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Models of Adding Edges between the Root and
Descendants in a Complete Binary Tree
Minimizing Total Path Length

Kiyoshi Sawada *

Abstract—This paper proposes two models of
adding relations to an organization structure which
is a complete binary tree of height H: (i) a model
of adding an edge between the root and one node of
depth N and (ii) a model of adding edges between the
root and all nodes of depth N. For each of the two
models, an optimal depth N* is obtained by minimiz-
ing the total path length which is the sum of lengths
of shortest paths between every pair of all nodes.
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1 Introduction

A pyramid organization [8] is the basic type of formal
organization structure which is a hierarchical structure
based on the principle of unity of command [3] that ev-
ery unit except the top in the organization should have
a single superior. In the pyramid organization there ex-
ist relations only between each superior and his subordi-
nates. However, it is desirable to have formed additional
relations other than that between each superior and his
subordinates in advance in case they need communication
with other departments in the organization. In compa-
nies, the relations with other departments are built by
meetings, group training, internal projects, and so on.
Personal relations exceeding departments are also consid-
ered to be useful for the communication of information
in the organization.

The pyramid organization structure can be expressed as
a rooted tree, if we let nodes and edges in the rooted tree
correspond to units and relations between units in the
organization respectively [5, 7]. Then the path between
each node in the rooted tree is equivalent to the route of
communication of information between each unit in the
organization. Moreover, adding edges to the rooted tree
is equivalent to forming additional relations other than
that between each superior and his subordinates.

The problem of adding the minimum number of edges to
a given graph so as to satisfy a given edge- or vertex-
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Figure 1: An example of a complete binary tree of H = 5.

connectivity is called the graph augmentation prob-
lem [2, 4], which has applications such as network con-
struction problems. On the other hand, the purpose of
our study is to obtain an optimal set of additional rela-
tions to the pyramid organization such that the commu-
nication of information between every unit in the orga-
nization becomes the most efficient. This means that we
obtain a set of additional edges to the rooted tree mini-
mizing the sum of lengths of shortest paths between every
pair of all nodes. Therefore, the problem treated in this
paper is different from the graph augmentation problem
described above.

We have obtained an optimal set for each of the following
three models of adding relations in the same level to an
organization structure which is a complete binary tree of
height H: (i) a model of adding an edge between two
nodes with the same depth, (ii) a model of adding edges
between every pair of nodes with the same depth and (iii)
a model of adding edges between every pair of siblings
with the same depth[6]. A complete binary tree is a
rooted tree in which all leaves have the same depth and
all internal nodes have two children [1]. Figure 1 shows an
example of a complete binary tree of H = 5. In Figure 1
the value of NV expresses the depth of each node.

This paper proposes two models of adding edges between
the root and descendants in a complete binary tree of
height H (H = 2,3,---): (i) a model of adding an edge
between the root and one node of depth N and (ii) a
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model of adding edges between the root and all nodes
of depth N. Model (i) corresponds to the formation of
an additional relation between the top and one unit of
an organization. Model (ii) is equivalent to additional
relations between the top and all units in the same level.

If I; j(= lj,;) denotes the path length, which is the num-
ber of edges in the shortest path from a node v; to a
node v; (i,j =1,2,--,20+1 — 1) in the complete binary
tree of height H, then ij l; ; is the total path length.
Furthermore, if lgjj denotes the path length from v; to
v; after adding edges in the above models, I; ; — I} ; is
called the shortening path length between v; and v;, and
> i<jliy —1; ;) is called the total shortening path length.

In Section 2 and Section 3, for each of the two models of
adding edges respectively, we formulate the total short-
ening path length and obtain an optimal depth N* which
maximizes the total shortening path length.

2 Adding an Edge between the Root and
One Node of Depth N

This section obtains an optimal depth N* by maxi-
mizing the total shortening path length, when a new
edge between the root and one node of depth N (N =
2,3,---,H) is added to a complete binary tree of height
H.

2.1 Formulation of Total Shortening Path
Length

Let S1 g (IN) denote the total shortening path length by
adding a new edge between the root and one node of
depth N.

Let vy denote the node of depth N which gets adjacent
to the root. The set of descendants of vy is denoted by
V1. (Note that every node is a descendant of itself[1].)
Let V5 denote the set obtained by removing V; from the
set of all nodes of the complete binary tree.

The sum of shortening path lengths between every pair
of nodes in V; and nodes in V5 is given by

A1, u(N)

vz

I
= M(H - N)

2

]
(M(H—i)—l—l)(N—Qi—i—l),

(1)

where M (h) denotes the number of nodes of a complete
binary tree of height h (h =10,1,2,---), and |z] denotes
the maximum integer which is equal to or less than x.
The sum of shortening path lengths between every pair
of nodes in V3 is given by

By, u(N)
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[¥]-1
> (M(H—N+i—1)+1)
=1
[ 5]-
X (M(H—j)+1)(N—2i—2j+1),

(2)

where we define

0

=0, (3)

1

From the above equations, the total shortening path
length S f7(NV) is given by

S1.5(N)
= Ay g(N)+ B1.a(N)
| %]
) Z(M(H—i)+l>(N—2i+1)

i=1
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=
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=
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(M(H—N+z’—1)+1)
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(M(H—j)+1)(N—2i—2j+1).

<.
Il
—

(4)

Since the number of nodes of a complete binary tree of
height h is

M(h) =21 -1, (5)
S1.1(N) of Equation (4) becomes
S1a(N)
5] '
_ (zH—N+1 - 1) QH—i+1(N — 9j + 1)
=1
eI
Y 2NN 9N — 25— 25+ 1).
i=1 j=1
(6)

2.2 An Optimal Depth

In this subsection, we seek N = N* which maximizes
S1,1(N) in Equation (6).

Lemma 1.
SLH(QL) > SI,H<2L + 1) s

forL:1,2,~~~,L%J.

(7)

Proof. Since

S1,u(2L) — S1,u(2L + 1)
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L L
— 2H—2LZ2H—i+1(2L _ 22) +22H—i+1
=1 =1

L—-1 L—i

+ Z 2H—2L+i—1 Z 2H—]+1(2L _ 2Z _ 2.7)
i=1 j=1
> 0, (8)
we have S1 g(2L) > Sy (2L + 1). O

Let Ry (L) = S1,4(2L), so that we have
Rur(L) 92H—3L+2 _ 92H—2L+3 | g2H—L+2

73.2H7L+17L.2H+2+3.2H+17(9)

for L = 1,2,---,[Z|. Let ARy(L) = Ry(L +1) —

Ry (L), so that we have
(_7 L9 3L—1 4 3 9-2L+1 _ 2—L+1) 92H
n (3-2—L—4)2H7

for L=1,2,---,|&|-1.

ARg(L) =

(10)

Lemma 2.
(1) If L = 1, then ARg(1) < 0 for H = 4,5 and
ARy (1) >0 for H=16,7,---.
(2) If L=2,3,---, then ARy (L) < 0.
Proof. Let us define x as

=2

(11)

then ARy (L) in Equation (10) becomes
(77 L9=8L-1 1 3. 9-2L+1 _ 27L+1) 72

+(3-2*L—4)a:,

TL(SU) =
(12)

which is a quadratic function of the continuous variable
x.

From the sign of the coefficient of 22 in Equation (12),
the following two cases can be discussed:

(i) When L = 1, then —7-27357143.2720+1_9=L+1 >
which indicates that Tp,(z) is convex downward.

(i) When L = 2,3,---, then —7-273L—1 4 3. 272041 _
27 L+ < 0 which means that T, (x) is convex upward.

In the case of (i), T (z) becomes

1 5
To(e) = —a% — 2.
() T 5%
Since Tp,(z) < 0 for 0 < z < 40 and T (x) > 0 for = > 40
in Equation (13), we have ARy (1) < 0 for H = 4,5 and

AR (1) >0 for H=6,7,---.

(13)

In the case of (ii), by differentiating 77 (z) in Equa-
tion (12) with respect to x, we obtain

(_7 9=8L | g 9-2L+2 _ 2—L+2) "

+3.27F 4.

Tp(z) =
(14)
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Since

TL(0) =0 (15)

and

T;(0) =27+t <Z - 2“1) < 0, (16)
we have Tp(z) < 0 for x > 0. Therefore, we have
ARp(L) <0 for H=4,5,---. O

From Lemma 2, the optimal depth N* can be obtained
and is given in Theorem 3.

Theorem 3.
(1) If H =2,3,4,5, then the optimal depth is N* = 2.
(2) If H=6,7,--, then N* = 4.

Proof.
(1) If H = 2,3, then L* = 1; that is, N* = 2 trivially. If
H = 4,5, then L* = 1; that is, N* = 2 since ARy (L) <0
for L=1,2,---,|&] -1

(2) If H =6,7,---, then L* = 2; that is, N* =

3 Adding Edges between the Root and
All Nodes of Depth N

This section obtains an optimal depth N* by maximizing
the total shortening path length, when new edges between
the root and all nodes of depth N (N =2,3,---,H) are
added to a complete binary tree of height H.

3.1 Formulation of Total Shortening Path
Length

Let S2 g (IN) denote the total shortening path length by
adding new edges between the root and all nodes of depth
N.

The sum of shortening path lengths between every pair
of nodes whose depths are equal to or more than N is
given by
s N-1
Ay (N) = (M(H - N)) 2V 3o,

i=1

(17)

where M (h) is as before. The sum of shortening path
lengths between every pair of nodes whose depths are
less than N and those whose depths are equal to or more
than N is given by

By u(N)
[5]-t Nia
= M(H— N)2N+! 527
i=1  j=1
+ M(H — N)2V LZJ(M Q‘N;lJ z) +1)
x (N —2i+1), - (18)
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and the sum of shortening path lengths between every
pair of nodes whose depths are less than N is given by

Ca.m(N)
[5]-1 No2im1
= 2V j 27
i=1 j=1
|5]-2 [5F]-h-1 N _on—i1
h=1 i=1 j=1
i | 5]
, N +1
oN—i M(|——|—-j]+1
© 3y (u (|5 0) )

(19)

where |z] is as before and where Equation (3) is applied
and furthermore we define

(20)

From these equations, the total shortening path length
So.m(N) is given by

So. 1 (N)
= Ao g(N)+ Byg(N) + Cop(N)
9 N—1
= {M@ - N}y
=1

From Equations (5) and (21), we have that

So.m(N)
= (N-

- (—N+2 B[J +3> QH+N—| 5 |+2

2) 22H+2 + 22H7N+3 _ 2H+N+3
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3.2 An Optimal Depth

In this subsection, we seek N = N* which maximizes
So. i (N) in Equation (22).

Let Sepen(N
when N is an even number.

) denote the total shortening path length
From Equation (22), we

have that
Seven(N) = (N —2) 92H+2 | 92H-N+3 _ oH+N+3
+3.9H+3N+2 (N —1) 9H+2
+ (N?—2N) 2N~ (23)

for N =2,4,6,---,2 LgJ Let S,qq(N) denote the total
shortening path length when NV is an odd number. From
Equation (22), we have that

Sodd(N) — (N—2) 22H+2+22H—N+3 _2H+N+3
+ 9H+3N+3 +(N-1) gH+2
+ (N?—2N +1)2V ", (24)
for N =3,5,7,---,2 [ £ + 1.
Let ASepen(N) = Soad(N + 1) — Sepen(IN) when N is

even, so that we have

ASeven(N)
22H+2 _ 22H—N+2 _ 2H+N+3 + 2H+%N+2
+2542 4 (N2 42N) 2V (25)

for N =2,4,6,---,2 [Z2]. Let ASpqq(N) = Seven(N +

1) — Soaa(N) when N is odd, so that we have
AS,qa(N)
92H+2 _ g2H-N+2 _ gH+N+3 | oH+iN+5
+ 22 4+ (N2 42N —3) 2V (26)
H
for N=3,57,---,2| 4] - 1.
Lemma 4.
(1) ASepen(N) >0 for N =2,4,6,---,2 LT_IJ
(2) AS,qa(N) >0 for N =3,5,7,---,2 LgJ 1.
Proof.
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(1) If N < H — 2, then

Aseven(N)
92H+2 (1 _9-N _ 27H+N+1) + oH+3N+2

_|_2H+2_|_ (N2+2N> 2N—1

> 0. (27)
If H is odd and N = H — 1, then
ASeven(N)
9H+2 (—2 4= 1) +(H2—1) 202
> 0. (28)

(2) If N < H — 2, then

AS,qq(N)
92H+2 (1 _9-N _ 27H+N+1) + oH+5N+5

+2012 4 (N? 42N —3) 2N !

> 0. (29)
If H is even and N = H — 1, then
AS,qq(N)
oH+2 (_2 L o3H 4 1) n (H2 —4) oH—2
> 0. (30)
O

From Lemma 4, the optimal depth N* can be obtained
and is given in Theorem 5.

Theorem 5. The optimal depth is N* = H.

Proof. If H =2, then N* = 2 trivially; that is N* = H.
If H=3,4,---, then N* = H since AS¢,en(N) > 0 for
N = 2,4,6,---,2| 2] and ASpqq(N) > 0 for N =
3,572 4| -1 o

4 Conclusions

This study considered the addition of relations to an orga-
nization structure such that the communication of infor-
mation between every unit in the organization becomes
the most efficient. For each of two models of adding edges
between the root and nodes of depth NV to a complete bi-
nary tree of height H which can describe the basic type
of a pyramid organization, we obtained an optimal depth
N* which maximizes the total shortening path length.

For the first model of adding an edge between the root
and one node of depth N, we showed Theorem 3 that
the depth of node so as to maximize the total shortening
path length is N* = 2 for complete binary trees of small
height (H = 2,3,4,5) and N* = 4 for higher complete
binary trees (H = 6,7,---). These results indicate the
most efficient manner of adding a single relation between
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the top and one unit and this depends on the number of
levels in the organization structure.

For the second model of adding edges between the root
and all nodes of depth N, we showed Theorem 5 that the
depth of nodes so as to maximize the total shortening
path length is N* = H. This means that the most effi-
cient way to add relations between the top and all units
at the same level is to get adjacent to the lowest level.
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