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Controllability Approach to H,, Control Problem of Linear

Time-Varying Switched Systems
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Abstract—This paper considers a H. control
problem of a class of linear uncertain time-varying
switched system via controllability approach. We
show that the solution of this problem can be veri-
fied by the global null-controllability of linear control
systems. The feedback stabilizing controllers for the
problem are constructed via the solutions of certain
Riccati differential equations.
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1 Introduction

In the last decade, the H, control problem for linear un-
certain systems has attracted increasing attention, and
still many questions remain unsolved. The standard H.,
control problem is to find conditions that guarantee the
existence of a feedback controller stabilizing given system
and satisfies a prescribed y—suboptimal level on peturba-
tions/uncertainties. In the Ho, control problem for linear
autonomous systems, the appropriate methods make use
of Lyapunov-Krasovskii function approach and the suffi-
cient conditions are obtained via solving either linear ma-
trix inequalities (LMIs), or algebraic Riccati-type equa-
tions. However, this approach may not be readily applied
to time-varying systems due to the difficulties of solving
time-dependent LMIs. For linear time-varying systems,
the investigation of the stability and control problem be-
comes more complicated. For instance, in contrast to lin-
ear autonomous systems, the stability (and instability) of
linear time-varying systems may not be determined from
the spectral property of their system matrix A(t). It was
shown that the real parts of eigenvalues of system matrix
A(t) for every t are negative does not imply the asymp-
totic stability, and there is a linear time-varying system
stable with positive eigenvalues. In spite of this, for lin-
ear time-varying systems, in the literature to date, there
are several papers dealing with stability and control prob-
lem. Stabilization problem of linear time-varying systems
is also of great interest recently. In order to find H, con-
troller for linear time-varying systems, the state-space ap-
proach might be used as well as via Riccati differential
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equations. However, the problem of existence of solutions
of Riccati differential equations is still under active inves-
tigations. One of the efficient approaches to this problem
is the controllability approach introduced by Kalman [4].
Some sufficient conditions for global stabilization of lin-
ear time-varying systems using controllability assumption
are given in [3, 8]. The controllability approach was also
used in [2, 6] as a systematic method for solving the so-
lution of partial differential equations. To the best of our
knowledge, surprisingly few conditions have so far been
established for the H, control of uncertain linear time-
varying systems. Therefore, finding new conditions for
the problem is of interest.

Recently, the study of stability and control of switched
systems has become a very popular topics. The main
reason is there are many physical models which are gov-
erned by more than one dynamical systems and these
systems are changed depending on time and the state of
the system. In other words, a switched system consists of
a family of differential equations (or difference equations)
and a switching rule which will determine which system
is to be switched on certain time intervals. There are
many approaches to study analysis of switched systems.
An effective approach is the use of multiple Lyapunov
functions.

Based on the above stated reasons, the study of H., con-
trol problem for switched systems has attracted many
researchers recently.

In this paper, we propose a controllability approach for
studying the H.,, control problem of linear uncertain
time-varying switched systems. The feature of our pa-
per is twofold. Firstly, we show that the solution to this
problem can be verified by the global null-controllability
of linear control systems. Then, we construct feedback
stabilizing controllers for the problem via the solutions
of Riccati differential equations (RDE).

The paper is organized as follows. Section 2 introduces
the main notations, definitions and some auxiliary propo-
sitions needed for the proofs. The main result and an
illustrated example of the result are given in Section 3.
The paper ends with conclusions and cited references.
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2 Preliminaries

The following notations will be used throughout this pa-
per. RT denotes the set of all non-negative real num-
bers; N denotes the set of all positive integers; for
each k € N, I denotes the set {1,2,...,k}; R™ de-
notes a n—dimensional Euclidean space with the norm ||.||
and the inner product (.,.); La([t, +00), R™) denotes the
set of all strongly measurable Lo—integrable R™—valued
functions on [t,+00); I denotes the identity matrix. A
matrix @ € M™ "™ is called positivetive semi-definite
(Q > 0) if (Qz,xz) > 0, for all z € R™. If for some
c > 0,(Qz,x) > c|z|? for all z € R™, then Q is called
positive definite (Q > 0). A > B means A — B > 0;
A matrix function Q(t) is uniformly positive definite (

Q(t) > 0) if

de>0:

(Q)x,z) > c|z||?, V(t,z) € RT x R™

Matrix A is called symmetric if A = AT, It is well known
that, if the matrix A is symmetric positive definite, then
there is a matrix B such that A = B? and the ma-
trix B is usually defined by B = Az. BM*(0,+)
denotes the set of all symmetric non-negative definite
matrix functions, which are continuous and bounded on
R*; BMU™* (0, 4+00) denotes the set of all symmetric uni-
formly positive definite matrix functions, which are con-
tinuous and bounded in ¢ € R*. Denote a partition of
R* byT:{OZtO <t <..., llmlﬁ+oot2 :+OO}

Consider the following uncertain linear time-varying
switched system with respect to a partition 7 of R

#(t) = Aa,(O)z(t) + Ba, (t)u

A a; () + Bia, (t)wa, (1), (1)
Z(t) = Ccn (t)

() + D, (tua, (1), x(0) = zo,

where t € [ti—1,t;), i € N, x € R™ is the state;
Uq, (1) € R™ is the control; w,, (t) € RP is the
uncertain input, z(¢) € R? is the observation out-
put; «; (t) : [ti—1,t;) — In = {1,2,...,N} is con-
stant switching signal for each ¢ € N. For each
a; € In, Aai(t)v Bai(t)’ Bloéi(t)v C(Xi(t)7 D(Xi(t) €
R™™ are given state matrix functions continuous and
bounded on R*. For a preassigned partition 7 of R,
the state matrices are activated at each ¢; in ac-
cordance with a preassigned switching sequence ¢ =
{(So,to),(81,t1),...,(8i,ti),... :s; € Iy and Oéi(t) =
s, t € [ti—lati)a 1€ N} For eachj € Iy, let Nj (t)
denote the number of times the subsystem j is acti-
vated on [0,t). We say that the controls u;(t), j € In,
are admissible if u;(t) € L2([0,400), R™), and the un-
certainty w] (t) is admissible if w;(t) € La([0,+00), RP)
and Y, j; " |lwa, (1)[[2dt < +oc. For every initial state
xo € R", for every admissible controls w;(t), and admis-
sible uncertainties w;(t), j € Iy, linear control system
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(1) has a solution given by
.'L'(t) = UOti (tvti—l)x (ti—l)

t
b Uat8) B (510, (5) + Brago (), (5)ds,
ti—1
where t € [ti—1,t;), Ua,(t,s) is the fundamental matrix
solution of the linear time-varying system

ZL'(t) = Aai (t).fC(t), te [ti—lati)~

Definition 2.1. The switched system (1) is asymptoti-
cally stable if there exists ¢ > 0 such that if ||z (0)|| < J,
then lim; ;o ||z (¢)|| = 0.

Definition 2.2. Linear control switched sys-
tem (1), where w;(t) = 0, j € Iy, is
stabilizable if there exist a partition 7 =
{0=tg<t;<...,limy_ 4oty =—400}of RT a sw1tch—

ing sequence ¢ = {(so,t0), (S1,%1) -, (Siyti),... : 8; €
Iy and o; (t) = 84, t € [tic1,ti), i € N}, admissible
feedback controls u;(t) = h;(z(t)), 7 € In, where
hj(.) : R® — R™ are feedback control functions, such
that the zero solution of the closed-loop system

i(t) = Ao, (0)2(t) + Ba, () ha, (z(1)), (2)
is asymptotically stable.

The standard H,, control problem for the switched sys-
tem (1) is concerned with a stabilization problem and
the existence of a y—suboptimal level problem. In this
paper, we consider the following H,, control problem,
which guarantees the existence of a y—suboptimal con-
troller under the nonzero initial condition.

Definition 2.3. Given v > 0. The H,, control problem
for the switched system (1) has a solution if there are
feedback controls u;(t) = h;(x(t)), j € In, such that

(i) The closed-loop system (2) is asymptotically stable,
namely, the control switched system (1), where w;(.) =0,
j € Iy, is stablizable.

(ii) There is a number ¢y > 0 such that

S = ()I\th
collol|2 + [

w2 S v, (3)

where w (t) = w,, (t), t € [ti,l,ti) and the supremum
is taken over all initial states xo and non-zero admissible
uncertainties w;(t), j € Iy. In this case we say that the
feedback controls w;(t) = h;(z(t), j € Iy stabilize the
system (1).

In the sequel, we recall the concept of global controlla-
bility, which is concerned with the possibility of steering
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any state to an another state of the system in finite time.
Consider the following linear time-varying control system,
briefly denoted by [A(t), B(t)],

(t) = A(t)z(t) + B(t)u(t), te€RT.

Definition 2.4. System [A(t), B(t)] is globally null-
controllable (GNC) in a finite time ¢ > +oo if for every
initial state xq, there is an admissible control u(t) such
that

U(T,0)z + /0 U(T,7)B(T)u(r)dr = 0.

The following controllability criterion given in [5] will be
used later.

Proposition 2.2. Assume that the matriz functions
A(t), B(t) are analytic on RT. The system [A(t), B(t)]
is GNC' in some finite time if

Jtg >0: T&nk‘[Ml(to),Mg(to), ey Mn(to)] =n, (4)
where
Mi(t) = B(t), Mi(t)=—-A(t)+ iMk_l(t),

dt

k =2,..,n— 1. Associated with the control system (2),
we consider the following RDE

P(t)+AT (t)P(t)+P(t)A(t)—P(t)B(t) BT (t)P(t)+Q(t) = 0.

()
Proposition 2.3. [7] If system [A(t), B(t)] is globally
null-controllable in some finite time, then for any ma-
tric Q@ € BMT(0,+00), the RDE (5) has a solution
P e BM™(0,+00).

Proposition 2.4 For any matriz function A(t) bounded
on R, there exists Q € BM™(0,+00) such that Q(t) —
A(t) > 0.

Proof. By the same arguments used in the proof of Propo-
sition 2.4 in [8], the matrix Q(t) is chosen as

Q(t) = diag{q: (1), ¢2(1), -+, 4 (1)},
where ¢;(t) > max{|¢?(¢)|,0} and

¢ :
() = ait) + 7> ek +n—-1i=12..,n.
i
We conclude this section with the following well-known
technical results for later use.

Proposition 2.5. Let Q,S are symmetric matrices of
appropriate dimensions and S > 0. Then

2<Qy,x> - <Sw7w> S <QS—1QT1:)$>7 V(m,y,w)

Proposition 2.6. The matriz A = (Z i), where

a >0 orc> 0, is positive definite if b* < ac.
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3 Main result

In this section, sometimes for the sake of brevity, we will
omit the variable t of matrix functions, if it does not cause
any confusion.

Consider linear control system (1). For the sake of tech-
nical simplification, without loss of generality, as in [1, 9]
we assume that

Dy ()[C;(t) D) =[I 0], jé€ly, teRT.
Given v > 0. Let us set

Ay(t) = Ay(t) + %Bu ()BT (1) — B,(1)BT (1),

2

B, (1) = (Bj (0)BY (1) - iBlj(t)ij(t)) el

The following assumption will be used in the proof of the
main theorem.

A. Bj(t)B] (t) — = B1;()Bf;(t) > 0, t € RY, j € Iy.

We first prove the following technical lemma.

Lemma 3.1. Let

S 0=ty <ty <...,limpjootn =400,
Ty 1= sup;en {ti — ti—1} < +00

be a partition of R* and let

g= {(So,to)7(817t1),...,(8¢,t2‘),...:Si EIN}

and «; (t) =s;, t € [tifl,ti), i1e€N

be a switching sequence satisfying the following two con-
ditions:

(i) For each j € In, there exist matriz functions X;(t) €
BMUT(0,+00), R;(t) € BMU™(0,+00), such that

Xy + AL X0, + Xo, A, + CL Co, + Ra,

BT, 1Xa, <0,

i

1
_Xai [BOMB;J; - 7Bloc (6)
R

t € [ti—1,t:;), © € N. (ii) There exist o € (0,1) and s €
In such that the dwell-time 19 := infier, {t; —ti—1} >
A AL and 3 SiFaNti-) < oo
where 0 < e < minjer, {inficpt Amin (R;(2))},
A1 max cry {SUPicp+ Amax (X;(t))}, and Ao
minjery {infier+ Amin (X;(t))}-

Then, under partition T and switching sequence q, the
Hoo control problem for the switched system (1) has a so-
lution, where the admissible feedback controls are chosen

uj(t) = =B () X;(t)x(t), j € In. (7)
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Proof. Using the feedback control (7), for each j € I,
we consider the following Lyapunov functions for the
closed-loop system (2) when w;(t) = 0 and h;(z(t)) =
—BT () X (t)x(t) :

Vi(t,z) = (X; )z, ).

Since X(t) € BMU*(0, +c0), the condition (i) of Propo-
sition 2.1 holds. To verify the condition (ii), taking the
derivative of Vj(t,.) along the solution z(t) of the closed-
loop system, we easily get

Vilt,z(t) = ((X; + AT X; + X;4;)a(t),

—2(X;B; B} Xjx(t), z(t)).

(1))

Using RDI (6), we have

Vi(t.a(t)) < <X By BY; Xja(t), x(1))

—<XijB§FXj$(t),x(t)>
—(CF Cj(t), (1)) — (Rjz(t), 2(1))(8)
Since
(CF Cja(t), (X;B;B] Xjx(t), z(t)) > 0,

z(t)) = 0,
);

(X;By;Bl; X;x(t),z(t)) >0, t € RT, jely

and by assumption, (R;z(t),z(t)) > e|lz(t)||* which , by

(8), gives

Vi(t,z(t) < —(R;(t)x(t), 2(t)) < —||z(t)|?, t € RT.

, (9)
Note that (9) gives that, for each j € Iy, V;(t,x(t)) <
—e||lz(#)]|> . Next, suupose that the system switches
from state j to state ¢ at the time 7 € {t;},. 5, namely,

a(r7)=j and a(r1) =i. Then, we have
Vi (T+, x (T+)) (Xi(m)z (1), 2 (1))
Al (7)1

ﬁAQ e (7|

IN I

IA
3<
—~

q
S~—

53
3
N—

53
—~

q
S~—
S~

Similarly, one may show that
~ ) < Vil (7))

—V; (T*, T (T*
Now, if v € {t;},c, is the time when the system switches
from some state k to state j, then from (9), we obtain

(10)

Vit a(t) < —elat)]?
< el vt ).
A1
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Thus,
L vt a) < -t (11)
————dV;(t,x ——dt.
Vi(t,z(t) M
By integrating (11) from v to 7, we obtain
Vi(rma(r) Vit a(h))e T (12)
By using (12) and the estimation (10) as V; (77,2 (7)) <

%VJ (77,2 (77)) obtained above, we have
(o + Moot + i (m=v)
Vi(rtz(rT)) < 3 VivT,x(vT))e”
2
A _ e
< TV T
A2
)\1 CY)\Q
=< EVJ‘(VJF@(VJF)))T

where we use assumption (ii) in the last inequality.
Therefore,

(13)

Let N (t) denote the number of times the system is ac-
tivated on [0,¢). (Without loss of generality, we may
assume that lim; 4o Nj (t) = 400 for each j € Iy).
Then, lim;_, 1 N (t) = 4+00. Suppose that «(0) = ig
and « (t) =4, then by taking (13) into account, we get

(t)) < MOV, (0,2

Xollz(t)]* < Vi (t @

). (14
This implies that, for any = (0) € R",

lim |lz(¢)|| — 0.

t——o0
Therefore, the switched system (1) is asymptotically sta-

ble. Note that from (14), and condition (ii) of the theo-
rem, we obtain

+oo
2
Ao / le@®)|

IA

+oo
/o MOV, (0,2 (0)) dt

+o0
< Vi (0,2 (0 Z

=1
< BV (0,2 (0)) < 4o

(t; —tiz1)

Hence, x (t) € L2([0,400), R"™) and so does z(t). To com-
plete the proof of the theorem, it remains to show the
~v—suboptimal condition (3). To this end, we consider
the relation
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JyEll=))1% = vllw(s)|?]ds

[ T = allwta)1? + Vs, 2(sp)] o
0
- [ Vs atens

kot
= 3 [ [ = Al + Va5 s
i=17ti-1

—Z/tl Valsa:

ti—1

k t; .
= ;/ [”Z M =Allw(s) ]l +Vai(s7m(s))}ds

ti—1
k

- Z[Vai (ti,z (t:) = Vo, (tio1, 2 (tim1))]

i=1
Z / [P = V() + Ve (5, ()] s

<
+va1 (to, (t0)) = Vg (ti—1, (1))
+Z Qg1 tl,l' ))7‘/047‘, (tivm(ti))]
k t; .

<X [ = o)+ Vo oo s
Vi (to (t0)) +Z(1—) Vo (02 (81))
—‘/;)“C (tkfh (tkfl)) by (35)
k t; .

< 2 [ [ Al + Vo, () s

k—1

iy (1o 1)+ 3 (1 32) Ml
Vo, (b1, (tk—l))
k ti .

< X[ P =P + Vo s a(e)] s
Vo (to, 2 (t0)) = Ve, (th—1, @ (tk-1))

+Z(1—) oMV, (0,2 (0)),
(15)

where we use (14) in the last inequality. Now, by taking
the estimation of V;(t, z(t)) as

Vit z(t) < —elz@®)]® -
— (X;B;B] X;x(t),

(€7 Ca(t),
(1))
(1))

(1))

1
- ;(XjBljBlTijw(t%
+  2(X;Bijw(t), z(t))
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and by substituting
I ()]

= ([Ca.()Ca,(t) + Xa,(t) Ba, (t) Ba, (t) Xa, (t)]2(t), 2()),
t € [t;—1,t;) into inequality (16), we obtain

JaEll=s))12 = yllw(s)|?]ds

< - > Lix, BB x
< S [ eI - 2 (X Bra, B Xl ()

i=1"ti-1

+2(Xa, Bra,w(s), a(s)) = y(w(s), w(s)) ] ds

-1

1( A2> A o=tV (0,2 (0))

(17)

ko

+‘/'L0 t07 +

1=

—Var (te—1,2 (tk—1)) -

By Proposition 2.5, we have

1
2<X@iBlaiw(s)7x(S)>_7<w’ > ;<X BlalBla Xchx Z‘>

Then, from (15) and (17), we obtain
JaEll=s))12 = yllw(s)|?]ds

tr
< e / x(s)|2ds + Vi (to,z (t0)) +
0

k-1
A2\ A
Z 122 iaNs(ti)ViO (0,2 (0))
i=1 AL/ Ao
_Vak (tk—17 X (tk—l)) .
By letting £k — +00, we finally obtain

Jo U= = yllw@)2]de

< Vi (0,2(0)) (1 b <)\2 - 1))

and since V5, (0,2 (0)) < | X;, (0)]] [l (0) %, we get

S M=) 2dt

o Y (t)|2dt
< 7 [| X0 ) ||112(0)? (1+71,3(—71)>
+ Y

14 )11 (1471832 1))

Setting ¢y = 5 in the last inequality
we obtain
+oo
Jo ~ llz@®)]*dt
collz () 12 + fo ™ w(®)2de ~
where  [F%° |w(t)|?dt = YL wa, ()],
for all 2(0) and mnon-zero adm1551ble w;(t) €
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LQ([O, —|—OO), Rp),j - IN.
of the lemma.

This completes the proof

Based on Lemma 3.1, we obtain the following main result.

Theorem 3.1. Assume that the condition A holds
and linear control systems [Ay;(t),By;(t)] , j € In,
are GNC' in some finite time. Let T be a partition
of R and q a switching sequence such that the dwell-
time 7o := inf;en {t; — ti—1} > %lnof‘—i2 where € > 0,
a € (0,1) satisfying B = S0 aNetti-) < 4oo for
some s € Iy, and Ty = sup;ey {ti —ti-1} < 400
where A\ = MmaXjery {SUD;cp+ Amax (Pj(t))}, A2 =
minjery {infie g+ Amin (Pj(t))}. Then, under partition T
and switching sequence q, the Ho, control problem for
the switched system (2.1) has a solution . Moreover, the
feedback stabilizing controls are

u;(t) = —Bj (t)[P;(t) + I|a(t), t € RY, j € Iy

where P;(t) € BM™(0,4+00) is a solution of RDE
Pj(t)+AT;(6) P; () +P; (1) Ay (£) = P; () By (t) B (£) P; (1)
+Q;(t) =0,

t € RY, j € In and Q;(t) > 0 is a matriz function
satisfying

Qi(t) = A;(t)+ AT (t)+C](t)C;(t)+el, t€ RT, jely.

Remark 3.1. Note that the problem of solving Ric-
cati differential equations is in general still complicated,
however some various efficient approaches to solving this
problem can be found.

The following simple procedure can be applied to solve
the H., control problem for the switched system (1).

Step 1. Given v > 0, find the matrices A;(t), By, (%),
j € ln.

Step 2. Check the assumptions A, conditions (i) and (ii)
of Lemma 3.1.

Step 3. Check the global null-controllability of linear sys-
tems [A,;(t), By;(t)], j € In, by Proposition 2.2.

Step 4. Find solutions P;(t), j € In of RDE given in
Theorem 3.1 and the feedback stabilizing controls are
given by

uy(t) = ~BI(0)[P;(t) + TJe(t), t € RY, j € In.
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4 Conclusions

In this paper, we have shown that the H., control con-
ditions for linear time-varying switched systems has a
solution if some appropriate linear control systems are
globally null-controllable. The feedback stabilizing con-
trollers are designed via the solutions of a Riccati differ-
ential equations. Numerical example is given to illustrate
the effectiveness and validity of our main results.
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