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Simple Procedure for the Designation of Haar
Wavelet Matrices for Differential Equations

Phang Chang, Phang Piau

Abstract — Wavelet transforms or wavelet analysis is a
recently developed mathematical tool for many problems.
Wavelets also can be applied in numerical analysis. In this
paper, we apply Haar wavelet methods to solve ordinary
differential equations with initial condition known. To avoid the
tedious calculations and to promote the study of wavelets to
beginners, we proposed a simple way to perform the
calculations for the matrix representation. Three numerical
examples are shown which including first, second, higher order
differential equations with constant and variable coefficients.
The results show that the proposed way are quite reasonable
when compatre to exact solution.
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. INTRODUCTION

Wavelet transform or wavelet analysis is a recently
developed mathematical tool for signal analysis. To date,
wavelets have been applied in numerous disciplines such as
image compression, data compression, denoising data and
many more [1]. In numerical analysis, wavelets also serve as
a Galerkin basis to solve partial differential equations.
Wavelet analysis involves tedious calculations. Practically,
the calculation is done by using software with certain
commands or special toolboxes. It may make the beginner
feel intimidate [2]. Meanwhile, Haar function always has
been choose for educational purpose, especially in many
papers or books written on topic of introduction to wavelets
[3-4]. Due to the powerful of wavelets in plenty fields, there
are many works, such as in [5-6] in promoting the study of
wavelet even in undergraduate level.

Meanwhile in numerical analysis, wavelet based
algorithms have become an important tools because of the
properties of localization. One of the popular families of
wavelet is Haar wavelets. Due to its simplicity, Haar wavelets
had become an effective tool for solving many problems,
among that are Ordinary Differential Equations, ODEs and
Partial Differential Equations, PDEs. In these works, the
operator or matrix representation is expanded in a wavelet
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basis. Sometime, the works for writing up the operational
matrices are quite tedious especially when ones intend to
perform the calculation in high resolution. This will
discourage the beginner to study how wavelet basis can be
applied to solve differential equations, especially when in the
works of encouraging the study of wavelets in undergraduate
level which were done in [5-7].

In solving ordinary differential equations by using Haar
wavelet related method, Chen and Hsiao [8-9] had derived an
operational matrix of integration based on Haar wavelet.
Lepik [10] had solved higher order as well as nonlinear
ODEs by using Haar wavelet method. There are discussions
by other researchers [11-13]. We are not going to compare
with these distinguish scholars, but intend to come out with a
simple procedure to solve ordinary differential equations
which make use of the power of wavelets. With this, we hope
that even for an undergraduate student can also perform the
numerical calculation by using wavelets as a tool in order to
solve ordinary differential equation problems without using
any complicated algorithm but sufficient with the help of
computer algebra system or Excel. With this, it is hoped that
it will encourage the study of wavelet in undergraduate level.

Il. HAAR WAVELET

Haar wavelet is the simplest wavelet. Haar transform or
Haar wavelet transform has been used as an earliest
example for orthonormal wavelet transform with compact
support. The Haar wavelet transform is the first known
wavelet and was proposed in 1909 by Alfred Haar. The
Haar function can be described as a step function y(x) and

in Fig. 1 as follows :

1 0<x<05
w(x)=4-1 05<x<1 (1)
0 otherwise
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Fig. 1 Haar function

This is also called mother wavelet. In order to perform
wavelet transform, Haar wavelet uses translations and
dilations of the function, i.e. the transform make use of
following function

w(x)=p (2 x-k) )
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Translation / shifting w(x) =w(x —k)
Dilation / scaling (x) =y (2'x)
where this is the basic works for wavelet expansion.

With the dilation and translation process as in Eq.(2), ones
can easily obtain father wavelet, daughter wavelet,
granddaughter wavelet and so on as in fig. 2.

Wavelet
Father

L | Mother

Daughter

g — Grand-
i daughter
I

Fig. 2 Haar Wavelet (up to 2 resloution levels)

In the matrix form, the Haar matrix for resolution up to 2
levels is given below :

11 1 1 1 1 1 1
11 1 1 -1 -1 -1 -1
11 -1 -10 0 0 O
o 0o 0 01 1 -1-1
1 -1 0 0 0 O O O
6o 0o 1 -1 0 0 0 O
0o 0 0 01 -1 0 O
o 0o 0 o 00 1 -1

The pattern of the Haar wavelet undergo translation and
dilation process and its matrix pattern are observed when the
Haar wavelet been used in solving ordinary differential
equations.

I1l. HAAR WAVELET METHOD FOR ORDINARY
DIFFERENTIAL EQUATIONS

For solving linear ordinary differential equation with n™
order, say

AYT )+ Ay TP ) -+ A0 = F(X),
where x e [A, B] and initial conditions
y D), y™2(A) ..., y(A) are known.

We follow the work done by Lepik [10]. Say we intend to
do until j level of resolution, hence we let m=2(2'). The
interval [A,B] will be divided into m subintervals, hence

B-—
m

AX = A and the matrices are in the dimension of mxm.

Here we suggest the step by step procedures for easy
understanding. Mainly, there are 5 steps as shown in the
procedure as follow.
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Procedure :
m
Step 1: Let y™ (x) =" a;h; (x) where h is haar matrix and
i-1
a; is the wavelet coefficients.
Step 2: Obtain appropriate v order of y(x) by using

n-v-1

m
1 o o
YO0 =2 8k + 2 S (x=ATy"
i=1 :

o=0
Step 3: Replace y™(x) and all the value of y)(x) into

the problem.
Step 4: Calculate the wavelet coefficients, a;.

Step 5: Obtain the numerical solution for y(x) .

Step 2 is the key procedure where matrix P,_, ;(x) will

be counted. If ones intend to do the calculation until level j of
resolution, ones will obtain the matrix P,_,;(x) (let

n—v =) as in the pattern shown in fig. 3where C=B- A

Level
[1 3% 5% 7¢ : @em-1)7] 0
L35 1) 0
1 32(F-1)« | 1
I | 1
13 ‘ 2
— 2
: L ] ;
1oc | Lo === 2
ol amy| 1 |
L] !
] \
L1 3
|
‘ L]
| L1
i ‘ -

represent elements which need to count

[ ] represent elements with the same value in same level
Fig. 3: Designation of matrix P.

The pattern of design of the matrices P is similar to Haar
wavelet. For calculation of P matrices, we focus on the
elements need to be counted as shown in fig. 3. Here, we
suggest the following algorithm for counting the elements
which are required.

Algorithm :
1 1
al (2m)“
a=n-v
L=01L2,---,j (Level of Haar wavelet)

{(C(zﬂl_+ 21-1))% —2(C(2l —1))“}

m
2(24)
and where C=B-A

=123,

In the matrix P shown in the fig 3, we factored out the
a

1 . .
common factor — c for all the elements in the matrix
al (2m)*
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which we calculated using the algorithm above, for the
reason of simplicity.

IV. NUMERICAL EXAMPLES

Three examples are shown. All the calculation is done by
using 3 levels of Haar wavelet.
Example 1:
Solve the equation y”"(x) + y(x) =sin X+ XCOS X,

x €[0,1] with y(0)=1, y'(0) =1.
Exact solution :

y(X) =cosx+%sin x+%(xzsin X — X COS X)

By using

m
Step 1:y"(x) = D _ajhi(x)
i=1
m 2-0-1 1
Step 2 y(9 = &P (0 + 3, —(x-0)7ys”

i=1 o=0

m
i=1
Step 3 : Hence, we get
y"(X) + y(X) = sin X + X COS X

m m

D aihi () + Y aiPy () +1+ X =sin X+ Xcos X

i=1 i=1

m

Zai[hi(x)+szi(x)]:sinx+xcosx—1—x

i=1

The matrix P is shown below.
1 3% 82 72 9% 112 132 157 177 19?2 217 232 252 272 29% 312
1 3% 52 72 9% 117 132 157 287 343 391 431 463 487 503 511
13 52 72 79 103 119 127
1 3 52 72 79 103 119 127

13 23 31

1 3 23 31

11 1 ® 23 31
232211 7

1 7

1 7

Step 4: Solving the system of linear equation. We obtain

wavelet coefficients, a; .
Step 5: Obtain the numerical solution for y(x) as in Table 1.

Table 1 : Numerical solution for Example 1
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21 1.501598 1.490681 0.010917
23 1.536265 1.525485 0.010780
25 1.570336 1.559012 0.011324
27  1.602462 1.591364 0.011098
29  1.633465 1.622605 0.010860
31  1.663308 1.652763 0.010545

Example 2 shows the solution of higher order differential
equation by using Haar wavelet method. The result shows
that the method is applicable for higher order DE, even for
variable coefficient.

Example 2:
Solve the equation y™® (x) + xy(x) =16sin 2x + xsin 2x,,
x €[0,1] with y(0)=0, y'(0)=2, y"(0)=0, y"(0)=-8
Exact solution : y(x) =sin 2x
By carry out Step 1 to 3, we obtain
m
Da [ () + xP, ; ()] + 2x2 —% x* =165in 2x + xsin 2x
i=1
By carry out Step 4 to 5, we obtained the results as in Table 2.

Table 2 : Numerical solution for Example 2

x (/32)  Solution Exact solution Absolute error
1 0.062459 0.062459 0.000000
3 0.186405 0.186403 0.000002
5 0.307463 0.307439 0.000024
7 0.423743 0.423676 0.000067
9 0.533859 0.533303 0.000556

11 0.635637 0.634607 0.001030
13 0.727687 0.726009 0.001678
15 0.808581 0.806081 0.002500
17 0.887019 0.873575 0.013444
19 0.946546 0.927437 0.019109
21 0.992728 0.966827 0.025901
23 1.024951 0.991129 0.033822
25 1.042978 0.999966 0.043012
27 1.046518 0.993198 0.053320
29 1.035738 0.970932 0.064806
31  1.010991 0.933514 0.077477

x (/32)  Solution Exact solution Absolute error
1 1.030777 1.030767 0.000010
3 1.089527 1.089496 0.000031
5 1.144880 1.144700 0.000180
7 1196844 1.196643 0.000201
9 1.247001 1.245594 0.001407

11 1.293240 1.291819 0.001421
13 1.337136 1.335577 0.001559
15 1.378678 1.377118 0.001560
17 1.427640 1.416676 0.010964
19  1.465381 1.454467 0.010914
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Example 3 involves ODE with exponential coefficients.
The results is compare with the results obtained by series
solution. Due to the behavior of exponential, we use a
relatively small step size if compared to previous two
examples, which is until 4 level of resolution.

Example 3:
Solve the equation y'(x) +e*y(x) = x?,
x €[0,1] with y(0)=4.

Series solution : y(x) =4 —4x + x® +%x4 (up to first four

nonzero terms only)
By carry out Step 1 to 3, we obtain

m
y)+ey(x)=>a [hi (X)+e*Py; (x)|= x* - 4e
i=1
By carry out Step 4 to 5, we obtained the results as in Table 3
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Table 3 : Numerical solution for Example 3

x (/64)  Solution Series solution Difference
1 3.936517 3.937504 0.000987
3 3.807570 3.812603 0.005034
5 3.674638 3.687980 0.013342
7 3537674 3.563820 0.026146

V. CONCLUSION

The designation of matrices P is shown. The algorithm and
procedure have been applied to use Haar wavelet method in
solving ODEs. The result is comparable to the exact solution.
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