
 
 

 

  

Abstract— Statistical data analysis on toxicity for 

air pollution problems is studied for the atmosphere 

with the various pollutant’s observations. In this 

paper Kriging techniques are explained for 

pollutant concentration, also forecast by Kriging 

methods. Approximate function called as system 

function is obtained by these techniques.  An 

approach is mentioned for calculating weights for 

the given data. This model can easily be extended to 

higher dimensional air pollution data. 

  
 

Index Terms— Kriging, Spatial analysis, Support 
Vector Regression (SVR), Variogram.   
 

I. INTRODUCTION 

 In air pollution modeling we observe the dispersion by 

statistical fitting techniques. Then we forecast the 

concentration of pollutant through which we take some 

monitoring actions. One of the fitting techniques is 

spatial interpolation known as Kriging. Most of the 

applications of this technique have been used in mining, 

hydrology and contamination [2]. Reference [6] has 

used it for acid precipitation data. Understanding the 

plume concentration of any contaminant is a multi 

faceted problem. Often data is limited and modeling 

exercise is tedious. These techniques are for 
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capitalizing on the measurements of the level of 

contaminant in the atmosphere. Hence we are 

explaining and analyzing the procedure with 

mathematical and statistical methods. Kriging 

procedures are applied to specific data with the help of 

Variogram methods. 

Kriging is a form of weighted average estimator. The 

weights are assigned on the basis of model fitted to 

variogram function which represents spatial structure in 

the variable. The most frequently used form of kriging 

is ordinary kriging (OK). OK estimates linear weighted 

dynamic averages of the n available observations over 

which estimation is made. Bayesian probability density 

for interpolation function extrapolates ( [9]) to the 

density of the least squares linear model. This density 

can be used to implement cardinal interpolation [5] 

since cardinal points are of basic importance for 

sampled data. Generally we consider the three points 

i.e. mean, mean plus standard deviation and mean 

minus standard deviation of the interpolator probability 

density function. Variance function extrapolates a 

quadratic function for the least squares linear model. 

The standard natural cubic spline interpolator 

extrapolates to the lines that diverge greatly from the 

least squares line. The same divergent extrapolation 

behavior is commonly found in models obtained by 

Gaussian process such as Kriging models.       

A case study problem is considered in section III and 

kriging methods have been implemented. 
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II. MATHEMATICS OF KRIGING 

The basic objective of kriging is to derive an empirical 
model for the stochastic component of an observation. 
This model allows estimating the value of variable 
points of the observations. 
 Let kriging assume  the variable )(zC  
 

)()( zCxC m ε+=                     (2.1) 
Where   mC  is mean of given sampled data                
and )(zε  is   noise  in the given data. 
Kriging assumes that Forecasting estimate                   
of )(zC  is )(zC  , it is also known as system 
function  and is approximated as follows: 
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Where jλ  are weights, jC  are observations of 

pollutant’s concentration.  
jλ ’s are determined by insisting that ensemble 

averaged variance of )(zC . 
Ensemble average bias between the estimates 

)(zC  and true value of mC  is zero. 
 
 ( ) >−< mCzC )(  =0                   (2.3) 
 Substituting ( 2.2) in (2.3)  
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Since  ( mmj CCC >=>=<< ) then ( 2.4) 
reduces to 
 ∑ = 1jλ                                    (2.5) 

So Variance term is defined as follows which is 
to be minimized 
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     Subject to (2.5) 
   
 
 

Theorem 1: As  (2.6) is an inner product space then 
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And ijγ is semi variogram and is a function of 
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   Substituting (2.8) in (2.7)  
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Since the best estimator will minimize the 

deviations, the estimation of these   variogram from the 
given data is explained in section IV. 

Let us introduce Lagrange function for (2.6) 
and (2.5) 

 
( )12),( −∑+∑+∑∑−= jjmjijjiG λμγλγλλμλ   

                                                                  (2.9) 
Here μ  is Lagrange multiplier.         
Hence critical points ),( μλ are obtained  
by solving normal equations 
 Partial derivative with respective to kλ   
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 This reduces to   (2.5)  i.e.,   ∑ = 1jλ  
 

Here there are n+1   unknowns   { μλλλ ,,..., 21 n }  
and n+1 equations.  
Hence the system comprising of (2.11) and (2.5) is 
consistent. Solving the above system using MatLab 
/Mathematica  we can obtain },...,{ 21 nλλλ . 
These are known as weight for the given data. 
Now we can fit a function by any Numerical 
Interpolation technique for the data ( )iii Cz ,,λ   
Criteria for convergence of the  
system are 0≥jλ .                                  (2.12) 
So we can use Two-Phase simplex procedure 
 for   (2.11), (2.5) and (2.12). 
Then   we shall obtain positive jλ . 

III. A CASE STUDY 

Let us consider the  data of pollution concentration 

(Table I). 

                     Table I 

         Pollution data from [7]  

Observation     z C(x,z)         
1 0 0 
2 0.1 0.881779 
3 0.2 0.588789 
4 0.3 0.388469 
5 0.4 0.251239 
6 0.5 0.158012 
7 0.6 0.095877 
8 0.7 0.055684 
9 0.8 0.030714 

10 0.9 0.015966 
11 1 0.007764  

  

 

 

Semi- Variograms [8] are calculated using 
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d(0)=0; 

d(1) = 0.008882; 

d(2) = 0.028210; 

d(3)= 0.052278; 

d(4)= 0.079510; 

d(5) = 0.110776; 

d(6)= 0.148990; 

d(7) = 0.199562; 

d(8) = 0.271806; 

d(9)= 0.381951; 

 

Equations (2.11) and (2.5) are written in augmented 

form as follows:  

]:[ BA  and constrained to (2.12) 
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 1    :     0              1        1       1      1       1       1       1       1         1   
d(9)  :   0.5-     d(0)   d(1)  d(2)  d(3)  d(4)  d(5)  d(6)  d(7)  d(8)  
d(8)  :   0.5-     d(1)   d(0)  d(1)  d(2)  d(3)  d(4)  d(5)  d(6)  d(7)  
d(7)   :  0.5-     d(2)   d(1)  d(0)  d(1)  d(2)  d(3)  d(4)  d(5)  d(6)  
d(6)   :  0.5-     d(3)   d(2)  d(1)  d(0)  d(1)  d(2)  d(3)  d(4)  d(5)  
d(5)  :   0.5-    d(4)   d(3)   d(2)  d(1)  d(0)  d(1)  d(2)  d(3)  d(4)  
d(4)  :   0.5-    d(5)   d(4)   d(3)  d(2)  d(1)  d(0)  d(1)  d(2)  d(3)  
d(3)  :   0.5-    d(6)   d(5)   d(4)  d(3)  d(2)  d(1)  d(0)  d(1)  d(2)  
d(2)  :   0.5-    d(7)   d(6)   d(5)  d(4)  d(3)  d(2)  d(1)  d(0)  d(1)  
d(1)  :   0.5-    d(8)   d(7)   d(6)  d(5)  d(4)  d(3)  d(2)  d(1)  d(0)  

 

 
The solution of the above problem is obtained as 

12 =λ  and all remaining variables are zero. 
Fig.1 and Fig. 3 give the variation between Kriging 
values with exact data and interpolated data 
respectively. It concludes that the peak estimation 
shown as )(zC  is same. Fig. 2 analyzes and it is 
observed that they are highly correlated. 
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Fig. 1: variation between exact data (Series 1) and 

Kriging values (Series 2). 
 

 
     Fig. 2: Variation between Exact data (Series 1) 

values with interpolated values (Series 3) 
 

 

 
   Fig. 3: variation between interpolated (Series 1) and 

Kriging values (Series 2) 
 

 

IV. ESTIMATING PARAMETERS IN 
VARIOGRAM AND SVR 

i)  Let ( )hγ  be a vertical form of a discrete exponential 

semi variogram  [4]  containing k estimates of the 

computed semi variogram for increasing value of lag h. 

( )hγ  [ ])(.....).........(),(),( 321 khhhh γγγγ=      (4.1) 

Let  ( )θγ ,h  be a vector with value for semi variogram 

with unknown parameter  kii ,..2,1, =θ . 

Using least square principle, the best set of parameters 

between the given values and their predicted values by 

the model is 

   [ ] [ ]),()(),()( θγγθγγ hhMhhS
T

−−=        (4.2) 
Where M is variance matrix. 

If M is identity matrix, then                

[ ]∑
=

−=
k

i
ii hhS

1

2
),()( θγγ                        (4.3) 

 
If M is diagonal matrix, then                
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Equation (4.4) is weighted least squares approximation, 

through which best fit can be obtained. This best fit is 

useful for predicting   or extrapolating the values. 

),( θγ h  is a two parameter family of curves . It may be 

spherical, exponential, power, Gaussian, cubic, etc. 

ii) A new paradigm [3] analyzing and learning from 

data is called support vector machines (SVM). Now it is 

generalized for regression called support vector 

regression (SVR). We have set of data points generated 

from the atmospheric pollution say ))(,( zCzP . 

The objective is to minimize the risk functional ][CR  

),(),(][ CzdPzCCQCR ∫ −=             (4.5) 

        Where Q  is loss function/error function  

            Also the empirical expression is 
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Hence loss function can be defined as ε -insensitive 

loss 
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Establishing the connection between maximum 

likelihood estimator and risk minimization 

 )()/(),( zPzCPCzP =  

)()( zPCCP −=                         (4.8) 
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So we can write likelihood estimator  
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A distribution function )( CCP − is obtained by 

Variogram methods. Consider exponential distribution. 
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   Hence maximum likelihood minimizes risk 

functional ][CR  [1]. 

V. CONCLUSIONS 

In this paper pollution concentration is 
approximated by Kriging function. The expected 
peak pollutant concentration has been forecast. If 
we simulate the system with the proposed methods, 
we can also find the best fitting values. Variogram 
estimates are discussed.  However, the above 
kriging techniques can be extended to higher 
dimensional air pollution data.  
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