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Abstract — Undesired secondary effects occurring at 

inerter-fed squirrel cage induction motors are in-

vestigated by a transient two-dimensional finite ele-

ment analysis with coupled electrical circuits. Calc-

ulated time-dependent numerical courses are comp-

ared to measured ones. A novel and deeper insight 

into the invoked harmonic spectrum of the electrical 

stator current and the mechanical torque at the ro-

tating shaft is given. 

Keywords — Finite element method; coupled circ-

uits; inverter topology; induction motor. 

I. INTRODUCTION 

Electrical drive systems applied for very simple 

industrial pump, fan or compressor applications re-

quire different torque/speed profiles in different 

operational states [1]. This is often realized by ro-

bust and reliable converter-fed squirrel cage induct-

ion motors as depicted in Fig.1.  
 

The used V/f control technology needs thereby a 

voltage magnitude variation in dependency on the 

drive frequency as it is exemplarily shown in Fig.2. 

The section with continuously rising effective 

voltage up to the maximum level of 200 V at 50 Hz 

permits in the quasi-steady operational state almost 

a constant mechanical torque of 4.9 Nm, whereas 

the interval with constant maximal effective voltage 

magnitude is denoted as field weakening range, 

characterized with a constant mechanical power 

output of  770 W.  

 
 

Figure 1. Family of variable speed drive systems consisting of 

induction motors with according power converters. 
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The desired high quality of the drive system is 

very sensitive to appearing higher harmonics in the 

electrical stator current or in the mechanical tor-

que, even from unsuitable machine designs or inap-

propriate power converter strategies [2,3].  
 

Such undesired current harmonics in converter 

driven motors can cause unforeseen losses and lead 

directly to additional heating effects inside the 

semiconductors and the winding system [4]. Mech-

anical problems regarding the rotating shaft can in 

particularly arise whenever frequencies in the gen-

erated mechanical torque spectrum coincide with 

natural resonance frequencies of the rotating shaft 

[5].  
 

The application of different commercial calcul-

ation tools within the design process of electrical 

drive systems gains crucial interest in order to over-

come such problems. An extended finite element 

method with directly coupled electrical circuits for 

instance allows the treatment of the complete drive 

system in the time-domain. Thereby, the converter 

topology is included by discrete electronic devices, 

whereas the induction motor is basically represent-

ed by iron laminations, insulation, stator winding 

and squirrel cage. The procedure overcomes previ-

ous insufficiencies and delivers results in dependen-

cy on well known control strategies with good accur-

acy. 

 
 

Figure 2. Measured (solid, dashed, dotted line) and numerical 

calculated (quadrates, circles) effective voltage (blue), effective 

current (magenta) and mechanical torque (brown) versus the 

supply frequency for the steady-state S1-duty. 
. 
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Figure 3.  The simplified converter model consists of the input B6 rectifier with diodes D1 to D6, the dc voltage link, three half-bridges 

formed by semiconductors T1-T4, T2-T5 and T3-T6 and an electronic control unit. 
 

II. CONVERTER TOPOLOGY AND CONTROL UNIT 

The power conversion from the public three-phase 

ac grid of constant frequency and voltage amplitude 

into an arbitrary three-phase ac system with var-

iable settings is performed by means of the power 

converter topology in Fig.3. The input ac to dc 

rectification is done by the diodes D1 to D6. The 

classical B6-bridge causes thereby an unavoidable 

voltage ripple. The capacitor C smoothes these dist-

inct fluctuations within the dc link level of 

UZK ≈ 565 V, whereas the inductance L restricts un-

desired current peaks during unexpected operati-

onal states [6]. The conversion of the dc link to 

three-phase output ac power is exclusively perform-

ed in the switched mode.  
 

 
 

Figure 4. Sampling of reference signals by a carrier signal. 
 

 

 
Figure 5. Saw-tooth carrier signal (blue) with 2 kHz and the 

sinusoidal reference signal (magenta) with 50 Hz. 

 

 

The control unit in Fig.3 has the task to generate 

different duty cycles for the semiconductor devices 

T1 to T6. The most widely used method of pulse-

width modulation employs carrier modulators in 

each of the three phases [7-9]. A simple realization 

of the main control part is shown in Fig.4. The 

according time-dependent signal courses in the 

control unit are exemplarity depicted in Fig.5 for 

the maximum output voltage at the frequency of 

50 Hz. The phase reference signal with the desired 

drive frequency 50 Hz is thereby sampled by a 

single saw-tooth carrier signals with a rate of 

2 kHz. The electronic control unit generates signals 

for the semiconductors whenever the sine-wave and 

saw-tooth signal have the same value. 

 
Figure 6. Switched phase-to-neutral voltage of the star-connected 

motor for a carrier frequency of 2 kHz. 
 

 
 

Figure 7. Measured phase-to-neutral voltage (blue) of the star-

connected motor for a carrier frequency of 2 kHz, whereby one 

division corresponds to 4 ms in the abscissa and 250 V in the or-

dinate. The Fourier spectrum (red) is based on 140 V per ordin-

ate division. 
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The utilized semiconductors effectuate temporary 

connections at high repetition rates with short ris-

ing times. The generated time-dependent phase-to-

neutral output voltage in case of the used control 

method from Fig.4 shows within the numerical pro-

cessed course in Fig.6 five distinct voltage levels. 

The fundamental content of the effective motor volt-

age is thereby 200 V at 50 Hz, as it was required for 

that specific steady operational state in Fig.2. The 

numerical calculation uses idealized switches with-

in the power converter and neglects the motor feed 

cable in Fig.3.  
 

The measured courses in Fig.7 look slightly differ-

ent to that in Fig.6 because of the non-ideal effects 

of the motor feed cable and additionally appearing 

capacitive influences of the complete stator winding 

system. Some distinct voltage peaks are obvious in 

Fig.7 due to voltage reflection at the motor termin-

als without using additional filters. 

 
 

Figure 8. Finite element mesh of the iron stator lamination with 

36 slots, a total slot height of 13mm, an average slot width of 

4mm, a stator yoke thickness of 11mm and a bore diameter of 

75.5mm. 
 

 

 
 

Figure 9. A number of n-serial connected bars, each consisting of 90 
single wires inside one slot, are forming one stator coil with 540 
windings inside the plane finite element domain, whereas both 
external parameters 

σ
= ΩR 7.74  and 

σ
=L 6.4mH are representing 

3D stator effects. 
 
 

III. FIELD-CIRCUIT COUPLING TECHNIQUE  

The local field quantities of the applied 2D finite 

element algorithm must be coupled to external cir-

cuits in order to include the arbitrary source voltage 

waveforms of the power converter [10].  
 

The finite element representation of the axially 

un-skewed stator lamination is exemplarily given in 

Fig.8. The modeling of the voltage-fed stator wind-

ing system in Fig.9 generally demands a distinct 

number of series connected bars in order to form 

one single coil. The stator phase resistor and the 

stator phase inductance in Fig.9 represent the not 

modeled 3D end-winding effects within the 2D finite 

element calculation [11]. All three stator phases are 

further star-connected. The supplied voltage at the 

external terminals in Fig.9 can thereby be arbitrari-

ly varying by time. 
 

 
 

Figure 10. Finite element mesh of the iron rotor lamination with 

26 slots, a total slot height of 9.2mm, an average slot width of 

2.6mm, a bore diameter of about 75mm, a rotor yoke thickness of 

16mm and a shaft diameter of about 25mm. 
 

 

 

 
 

Figure 11. A number of m-parallel connected coils, consisting of 
aluminum die casting, built up the squirrel cage rotor inside the 
plane finite element domain, whereas the external parameters 

= µΩ
b

R 1.74  and =
b

L 22.5nH are implicit representing 3D end-
ring effects. 
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The exemplarity depicted time-dependent voltage 

waveform in Fig.6 is governed by very fast ris-

ing/falling voltage flanks, which have to be proces-

sed within the coupled numerical finite element an-

alysis. Thus, the chosen time-step for solving is oft-

en less than 10 ns [12,13]. 
 

The used 2D finite element model of the un-ske-

wed rotor depicted in Fig.10 is not suitable to accou-

nt for 3D end-ring effects. The complete winding 

schema for the not skewed squirrel cage rotor is 

shown in Fig.11, whereby the combined parameters 

approximately take account of 3D influences. 
 

The finite element approach allows the computat-

ion of the acting magnetic force on the solid rotor by 

‘virtual motion’ as sum over local contributions [14]. 

The rotor moves on stepwise with the aid of the 

applied ‘band technique’ [15]. Thus, elements which 

are situated at these band domain may be deformed 

during motion since some of their nodes may follow 

the moving rotor reference frame and some the 

stationary stator one [16]. These element distort-

ions are occurring in dependency on the movement. 

So, the continuous element distortion enforces a re-

meshing of air-gap elements lying on the band. 
 

Due to the non-linear iron material properties, as 

listed in Table 1, linearization and time-discreti-

zation methods are necessary to solve such coupled 

electromechanical problems in the time domain [17-

19]. 

TABLE I 

NON–LINEAR IRON MAGNETIZATION CHARACTERISTIC 

B [T] 0 0.4 0.8 1.2 1.6 2.0 

H [A/m] 0 140 190 260 1370 20500 
 

 

IV. TIME-DEPENDENCY OF THE ELECTRIC CURRENT 

AND THE MECHANICAL TORQUE  

The analysis of the time-dependent courses of the 

electrical current and the mechanical torque within 

inverter driven motors in the time-domain is of 

main importance, because it allows further estimat-

ions about additionally heating effects as well as 

critically resonance frequencies of the rotating 

shaft.  

A. Higher harmonics in the electrical current 

The numerical analysis of the complete voltage-fed 

drive system with respect to the course depicted in 

Fig.6 for a carrier frequency of 2 kHz delivers the 

time-dependent electrical stator current as depicted 

in Fig.12. The application of the series-expansion  

( ) ( )
k k

k 1

ˆi t I sin 2 kf t

∞

=

= π ⋅ +α∑  (1) 

delivers all harmonic components 
k
Î .  

 

 

Thereby, the distinct fundamental component 

=
1
Î 2.86A  at 50 Hz, and additionally the undesired 

first side pair harmonics 
39
Î 0.17A=  at 1950 Hz 

and =
41
Î 0.27A  at 2050 Hz as well as the second 

side pair harmonics 
79
Î 0.05A=  at 3950 Hz and 

81
Î 0.08A=  at 4050 Hz can be found in the 

complete spectrum of Fig.13. Higher harmonic 

contributions are of secondary interest.  
 

The measured electrical current course and the 

according harmonic analysis are depicted in Fig.14. 

Not only the comparison of the time-values with 

those in Fig.12, even though the harmonic magnit-

udes received from (1) show a good conformity. 

 
 

 
Figure 12. Calculated electrical motor current for a carrier 

frequency of 2 kHz. 

 

 
Figure 13. Fourier spectrum of the calculated motor current for a 

carrier frequency of 2 kHz. 

 
 

 
 

Figure 14. Measured motor current (blue) for a carrier frequency 

of 2 kHz, whereby one division corresponds to 4 ms in the 

abscissa and 2 A in the ordinate. The Fourier spectrum (red) is 

based on 0.6 A per ordinate division. 
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In spite of some differences between the numeri-

cal processed voltage shape in Fig.6 and the meas-

ured voltage in Fig.7, in particular during the 

switching on/off state, no significant discrepancy 

between the numerical calculated and the measured 

time-dependent current distribution in Fig.12 and 

Fig.14, respectively, can be found due to the distinct 

inductive behavior of the squirrel cage induction 

motor.  
 

In order to smooth the overlaid current ripple 

within the distribution in Fig.12, the first harmonic 

pair in Fig.13 caused by the carrier frequency of 

2 kHz has to be eliminated by increasing the frequ-

ency to 4.5 kHz.  
 

 
Figure 15. Calculated electrical motor current for a carrier 

frequency of 4.5 kHz. 
 

 
Figure 16. Fourier spectrum of the calculated motor current for a 

carrier frequency of 4.5 kHz. 
 

 

 
Figure 17. Measured motor current (blue) for a carrier frequency 

of 4.5 kHz, whereby one division corresponds to 4 ms in the 

abscissa and 2 A in the ordinate. The Fourier spectrum (red) is 

based on 0.6 A per ordinate division. 

 

 

 

 

 

The improvement within the electrical current 

quality is shown in Fig.15. The course is very 

similar to the desired sinusoidal one. That circum-

stances are also obvious from the associated 

spectrum (1) depicted in Fig.16. Beside the desired 

fundamental component, only a first sideband with 

=
88
Î 0.06A at 4400 Hz and =

92
Î 0.07A at 4600 Hz 

exists. From a comparison of the numerical calcul-

ated results from Fig.15 and Fig.16 with the 

measured quantities in Fig.17 it is obvious, that a 

good agreement could be achieved.  

B. Higher harmonics in the mechanical torque 

The numerical calculated time-dependent mech-

anical torque is depicted in Fig.18 for a control 

strategy based on the carrier frequency of 2 kHz. 

The series-expansion  

( ) ( )
k k

k 0

ˆm t M sin 2 kf t

∞

=

= π ⋅ + β∑  (2) 

leads to the harmonic magnitudes 
k

M̂ , which are 

further shown in Fig.19. Beside the desired const-

ant contribution of =
0

M̂ 4.9Nm , a very distinct 

undesired torque fluctuation due to the converter 

topology of Fig.3 is caused by the component 

42
M̂ 0.45Nm=  at 2100 Hz Other contributions to 

the torque ripple are obviously suppressed.  
 

An improved spectrum could be achieved by 

increasing the carrier frequency up to 4.5 kHz. The 

analysis of the numerical results from Fig.20 in the 

frequency domain results to the torque spectrum 

shown in Fig.21. The previously torque components 

are shifted to higher ordinal numbers at 4500 Hz 

with lower magnitude =
90

M̂ 0.2Nm . A comparison 

of Fig.18 with Fig.20 shows that effect imposingly. 
 

Thus, undesired effects concerning the quality of 

the true shaft motion of the drive system could be 

avoided by using higher carrier frequencies. 

V. CONCLUSION 

The prediction of undesired current and torque 

harmonics inside converter-fed induction motors is 

of crucial interest in order to guarantee a high 

quality level of the drive system. Thereby, the 

complex interaction of the converter and the squir-

rel cage induction motor has to be considered. This 

is done by using the 2D transient electromagnetic-

mechanical finite element method with additionally 

coupled external circuits. Fortunately, the 

generated arbitrary time-dependent output voltage 

waveforms of the converter are directly processed 

within the non-linear finite element analysis in the 

time-domain. Effects of minor changes in the 

mechanical rotor true running due to the torque 

ripple as well as fluctuations in the electrical 

current consumption are regarded.  
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Figure 18. Calculated mechanical torque for a carrier frequency 

of 2 kHz. 

 
 

 
Figure 19. Fourier spectrum of the calculated mechanical torque 

for a carrier frequency of 2 kHz. 

 
 

 
Figure 20. Calculated mechanical torque for a carrier frequency 

of 4.5 kHz. 

 
 

 
Figure 21. Fourier spectrum of the calculated mechanical torque 

for a carrier frequency of 4.5 kHz. 
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