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Lower Bound of Crossing and Some Properties
of Sub-graph of Complete Graph Related to VLSI Design

Bichitra Kalita

Abstract

In this paper, the lower bound of
crossings of the complete graph Koo for
m>2 have been studied. Various properties
of some non-planar graphs of the complete
graph Kyn»  have been discussed. The
application of some sub-graphs of the
complete graph for the existence of various
forms of hyper graphs has been discussed.
An algorithm has been developed to find
out the graph from hyper graph.

Keywords :Algorithm ,Crossing, Clique,
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Hyper graph ,Non-planar graph.

1. Introduction

The thickness and crossing of non-planar
graph have been found to be very
important in case of printed circuit board.
The application of crossings has been
playing a very important role for VLSI
design technology. It has been found that
the wire crossings in a circuit layout on
silicon chips give some problems for
power distribution when it is designed.
Hence it is necessary to minimize the wire
crossings between two wires. The wires
are nothing but the edges of a non-planar
graph joining some modules by nets,
which are used for circuit layout process.

Again, it has been found that the circuit
partitioning in VLSI design has been
occupying a most important part in design

purpose.
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It has also been known that partitioning of
a circuit can have many levels and they are
IC level, Sub IC level, board level and
system level. There are some circuit
partitioning results in VLSI design
technology which are found as graphs and
hypergraphs.But,the procedure from which
one can obtain a graph from a hypergraph
has not been found completely. It has been
observed that the good partitioning can
improve circuit performance and reduce
the layout cost.The properties of graph and
hypergraph and their application for VLSI
design technology have been studied by
M.Sarratzadeh,C.K.Wong [12], Yeap,K.H,
M.Sarrfzeh[13], Makedon, F. S.Tragoudas
[14], Imai,H, T.Asano [15] and
Ihler.E,D.Wangner and F.Wagner [16].
The representation of hyper edge of a
hyper graph with the edge of a graph is not
known completely. Various kinds of non-
planar graphs and their crossing numbers
have been studied by Kalita, B [2]-[3],
Ajtai. M.V, Chvatal. M.M.,Neuborn and E.
Szemeredic [4], Erdos, P, R.K.Guy [5],
Guy. R. K [6], Kleitman, D. J [7],
Pach,J.,G.Toth [8] Szekely, L. A [9] and
Douglas,B [10]. Some structures of simple
non-isomorphic Hamiltonian sub-graphs of
complete graph Koz for m >2 have been
discussed by kalita [17]. The complete
graph K, and the bipartite graph K, , are
the known regular simplest non-planar
graphs . The upper bound of crossings of
the complete graph Koo for m >2 and of
the bipartite graph K,,, had already been
established by the theorems 11.28 and
11.29 [1]. There is no general formula to
know the crossing number of arbitrary
non-planar graphs. Recently the maximum
and the minimum number of crossings
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have been discussed by Kalita [2] for the
set H of non-planar graphs , where

H= { Hx 2m+3, 6m+6) / m >2, k=1 to
4m-2}. This set H of non-planar graphs has
been constructed by Kalita from the TEEP
graphs [3]. Other properties relating to
isomorphism of graphs, existence of edge-
disjoint Hamiltonian circuits had also been
discussed by Kalita for the graphs of the
set H of non —planar graphs. Another class
of non-planar graphs has also been
constructed from the TEEP graphs and
thickness and crossings of them have been
studied by Dutta, A , Kalita, B. and
Baurah, HK. [11]. It has been found that
if G is a graph having n vertices and m
edges and if K is the maximum number of
edges in a planar sub-graph of G, then the
crossings satisfy the inequality > m-k .
[10].

In this paper, we are going to find
the lower bound of crossings of the
complete graphs Koz for m > 2 . In
addition to this, some properties relating to
Hamiltonian graph , graphical partition,
existence of clique and perfect matching
have been studied .The values of m
indicate the modules and the edges of the
graph are nothing but nets , when we use
the graph in case of VLSI design purpose.
Various types of hyper graphs have been
discussed.

The paper is organized as follows:
The section 1 focuses some previous works
of crossing and some works of graph for
VLSI design . In section 2, the notation
and terminology is included. Section 3
explains some structures of non-planar
graphs for studying the lower bound of
crossings.Section 4 contains the theoretical
explanation of some graphs. In section 5,
some applications of  crossings and
partitioning problem related with the
rectangular floor planning are discussed .
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An algorithm is included in section 6 to
find out the graphs from hyper graphs
.Conclusion is included in section 7.

2. Notation and Terminology

The notation and terminology have been
considered from the standard references
[1-17] .The notation G ( v, e ) denotes the
graph G of v vertices and e edges. The
symbols 1(G) and M(G) indicate the lower
and upper bound of crossing number of the
graph G.

3. Some Structure of Non-Planar
Graphs
We consider the complete graph Ky, for
m > 2. We know that the complete graphs
are non-planar as it generally does not
satisfy the condition of planarity e <3n-6
where n are the number of vertices and e
are the number edges of the graph. Let us
now explain the construction process of
some non-planar graphs to know the lower
bound of crossings of the complete graph
Kom+z for m > 2 [discussed later]. It has
been found [3] that one can construct the
planar graph of the form H (2m+2,6m)
from the complete graph Ky, for m >2.
Fig. 1 is one of such graph for m=2 which
is obtained from the complete graph Kom:o

Figure-1. A graph H (6, 12) for m=2.

Now, if we connect two vertices of
minimum degrees by one edge of the graph
H (2m+2, 6m) , then definitely this graph
H will be a non —planar graph and there
will exist one crossing of edges between
two vertices. Continuing the process of
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connection of edges between two vertices
of minimum degrees of the graph H
(2m+2, 6m) for m > 2 till one edge left out
only to become the graph H as complete.
Since the complete graph Koms has 2m’
+3m +1 edges for m >2 and therefore the
final non-planar graph obtained from the
graph H (2m+2, 6m) will be the form as K
(2m+2, 2m* +3m) for m >2. Hence to
know the lower bound of crossings of the
complete graph Koo we study first the
crossings of the non-planar graph K
(2m+2, 2m*+3m ) for m >2. Besides, we
study various properties of the non-planar
graph K (2m+2,2m’* +3m) for m >2.

4. Theoretical Explanation
Various theorems are discussed in this
section.

4.1. Theorem: The Graph K(2m+2,
2m*+3m) has two vertices of degree 2m
and all other vertices are of degree 2m+1.
Proof: We know from the construction
process of the graph K (2m+2, 2m*+3m)
for m >2 that only one edge is left out from
the complete graph K2 . The complete
graph Koo for m >2 is regular graph of
degree 2m+1. Since one edge is left out
from the complete graph hence we have to
leave two vertices without connection by
one edge and therefore two vertices are of
degree 2m (2m+1-1) for m >2. The
following fig 2 is shown for m=2.

TN

Figure -2. A graph of two vertices of
degree 4 & four vertices of degree 5.
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We thus found the other vertices are of
degree 2m+1 for m >2.

4.2. Theorem: The graph K (2m+2,
2m*+3m) for m >2 is Hamiltonian and it
has two / three / four.....edge disjoint
Hamiltonian circuits form > 2 .

Proof: From the theorem 4.1, we have that
the graph K(2m+2, 2m*+3m) has two
vertices of degree 2m and all other vertices
are of degree 2m+1 for m >2. On the other
hand the complete graph Ky for m >2 is
Hamiltonian graph and the graph K (2m+2,
2m*+3m) is a sub-graph of the complete
graph. Since the graph K(2m+2,2m*+3m)
for m >2 has two vertices of degree 2m for
m >2 hence we can go two / three/ four
......... times to get the m number of
disjoint Hamiltonian circuits for m > 2
connecting all the vertices of the graph
with these two vertices of minimum
degree. This process will give the
two/three/four........................edge disjoint
Hamiltonian circuits for m >2,and this
completes the proof.

4.3. Theorem: If L(Kym+2) is the lower
bound and M(Ky,+2) is the upper bound of
crossings of the complete graph Kypi, for
m >2 then the difference of upper and
lower bounds is 2n+1 for n>0 with
simultaneous changes of m >2 , where the
value of M(Kom2) is known as %4 [2m+2/2]
[2m+1/2] [2m/2] 2m-1/2] for m >2.

That is M(Kom+2) — L(Komi2) =2n+1 for n
> 0 with simultaneous changes of m > 2

Remark: After knowing the difference of
upper and lower bound for the values of n
> 0 for simultaneous changes of m > 2, one
can find the value of Lower bound .

Proof: It has been found [1] that the upper
bound M(Ksp:2) of Koz has been already
established as Ya[2m+2/2] [2m+1/2]
[2m/2] [2m-1/2] for m >2. Therefore we
have to show that the difference of
M(Komi2) and L(Kymio) is 2n+1 for n > 0
for simultaneous changes of m>2. We
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prove it by induction method. The result is
true for n=0 and m =2 which indicates that
the lower bound of L(Kjyn) is one and
the upper bound M(Kjyn2) is two and
hence the difference is 1.[ That is the
crossing of non-planar graph K(2m+2,
2m*+3m) for m=2 is one and the crossing
of K¢ , the complete graph of vertex six is
two]. If we suppose that the value of n=1
and then we have the value of m=3 and
hence the values of lower and upper
bounds are respectively found as 15 and 18
which shows the difference of them is 3
and this 1is also true. Now suppose n=k
and m =k+2 for k > 0. Then the difference

of upper and lower bounds is 2k+1 and
the upper bound will be 4[(
2(k+1)+2)2][(2(k+1)  +1)/2] [2(k+1)/2]

[(2(k+1)-1)/2]. Now we shall show that the
result is true for n=k+1 and m =(k+1)+2
that is m=k+3. We see that the values of n
and m started from 0 and 2 respectively for
their simultaneous values and when we put
for n=k+1 and m=(k+1)+2, then the
starting value of n and m will be 2(k+1)
+1=2k+2+1=2k+3 for k >0 and m=k+2 for
k >2 ,which clearly shows that the result is
true for all values of n >0 for simultaneous
changes of m >2.

4.4. Theorem: The graph K (2m+2, 2m’
+3m) for m >2 is one of the graphical
partition of the partition of the number of
the form 26n+2 for n>1. (simultaneous
changes of m >2 and n>1)

Proof: We know that the sum of the
degrees of the graph K(2m+1, 2m*+3m) is
equal to 2(2m* +3m) for m >2 and this the
basic property of graph theory. It can be
shown that the number 26n+2 for n >1 and
2(2m*+3m) for m >2 are equivalent and
this immediately follows the proof .

4.5. Theorem: There exist a maximum
clique Koms+1 in the graph K (2m+2, 2m*
+3m) form >2 .

Proof: The complete graph Ky, for m >2
is a regular graph of degree 2m+1 . The
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graph K(2m+2, 2m” +3m) is a sub-graph
of Komz for m >2 having two vertices are
of degree 2m and all other vertices are of
degree 2m+1 [ by the theorem 4.1].

If possible , we suppose that there does
not exist clique Kyp; for m >2 in the graph
K (2m+2, 2m*+3m) for m> 2, then
certainly without loss of generality we
must have the cliques as Ky, or as Koo
for m >2. But the existence of cliques as
Kom and  Kone in the  graph
K(2m+2,2m*+3m) is not valid for m >2,as
we see that the graph K4 (minimum clique)
existed in K (2m+2,2m*+3m) and K¢ does
not satisfy for m=2]. Hence the existence
of minimum cliques as K, is possible but
Kom+2 1s impossible for the graph K (2m+2,
2m’ +3m) for m >2. Hence there exist a
maximum clique Ky for m >2 in the
graph K(2m+2, 2m*+3m) .

4.6. Theorem: There always exist perfect
matching of the size m+1 ( m+1 edges) in
the graph K (2m+2, 2m*+3m) for m >2 .
Proof: We know that the perfect matching
exist in the complete graph K2 for m > 2
. The graph K( 2m+2, 2m” +3m) for m > 2
is the sub-graph of Ky, and only one
edge is deleted from the complete graph
Komiz to obtained the graph K (2m+2,
2m*+3m) ,hence all other edges are
incident with the vertices except two
vertices. Therefore the m+1 edges form the
perfect matching for m >2.

5.Application of crossing and
partitioning of a circuit found in VLSI
design

Here we denote the vertices of the
graph K(2m+2, 2m* +3m) for m >2 as
modules with different nets and the design
will help for the fabrication of circuit. The
graph K(2m+2, 2m” +3m) for m > 2 is a
circuit and this type of circuit is obtained
from the circuit shown below [figure-3 for
m=2].
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Figure-3. A circuit of six modules and
five nets.

The fig.3 shown above is a circuit formed
by six modules M1, M2, M3, M4, M5 and
M6 connected by five nets nl, n2, n3, n4
and n5 . This type of circuit can be
considered for the graph K(2m+2,
2m?*+3m) for m >2 in case of VLSI design.
Hence we have the following theorem
related with the above circuit. We consider
the following theorems 5.1 to 5.7 and the
proposition 5.3 which have the relation
with VLSI design in case of rectangular
floor plan.

5.1. Theorem: There always exist a Graph
of the type K ( 2m+2, 2m* +3m) for m>2
from the circuit having 2n+3 number of
nets for n >1 with simultaneous changes of
m >2.

Proof: We prove the theorem by
contradiction process. If possible we
suppose that the graph of the given form,
that is K (2m+2, 2m*+3m) for m >2 is not
obtained from the circuit given above (
figure-3 for m=2) and if we add one more
net to the number 2n+3 for n >1 of given
nets, then immediately we have a
connection by one edge with the vertices
of degree 2m for m >2 and then the graph
will take the form as complete graph Komio
. Since our graph K (2m+2, 2m*+3m) for
m >2 is just the preceding graph of the
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complete graph K,,,+» and only one edge is
necessary to form the complete graph and
hence equivalently we must have the
number of nets is 2n+4 for n >1 which is
impossible. There fore the number of nets
must be less than by one of 2n+4 for n >1 .
This completes the proof.

5.2. Theorem: There exist a 1-uniform, 2-
uniform, 3-uniform........ hyper graphs in
the graph K(2m+2, 2m*+3m) for m >2.
Proof: We know that a hyper graph is a
graph which consists of a collection of
vertices and the number of edges are
considered from the subsets of the vertices
. From the graph K (2m+2, 2m*+3m) for m
>2 , we have different sub-sets of different
sizes with null set from the set of vertices {
2m+2/m > 2 }. [We do not consider the
null set for the proof of the theorem as the
null set has no meaning in circuit layout
and floor planning in VLSI design
technology] . Hence, definitely there exist
one element sub —set, two elements sub-
set, three elements sub-set, four elements
sub-sets ........... etc from the set of
vertices { 2m+2 / m > 2} and they will
form different types of hyper-graphs with
the vertex set of K ( 2m+2, 2m*+3m ) .
5.3.Proposition : The number of complex
triangles are found as two, nine , twenty
etc of graph K( 2m+2, 2m*+3m ) for m >
2.(a complex triangle is defined as a circuit
of length three which does not form a
region of the graph)

Proof: We Know the maximum and
minimum numbers of crossings of the
complete graph Komio for m > 2 by
theorem 4.3. Hence, when we consider the
rectangular floor planning, then the circuit
K ( 2m+2, 2m*+3m ) for the modules m >
2 definitely overlap some rectangles which
is nothing but the crossing of edges of the
graph. It is found that the sub-graph K’ (
2m+2, 6m ) for m > 2 of the graph K(
2m+2, 2m’*+3m) is planar [3] and then
only rectangular floor planning with out
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overlap is found for such type of graph
.One of the graph of the rectangular floor
plan is shown in fig. 4 for m =2.

Figure-4 . A graph of rectangular floor
plan.

It is also found that only two, nine , twenty
et edges should be deleted from
the graph K (2m+2, 2m*+3m) for m >2 to
get the graph K’ (2m+2, 6m) which give
the rectangular floor plan without overlap
as shown above figure-4. Therefore there
are two, nine, twenty, ........ complex
triangle in the graph K(2m+2, 2m*+3m)
for m >2.

Remark: The deletion of complex triangle
from a floor plan ( not rectangular) is not
easy. The above proposition gives the
number of complex triangles as two, nine,
twenty ....etcs. I invite the researchers to
forward the proof of the proposition in
general way.

5.4. Theorem: The one element sub-set of
the set of vertices {2m+2/ m >2} of the
graph K(2m+2, 2m’+3m) must have a
hyper graph with one vertex of degree
2m+1 and two vertices are of degree 2 and
all other vertices are of degree one.

Proof: It is true that there are 2m+2
number of vertices in the graph K (2m+2,
2m*+3m ) for m >2 and definitely there
will have one element sub-set of the set
{2m+2} of vertices . If we suppose m=2
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then from the vertex set { Vi Vi, V3 Vy4
Vs, Vs } we have one element sub-sets
{Vi b, {V2 ), {Vs }, {Va}, {Vs},{ Ve} and
they will be the edges of the hyper graph (
by definition). Now considering the six
vertices we can connect the vertices of the
hyper graph keeping the hyper graph as
simple by the obtained six edges (one
element sub-set as shown above) as shown

AN
7T\

Figure-5. A hyper graph of six hyper
edges.

Since there are 2m+2 number of vertices of
the graph K(2m+2, 2m*+3m) for m >2
hence there are 2m+2 number of one
element sub-sets and they will form the
number of edges of the hyper graph for m
>2, and the pattern of hyper graph shown
in above figure -5 will follow for m >2.

5.5. Theorem: The two —element’s disjoint
sub-set of the set of vertices {2m+2 / m
>21  of the graph K(2m+2, 2m*+3m) for
m >2 must have a hyper graph with degree
one.

Proof: We consider the number of two
element’s disjoint sub-set of the set of
vertices { 2m+2/ m >2} . These two
element’s disjoint sub-sets form a set of
edges of a hyper graph having 2m+2
number of vertices. We see that the set of
vertices {2m+2/ m >2}, forms the number
of two element’s disjoint sub-set of various
sizes of  three, four, five elements
.......... etc for m >2. [ when we suppose
m=2, then the set of vertices as shown by
the above theorem 5.4 forms three edge
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disjoint sub-sets as {V,V2},{V3,V4},
{Vs,V¢} and they are the edges of the
hyper graph etc] . When we consider the
set of two element’s disjoint sub-set for
m=2 as three edges and connect all the
vertices 2m+2 , then we see that there is
only possibility to obtain a hyper graph of
degree one . Similarly for other cases of
the value of m >3 the theorem is true.

5.6.Theorem: The two-element’s non-
disjoint sub-set of the vertex set {2m+2/ m
>2} form a hyper graph as tree.

Proof: It is found that the two element’s
non-disjoint sub-set of the vertex set
{2m+2/ m >2} can be form by 2m+1 ways
for m >2. These 2m+1 ways of two
element’s sub-set for m >2 is nothing but
the edges of the required hyper graph
whose vertex set is {2m+2/ m > 2}. Hence
we have a graph of 2m+2 vertices and
2m+1 edges for m >2 and this is a tree
.Hence the proof.

5.7 Theorem: The three element’s sub-set
of the vertex set { 2m+2/m>2} form a
hyper graph with 2n+2 edges for n>1 for
simultaneous changes of m >2.

Proof: It is easy to show that the element
of the set {2m+2/m>2} forms 2n+2
number of sub-set consisting of three
elements of it for n >1 for simultaneous
changes of m >2 and hence these sub-sets
are the edges of the hyper graph having
2m+2 vertices .

6. Algorithm

INPUT: Let G be a hyper graph of 2m+2
vertices / modules for m >2

OUTPUT: Find the planar graph G from
G.

The following steps are considered for
different structures of hyper graph G with
same number of vertices 2m+2 for m >2.
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Stepl: If the hyper graph is a circuit of
2m+2 edges connecting all 2m+2
vertices for m >2, then go to Step2 to
Step7 otherwise go to StepS.

Step2: Delete an hyper edge from the
hyper graph of Step1.

Step3:Add one new edge connecting any
two vertices of 2m+2 vertices for m
>2 of the hyper graph.

Step4: Continue the deleting process of all
hyper edges and addition of edges
connecting the vertices of hyper
graph till the deletion of all hyper
edges are finished.

Step5: Obtain the new graph G after
addition of edges connecting the
vertices of the hyper graph.

Step6: Make the graph G’ as non-
complete, non-regular simple planar
graph adding some new edges
connecting the vertices of G’ .

Step7:The graph G” is the required graph
obtained from the hyper graph G and
then go to Step25.

Step8: If the hyper graph G is a tree
having one vertex of degree 2m+1
for m >2 and all other vertices are of
degree one ,then go to Step9 to 11
,otherwise go to Step 12.

Step9: Delete one hyper edge and connect
the vertices v; and v; of the hyper
graph. [this edge will be the first
edge of the required graph]

Step10: Continue the deleting process till
the hyper edges are deleted and for
every deletion of hyper edge connect
the vertices v; and vj, v; and
Viennnnnnnn vy and last vertex of 2m+2
vertices for m>2.

Stepl1: This step will give a path G of
length 2m for m>2, and there after
go to Step6 to Step7.

Step12:1f the hyper graph is a tree but not
binary tree then go to Stepl3 to 16
,otherwise go to Step17.
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Step13:Deleting all hyper edges and
adding the edges connecting the
vertices of the hyper graph making
the new graph as a tree again.

Step14:The tree obtained from the Stepl3
is a spanning tree of the graph G”

Stepl5: Apply the cyclic interchange
process on the spanning trees and
obtain the final graph G”. GO to
Stepl6.

Step16:The graph G” is the required graph
and GO to Step7.

Step17: If the one element sub-sets form a
hyper graph with one vertex of
degree 2m+1 for m >2 and two
vertices are of degree 2 and all other
vertices are of degree one then go to
Stepl8 to Step20, otherwise go to
Step21.

Step18: Delete 2m+2 hyper edges for m >2
of the hyper graph of Stepl7 and
construct a graph with 2m+2 edges
having one cycle of length four and
another cycle of length three and one
pendent vertex.

Step19: Make the graph of Stepl8 as
planar graph G”.

Step20: GO to Step7.

Step21:If the two element disjoint sub-sets
(edges) form a hyper graph with
degree one ,then go to Step22 to
Step23, otherwise go to Step24.

Step22:Join any two vertices of the hyper
graph by two edges so that after
joining it form a spanning tree of the
graph G". Then go to Stepl6.

Step23: The graph G’ is formed. Go to
Step25.

Step24: If two element non-disjoint sub-
sets (edges) form a hyper graph as a
tree ,then go to Stepl3 to Stepl6,
otherwise go to Step25.

Step25: Stop.
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7. Conclusion

This paper mainly focuses the application
of some sub-graph of the complete graphs
and the procedure of obtaining the graphs
from hyper graphs. The further research
will include the rectangular floor plane
from which a planar triangulated graph
without complex triangle ( proposition 5.3
) is to be focused related to the present
discussion.
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