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Two-User Turbo-Hadamard Code
for Synchronized Gaussian Multiple-Access Channel

Li Xiong *

Abstract—Two-user turbo-Hadamard code and its
decoding procedure are proposed for synchronized
Gaussian multiple-access channel. The encoder of
each user comnsists of 2 component encoders concate-
nated parallel, and the component vector in the out-
put of one user’s encoder is orthogonal to that of other
user’s encoder. The orthogonality is used to separate
data of different users. In iterative decoding, the pos-
terior probability of each user is calculated separately
according to its trellis stage thanks to the orthogo-
nality. The total posterior probability is combined by
the two posterior probability of users. Then the total
extrinsic probability is obtained from the total pos-
terior probability and is passed to other decoder as
prior probability.

Keywords: Turbo-Hadamard code, multi-user code,

Gaussian multiple-access channel, decoding.

1 Introduction

We propose a two-user turbo-Hadamard coding for a
synchronized Gaussian multiple-access channel (GMAC),
where the error correction and users’ data separation can
be dealt with jointly.

A two-user multiple-access system over GMAC is shown
in Fig. 1. In the system, two encoders of users are con-
nected to GMAC. Symbol synchronization is assumed in
the channel inputs. The output of the two-user GMAC
channel is

2
Y=Y Xi+z  Xie{-1,+1} (1)
=1

AXETANNT

where X; is the symbol from encoder i, and z is AWGN
with mean 0 and variance 2. In the receiver, a common
decoder is to correct errors in received superimposed sym-
bols and to seperate them to each user’s data.

Multi-user coding for multiple-access channel(MAC) has
been studied for two decades [1]-[8]. For example, the
multi-user block code [1] and multi-user convolutional
code [2] were proposed for separating the received data
from users over noiseless MAC. Multi-user coding for
noisy MAC was investigated in [1] [3] [4]. In the noisy
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Figure 1: Two-user multiple-access system over GMAC.

MAC, due to interference between users and noise, the
multi-user coding with high error-correcting capability is
required. It is well-know that an iterative decoding has
a potential to give a high cabability to correct errors.
In [5], a turbo block code for two users was reported.
However, the error correction and users’ data separation
were carried independently in [5], where the channel er-
ror was first corrected by iterative decoding, and then
the received data was separated into user’ one. Because
of this independent processing, a good performance can
not provided.

On the other hand, as a single-user correcting error code,
Li et al. reported a turbo-Hadamard code (THC) near to
the limit of Shannon [9] [10]. The main feature of THC
is that the output of its encoder consists of the rows of
Hadamard matrix, which is to enhance error-correcting
capability. In addition, Li et al. reported an application
of the THC to multi-user in [6], where users’ data are
separated based on interleaves.

In this paper, we investigate a two-user THC for syn-
chroniged GMAC. While the interleaves is used to sepa-
rate users’ data in [6], we here employ the orthogornal-
ity of Hadamard. User ¢ (i = 1,2) has his own encoder
C; based on THC, and is assigned a sub-Hadamard ma-
trix. The encoder C; consists of two component encoders
in parallel concatenation. The output of component en-
coders is rows of the sub-Hadamard matrix. Employ-
ing different sub-Hadamard matrices guarantees the or-
thogornality of the two outputs of users’ encoders. In the
receiver, each user has its own trellis stage in its com-
ponent decoders. The orthogonality between users’ sub-
Hadamard matrices assures that user’s component de-
coder with its own trellis stage gives the posterior prob-
abilities of user’s symbols and thus separate users’ data.
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Figure 2: Block diagram of the turbo encoder C; (i =
1,2) with interleaver 7.

The iterative decoding between the component decoders
is to recover the received data from noise.

At this point, we must emphasize that our procedure
is quite different from the concept of the conventional
works, such as coded CDMA system. In a conventional
coded CDMA system, the two basic issues, channel noise
and mutual interference between users, are considered
separately and independently. In fact, data from a user
is first encoded by a forward error control code, and a
coded bit is then spread by a spreading code. The for-
ward error control code combats channel noise by adding
redundancy, while the spreading code for CDMA focuses
mostly on user interference by a cross-correlation to main-
tain the reliability of communication. However, we follow
a procedure designed to simultaneously solve these two
conflicting issues by using a two-user coding to cancel
both channel noise and mutual interference.

In the next section, we describe two-user coding based on
THC. Section 3 gives a decoding procedure. In Section 4,
we evaluate the BER performance. Finally in Section 5,
we conclude this paper with discussion.

2 Two-user coding based on THC

Two-user coding is to assign two constitute codes to two
users who can communicate simultaneously with a com-
mon receiver through the GMAC. The two-user coding is
to deal with both channel noise and mutual interference
between users. For the purpose of separating the super-
imposed symbols from users, it is hoped that the output
of one user’s encoder is orthogonal to that of the other
user’s encoder such that the superimposed symbols can
be separated.

We employ a turbo encoder C; for user i (i = 1,2). In
encoder C;, two component encoders Cy; and Cy; are par-
allel concatenated through an interleaver m as shown in
Fig. 2. The component encoder C}; has parity check, re-
cursive systematic convolutional (RSC) encoder and sub-
Hadamard encoder H,; (see Fig. 3). The coding proce-
dure in the component encoder Cj; is as follows.
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1) The information bit stream of user i(= 1,2) is seg-
mented into blocks dy;, k = 1,2,..., K. Each block
dj; contains N = rK bits.

2) Caculate the bit g},;, which is the parity check of
vector dj;.

3) The parity check bit g, is input to RSC encoder
having a delay element D with a coding rate of 1/2.
The output of RSC encoder is a parity check bit qg;.

Up to now, the encoding procedure in the component
encoder is same as the single-user THC in [9]. While all
the rows in Hadamard matrix H,, are used for encoding
Qi di; in [9], we here use a sub-Hadamard matrix. The
sub-Hadamard encoder H,; encodes them by the sub-
Hadamard matrix H,,;. The matrix H,,; for user 1 is the
first half of Hadamard matrix, while the matrix H,o for
user 2 is the second half of Hadamard matrix. Thus the
output of component encoder C; is orthogonal to that of
Cja. For example, let n = 4. The first half matrix Hy1,
for user 1, consists of the 1st and 2nd rows of Hadamard
matrix Hy. The remaining rows contribute to the second
half matrix Hyo for user 2 (see Fig. 4).

The sub-Hadamard encoder H,,; processes as follow.

4) Inputs to Hp; are qr;, dg;. The encoder H,; choose
a row from the sub-Hadamard matrices +H,,; as an
output. In the row, the first bit is qx;, and the 2nd,
3rd, ..., (2771 + 1)-th bits are dy;.

The encoding procedure in the component encoders C);
above shows that the output of Cj; is the rows of sub-
Hadamard matrices +H,,;. Since the rows in +H,,; are
orthogonal to those in +H,z2, it is confirmed that the
output of the encoder C; is orthogonal to that of Cj.
This make is possible to separate the data from user in
the receiver.

3 Decoding

In receiver, the two-user decoder is to correct errors
caused by channel noise and to separate the received su-
perimposed data to users’ data.

The decoder, shown in Fig. 5, consists of two soft in-
put/output component decoders (decoders D; and Do)
with interleaver 7 and deinterleaver 7~!. According to
iterative decoding algorithm, the decoder D; produces
an estimate of the extrinsic probabilities of received sym-
bols from the received data. The extrinsic probabilities
are then passed through the interleaver to Dy as a prior
probabilities. Similarly, Do calculates its extrinsic prob-
abilities and passes them back through the deinterleaver
to D1. After some number of iterations, the decoder con-
verges to an estimate of received symbols.
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Figure 3: Component encoder with the generation poly-
nomial G(D) = D/(1 + D) in RSC.
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Figure 4: Sub-Hadamard matrices +Hy; for user ¢ (1 =
1,2).

In our previous work [8], two-user four-states trellis stage
in D1(D2) was used by the BCJR algorithm to calculate
the posterior probabilities of the received symbols and
thus their extrinsic probabilities. In this paper, we divide
D1 (D) into two component decoders, one for user 1 and
the other for user 2. We will see that the component
decoder has a two-state trellis stage.

Before proceeding, let observe the received symbols to
GMAC in sender. Due to superposition of the symbols
from two users, the received symbols are u; = £2,0,
(j = 1,2,...,N) under the assumption that there does
not exist noise in the channel. The symbol u; = £2 is ob-
viously superimposed from user 1’s symbol u;; = £1 and
user 2’s symbol ujo = £1. However, for the received sym-
bol u; = 0, it is ambiguous since there are two cases, a)
uj1 = +1 and ujo = —1, and b) uj; = —1 and ujo = +1.
For the purpose of discrimination, we denote u; = 0; for
the former case, and u; = 03 for later case. This is shown
in Table 1.

et y be the received data input to the decoder D

v (Ds)
L eive e d 1 (Do),
Then the posterior probabilities P(u;|y) of the received
symbols can be seen a combination of the posterior prob-
abilities P(u;1|y) of first user’s symbols and P(uj2|y) of

second user’s symbols, i.e.,

Plujly) = P(ujily) P(ujzly) (2)
with u; = u;1 + uj2. Specially,
Pluj = +2ly) = Pluj = +1y)Plujz = +1]y)

P(uj = =2ly) = Plujp =—1ly)P(uj2 = —1[y)
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Figure 5: Structure of turbo decoder with interleaver m

and deinterleaver 7= 1.

Table 1: Received symbols u; is a supuerimpose of users’
symbols u;; and ujs.

ujr | ujo | uj

+1 | +1 | 42

-1 -1|-2

+1 | —1 | 01

—1] 41| 0
P(u; = 01ly) P(uji = +1]y) P(uj2 = —1y)
P(uj =02ly) = P(uji = —1|y)P(uje = +1[y).

We now divide the decoder D; into two component de-
coders Dy; and Di3. The component decoder Di; is to
compute P(u;1|y) for user 1, and the component decoder
D4 is to compute P(uj2|y) for user 2, both from the re-
ceived data y.

Let the Dj; be associated with Cy;. Then we have a
trellis stage (see Fig. 6(a)) for Dy; with the labels of
branch from the first and second rows of the Hadamard

atrions L (aee Tig A)  TFor avermmnle the lahal of
1laulives L 114 \DUU LLB. ".t}. LUl UAG111P1U7 LUllT 1LapucTl Ul

branch that changes from state 1 to state 1is 1 1 11
(Fig. 6(a)), which is the first row of Hadamard matrix Hy.
Similarly, we have a trellis stage in Do for user 2 with
labels from the third and fourth rows of the Hadamard
matrices £Hy (see Fig. 6(b)). It should be emphasized
that labels of branch in D, is orthogonal to those of Dy,
since the rows of Hadamard are orthogonal each other.
The orthogonality makes it possible to parallel calculate
P(uj1ly) in D11 and P(uj2ly) in Dig, respectively.

Now we describe how to calculate P(u;1|y) and P(ujz|y).
In the BCJR algorithm in [11], it is well known that a
symbol posterior probability is computed by combining
at(p), Bi+1(q) and v(p,q). Here, ai(p) represents the
probability of the observations up to time ¢ — 1, with the
state ending in state p at time ¢, 3;11(q) represents the
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(a) Trellis stage (user 1). (b) Trellis stage (user 2).

Figure 6: The trellis stages of users with RSC encoder
having the polynomial G(D) = D/(1 + D).

probability of the future observed sequence given that it
starts at state g at time t + 1, and ~;(p, ¢) represents the
probability of the transtition from state p to state ¢, with
the observation at time ¢t. We calculate v4(p, q) from the
likelihood probability p(y|h?*?). The likelihood proba-
bility p(y|h?*?) represents the probability of component
vector y of the received data conditioned on the transi-
tion from state p to state ¢ with the label h. For the
BCJR algorithm, see [11] for details. Since y is super-
imposed from the two rows of Hadamard matrices +Hy,
the orthogonality confirms that Dy, with its trellis stage
gives P(u;1ly), and D12 outputs P(ujz2|y).

From the posterior probabilities P(u;1|y) and P(u;2|y) of
user’s symbols, by (2) we have the posterior probabilities
P(ujly) of received symbols, and thus the log likelihood
ratio, i.e.,

) = eER=hE
M) = g 0
e e T )

We rewrite above equations as

oy _ o Plyluj=+2) Py =+2)

M) = g, =2 TP, = —2)
= M(yluy) + Ai(uy) (6)

N P(ylu; = 04) P(u; = 01)

falh) = WPyl =—2) "Bl =)
= Aa(yluy) + Az(uy) (7)

N P(ylu; = 02) P(u; = 02)

Aaldy) = 1nP(yluj =) lnP(uj =-2)
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= As(yluy) + As(uy) (8)

Here Ai(uj) (A2(u;), As(uj;)) is a prior value about u;
with initial value 0 at initial iteration, and A;(y|u;)
(A2(yluj), As(y|u;)) is a sum of channel value and pos-
terior value. Note that the channel value can be obtained
from received symbol u;. Therefore, we have the extrinsic
value from the log likehood ratio A1 (u;) (Aa(u;), As(u;))
by removing the channel value and the prori value.

For the iterative decoding, the extrinsic values obtained
in a decoder Dy (D3) are passed through the interleaver
to the other decoder Dy (D;) as the prior values A4 (4;),
Ao(dj), As(u;). After number of iterations, we have the
posterior probabilities

o exp(As (1))
Plus = 420 = SR ) + exp(ha (i) T op(As (i) )
Pu; = —2|y)= ! (10)

I YT exp(Aa () + exp(Ba2 (i) + exp(Aa (i)

o exp(Az (i)

P = O ) = T R () + exp(ha (i) + oxp(Ba (i)
P(u; = 0sy)= exp(As (1)) (12)

1+ exp(A1(d;)) + exp(A2(4;)) + exp(As(uy))

from Aj(uj;), Aa(dd;), As(d;). By choosing the maximum
value from (9)-(12), we have the estimates of transmitted
symbols u; (j = 1,2,...,N). Separating the received
symbols with Table 1, we obtained users’ symbols u;;
and ujo (j =1,2,...,N), thus the users’ data.

4 Simulation

We evaluate the bit error rate (BER) of the proposed
two-user coding by computer simulation, and compare
it with the single-user THC. In the two-user coding,
each component encoder has a same structure with the
RSC encoder having a generation polynomial of G(D) =
D/(1 + D). The interleave length in the random inter-
leaver is N = 999. Let r = 2. The sum-rate of coding is
R=R;+ Ry =1/7+1/7. On the other hand, for single-
user THC, the same component encoders is used except
for the Hadamard encoder. The coding rate is R’ = 1/3.
The coding rate for two- and single-user coding have to
be different because of the different structure of the two
coding shames.

After number 10 of iterations, we give the BER curves of
the two- and single-user coding shown in Fig. 7. It is ob-
vious that the proposed two-user coding has almost same
BER as that of the single-user coding. This arises from
the fact that the outputs of users’ encoder are orthogonal
to each other.

5 Conclusion
We addressed the issues of channel noise and mutual in-

terference between users in synchronized GMAC and de-
vised a unified processes for dealing with both of these
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Figure 7: BERs of two- and single-user codes.

issues. We followed a procedure designed to simultane-
ously solve these two conflicting issues by using a two-
user coding. The encoder C; consists of two component
encoders in parallel concatenation. Employing different
sub-Hadamard matrices guarantees the orthogornality of
the two outputs of users’ encoders.

We also proposed a decoding procedure. In the receiver,
each user has its own trellis stage in its component de-
coders. The orthogonality between users’ sub-Hadamard
matrices assures that user’s component decoder with its
own trellis stage gives the posterior probabilities of user’s
symbols and thus separate users’ data. The iterative de-
coding between the component decoders is to recover the
received data from noise.
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