
control points
Poo =(=5,-5,-48), p,, =(-5,—4,-40),
Po, =(-5,-3,-35), p, =(-4,-5,-40),
P =(4,-4,-20), p,,=(-4,-3,-18),
Py =(-3,-5,-25), p,, =(-3,-4,-12),
p,, =(-3,-3,-10), p,, = (-2,-5,-12) ,
P, =(-2,-4,-10), p;, =(-2,-3,-9),
and a 2x3 Bézier surface S,(u,v) with control points
9oo = (=5,-3,-35) , q,, = (-4,-3,-18),

qo,z = (_39_39_10) s oz = (—2,—3,—8) 5
q0=(-5-2,-30), q,, =(-4,-2,-16),
G, = (_37_27_8) s G153 = (_27_2)_6) 5
4,0 =(-5,-1,-20), gq,, =(-4,-1,-12),
qrn = (_37_19_5) s §o3 = (_2)_1)_2) .
It implies that the two surfaces satisfy C' continuity in the u
and v directions. Let us smooth the two connected Bézier
surfaces from C' to C* in the u and v directions. The adjusted
control points computed by the proposed method are
i’0,0 = (_5>_59_44) s i’l,O = (_45_5>_3O) 5
’32,0 = (_3a_57_19) 5 ﬁ},o = (—2,—5,—1 1) 5
‘72,0 =(-5,-1,-24), ‘72,1 =(-4,-1,-22),

qz,z = (_37_1)_11) 5 qu = (_27_17_3) .
The original and smoothed connection surfaces generated by
the proposed method are shown in Fig. 8.

(b) C? continuity
Fig. 8. Smoothing two connected Bézier surfaces from C' to C? in the u and v
directions

Example 7. Given a 3x2 Bézier surface S (u,v) with
control points
Po,o = (-5,-5,-50), p,, =(-5,-4,-40),
Po, =(=5,-3,-35), p,, = (-4,-5,-40),
p = (-4,-4,-20), p,, =(-4,-3,-18),
Voo =(=3,-5,-25), p,, =(-3,-4,-12),
P, =(-3,-3,-10), p;, =(-2,-5,-14),
P, = (=2,-4,-10), p;, =(-2,-3,-8),
and a 3x2 Bézier surface S,(u,v) with control points
qoo = (-2,-5,-14), q,, =(-2,-4,-10),
Gor = (-2,-3,-8) ,q,, = (-1,-5,-28),,
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ql,l = (_17_4a_22) s q1,2 = (_15_37_18) )
4,,=(0,-5,-38), q,, =(0,-4,-30),
qz,z = (07_37_25) s q3,0 = (1,—5,—48) s
q;, =(1,-4,-38) , g, =(1,-3,-30) .
It implies that the two surfaces satisfy C° continuity in the v
direction. Let us smooth the two connected Bézier surfaces
from C° to C' in the v direction. The adjusted control points
computed by the proposed method are
f’z,o = (_35_57_25/2) > iaz,l = (_35_49_5) s
f’z.z = (_3’_39_4) > ‘71,0 = (_19_5’_31/2) 5
ql,l = (_17_47_15) s ql,z = (_15_37_12) .
Fig. 9 shows the original and smoothed connection surfaces
generated by the proposed method.

(b) C' continuity
Fig. 9. Smoothing two connected Bézier surfaces from C°to C! in the v
direction

Example 8. Given a 2x3 Bézier surface S (u,v) with

control points
p0,0 = (_5>_59_48) s pO,l = (_45_5>_40) >

Po, =(-3,-5,-20), p,;=(-2,-5,-16),
Po = (=5,-4,-40), p,, =(-4,-4,-20),
P, =(3,-4,-12), p,=(-2,-4,-10),
Voo =(=5,-3,-35), p,, =(-4,-3,-18),
P, =(-3,-3,-10), p,; =(-2,-3,-9),
and a 2x3 Bézier surface S,(u,v) with control points

Goo =(=5,-3,-35), q,, =(-4,-3,-18),
4o, =(-3,-3,-10), g,; =(-2,-3,-8),
410 = (-5,-2,-30), q,, =(-4,-2,-16),

G2 =(=3,-2,-8), 4,5 =(-2,-2,-6),

q,,=(-5,-1,-20), q,, =(-4,-1,-10),
4, =(=3,-1,-2), q,,=(-2,-1,-2).
It implies that the two surfaces satisfy C' continuity in the v
direction. Let us smooth the two connected Bézier surfaces
from C' to C* in the v direction. The adjusted control points
computed by the proposed method are
ﬁo,o =(-5,-5,-44), 730,1 =(-4,-5,-29),
iJO,Z = (_3’_55_15) s i]O,B = (_2>_5’_13) s
Gr0=(-5,-1,-24), 4,, =(-4,-1,-21),
qZ,Z = (_35_1’_7) > ‘?2,3 = (_2’_1’_5) .
Fig. 10 shows the original and smoothed connection surfaces
generated by the proposed method.

(b) C? continuity
Fig. 10. Smoothing two connected Bézier surfaces from C'to C? in the v
direction

V. CONCLUSION

In this paper, we focus on smoothing connected Bézier
curves and surfaces from lower-order continuity to higher
continuity by optimizing their control points. Specifically, we
present the methods for smoothing two connected Bézier
curves from C™"' to C" (=1, 2). Then we extend the methods to
two connected Bézier surfaces. The cases of surfaces include
smoothing two connected Bézier surfaces in the u direction,
smoothing two connected Bézier surfaces in the u and v
directions, and smoothing two connected Bézier surfaces in
the v direction. All the methods are proposed on the base of
bi-objective minimizations. These methods can make each
adjusted control point not far from its original position as
much as possible. Numerical examples show the effectiveness
of the proposed methods. Since people always need to
connect Bézier curves and surfaces to construct complex
curves and surfaces, the proposed methods would help
improve the smooth continuity of connected Bézier curves
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and surfaces, which is often encountered in computer aided
design. However, we do not present the methods of directly
smoothing two connected Bézier curves and surfaces from C°
to C*. We have tried to use the proposed ideology to inquire
into this problem, but the effect is unsatisfactory. This will be
our next study issue.
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