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Contact Stress Analysis of Straight Concave
Conical Involute Gear Pairs with Small
Intersected Angles

Chia-Chang Liu, Yi-Cheng Chen, and Shih-Hao Lin

Abstract— This study investigates the contact stress of
concave conical involute gear pairs with small intersected
angles by means of finite element analysis. The complete
mathematical models of the gear pair, including the working
tooth surfaces and the fillets have been derived based on the
theory of gearing and the generation mechanism. The
commercial software, ABAQUS, capable of contact analysis of
two 3-D deformable bodies is applied to evaluate the stress
distribution on the tooth surfaces. Several numerical examples
are presented to demonstrate the stress analyses of the gear
pairs with various gear design parameters. The results show
that concave involute gear pairs relieve the high contact stress
problem which is inherent in conventional conical involute gear
pairs.

Index Terms — Conical involute gears, Contact Stress, Finite
Element Analysis.

I. INTRODUCTION

Conical involute gears, also known as beveloid gears [1],
are involute gears with tapered tooth thicknesses, roots and
outside diameters. Conical involute gear represent the most
general type of the involute gear, which can mesh
conjugately with most involute type gears of spur gears,
helical gears, conical involute gears, worms and racks to
serve the motion transmission between parallel, intersected
and crossed axes in any relative position. An outstanding
feature of the conical involute gear is its ability to backlash
adjustments. Owing to its tapered tooth thickness, the
backlash of a conical involute gear pair can be easily
eliminated by axial adjustments without affecting its center
distance. Theoretically, the bearing contacts of conical
involute gear pairs under non-parallel axes meshing are point
contacts. The contact ellipses are relatively small [2], and the
tooth surface durability is generally low owing to its high
contact stress. Recently, Ohmachi et al. [3,4] investigated the
fatigue strength of an intersected-axes conical involute gear
pair experimentally. The tooth surface life has been evaluated
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by the pitting area rate, while the critical value of the
circulating torque has been obtained as well.

The low-load capacity thus limits the application of this
kind of gear pairs to power transmission. To overcome this
drawback, Mitome et al. [5-7] proposed the idea of infeed
grinding for the concave conical involute gear generation,
and indicated that the gear pairs ground by this method have
larger contact ellipses compared with those of the
conventional conical involute gear pairs. According to the
concept of infeed grinding, the author [8] derived the
mathematical models of concave conical involute gear pairs.
Tooth contact analysis (TCA) and contact ellipses
simulations are performed and the results indicated that the
concave conical involute gear pairs solve the problems
associated with low-load capacity by enlarging the contact
ellipses.

Nowadays, progresses in the design and production
method of conical involute gears enable their use in an
increasingly wide range of applications. The most familiar
application of conical involute gears is the reduction gear in
marine transmissions. A conical involute gear is meshed with
a spur or helical pinion to provide the down angle for the
output shaft which enables an optimum placement for the
engine. Conical involute gears are also frequently applied to
backlash control gears used in machine tools, timing gears for
compressors, miter gears in gear grinding machines,
differential gears for robots and sector gears in the power
steering device of vehicles. The use of conical involute gears
is particularly ideal for small shaft angles, and thelatest
development has been realized for the AWD(AIll-Wheel
Drive) version of a automatic transmission [9]. In this study,
the contact stress of concave conical involute gear pairs with
small intersected angles is evaluated by finite element
analysis (FEA) for a more detail information about the stress
distribution on the tooth surfaces. Due to the progress of
computer technology and the computational techniques, the
FEA becomes a popular and powerful analysis tool to
determine the formation of bearing contacts and stress
distributions of gear drives. Recently, Wu and Tsai [10]
studied the contact stress of skew conical involute gear drives
in approximate line contact. Otherwise, Brauer [11] also
investigated the transmission error in anti-backlash conical
involute gear by FEA.

In this study, the general-purpose FEA software,
ABAQUS, is adopted to evaluate the contact stress of the
proposed concave conical involute gear pairs. Firstly the
complete mathematical models for the concave involute gear
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pairs, including the working tooth surfaces and the fillets,
have been developed based on the theory of gearing and the
generation mechanism. Then, a computer program for the
finite element (FE) discretization of three-dimensional (3-D)
tooth models is developed. A very dense mesh in the possible
contact regions ensures the accuracy of FEA, while a coarse
mesh in the rest of the teeth reduces the computation time
needed to solve the non-linear contact problems. Some
numerical examples are presented to demonstrate the results
of FE stress analyses. The results of the FEA in this study and
the results of contact ellipse simulations in previous research
works [8] are consistent, and can verify the superiority of the
concave conical involute gears.

II. MATHEMATICAL MODEL OF THE CONCAVE CONICAL
INVOLUTE GEAR PAIR

A. Infeed grinding method

The concave conical involute gears described below are
manufactured based on the infeed grinding mechanism [5]
shown in Fig.1. Infeed grinding is a kind of generating
grinding using a cone-type grinding wheel, and is termed
after “infeed hobbing” in the worm gear manufacturing. The
grinding wheel feeds along the infeed direction, which is
perpendicular to the pitch plane of the corresponding
imaginary rack cutter, and does not travel along the
lengthwise direction of the gear tooth as in spur and helical
gear grindings.

Infeed
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direction
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X(\rack cutter

Grinding
wheel

Pitch plane of
imaginary rack
cutter

‘ \ Work piece
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Fig.1 Infeed grinding mechanism for concave conical
involute gears.

As illustrated in Fig.1(a), a corresponding imaginary
rack cutter for the conventional conical involute gear
generation is presented here for reference. The pitch plane of
the corresponding imaginary rack cutter is set to form an
inclined angle § with respect to the gear axis of revolution.
The pitch circle of the gear and the pitch plane of the
corresponding imaginary rack cutter are in tangency at pitch
point P, and r denotes the pitch radius of the gear. Notably,

the grinding wheel can be regarded as the imaginary rack
cutter when its pitch radius » approaches infinity (i.e.
r,=o). Figure 1(b) presents a view perpendicular to the

pitch plane of the corresponding imaginary rack cutter.
During the grinding process, the gear blank rotates with
angular velocity @, and the grinding wheel translates along
the direction of its axis of revolution, which is perpendicular
to the tooth trace direction, with the velocity r@.

The concave conical involute gear pair for the contact
stress simulation that follows comprises the pinion ¥ and

the gear T, which are generated by grinding wheels ¥
and DI respectively. Since the generation processes of the
pinion and the gear are identical, the subscripts ; (j =1 and
2), represent the pinion ¥ and gear 3, while j (j=F
and G ) represent their corresponding grinding wheels

and DI in the following derivation.

B. Mathematical model of grinding wheel

The axial section of the grinding wheel X, illustrated
in Fig.2(a) contains four major regions: two straight-edges
(regions 1 and 3) and two round tips (regions 2 and 4).
Regions 1 and 3 generate the working tooth surfaces, while
regions 2 and 4 generate the fillets of the gear. Herein,
a, denotes the normal pressure angle, p; denotes the radius
of fillet, while m_ and p  represent the normal module and

circular pitch, respectively. Owing to the symmetry, only the
right side of the grinding wheel (i.e. regions 1 and 2) is
considered in the following derivation. According to the
coordinate system illustrated in Fig.2(b), the grinding wheel
surface can be traced out in coordinate system
SD(XD YD 70y by rotating the above-mentioned axial

section, which is attached to plane x _y(, by an angle 7,
along a circular arc with radius '/ and center at OV, with
respect to the y -axis. Herein, r‘f,j ) represents the pitch

radius of the grinding wheel. The surfaces and unit normals
of the straight edges and the round tips on the grinding wheel

%, can be obtained in coordinate system S\ as follows:

Region 1 . Straight Edges

) 0 _ D
; cosz; (¢ cosa, —a )+(r,” —r,

cos7;) 1)
l,sina, —a tana, +b

; ) g
—sinz, (£, cosa, —a )+r, sinz; ,
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Region 2 : Round Tips
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@) _| T | = :
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(T.)) _ :
n,, cosd,;sinz,
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(b)
Fig.2 Formation of the grinding wheel surface >, in

coordinate system §/.

C. Gear ground by grinding wheel

Figure 3 displays the coordinate systems of the grinding
wheel ¥, and the generated gear %, during the generation
process. According to Fig.3, the plane YY) -7z of
coordinate system §U(x, ¥y, z), which represents the
pitch plane of the imaginary rack cutter for conventional
conical involute gear, is set to form an inclination angle ¢,

with respect to the plane y'/ — 7/, which represents the

plane axode of the cylindrical gear. Coordinate system
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S,(X,.Y,,z,) is the reference coordinate system, while
coordinate system S (X,,Y,,Z,) is attached to the generated
gear ¥ . When the gear X rotates with angle ¢ , the

grinding wheel 3z, translates with distance r.¢, .

€)

Pitch plane of
imaginary rack cutter

Plane axode of the
cylindrical gear

Zy,Z;

Gear axode

(i=1,2)
Y (j=FG)

Fig.3 Coordinate systems of the grinding wheel z, and the

generated gear X, .

Based on the theory of gearing proposed by Litvin
[12,13], the generated gear surface X, can be obtained by

simultaneously considering the locus of the grinding wheel
surface z, represented in gear coordinate system §, ,

together with the equation of meshing between the grinding
wheel and the generated gear. The locus of the grinding
wheel represented in coordinate system S, can be obtained

as follows:

- ) _gj ) ; ) ;
X, =cosg, coso; x,”’ —sing, y,”’ +cosg, sino, z,”’ +r. ¢ sing, +r. cosg,,

. . T .
¥, =sing cosd, x” +cosg, y +sing, sind, z —r; ¢ (cosqﬁl ) +1; sing,

z,=-sing, x'” +cosd, z\. )

w w

The equation of meshing can be obtained according to the
orthogonality of the relative velocity v? and surface

common normal n{” of the grinding wheel surface z, and

the generated gear surface X, at their common contact point
represented in reference coordinate system g, . The
following equation can thus be observed:

nﬁ,’) -Vb(’i) :ngn ,(me —Vb(i)):()‘ (6)
Considering the coordinate systems displayed in Fig.3, n’

can be obtained by

cosd, n') +sing, n? 7
n = o ¥
b yw

—sing, nY) +coss, n' |-

xw zw

The angular velocity of the generated gear ¥ can be

acquired in coordinate system S, by
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dt
_a)i .

Furthermore, the velocities of the grinding wheel surface z,

and the generated gear surface 2, at their common contact

point can be expressed by v and v\", respectively, as

follows:
0
V)= -1 o ©)
0, |,
and
w-né
V) =@ xRY =@, | -cosd, x'V —sing, z —r, (10)
0

Substituting Egs. (7), (9) and (10) into Eq.(6) enables us to
solve the equation of meshing. The tooth surface of the
generated gear X, can be expressed by Egs.(5) and (6).

Hence, the complete mathematical models of concave
conical involute gear including the working tooth surfaces
and fillets have been derived.

III. FINITE ELEMENT CONTACT STRESS ANALYSIS

In this study, a single pair of contact teeth is constructed
to perform the stress analysis. Application of FE contact
stress analysis requires the development of the FE model
formed by FE meshes, the definition of contacting surfaces,
the specification of surface interaction model, and the
establishment of boundary conditions. The following
assumptions have been made: (1) the stress is in the elastic
range of the material; (2) the material is isotropic; and (3)
heat generation and thermal stress are ignored.

A. Finite element model

The three-dimensional linear brick solid element,
C3D8 [14], having eight nodes and six faces, is employed to
discretize the geometric models of the pinion and the gear
tooth surfaces. A mesh-generation program has been
developed to divide the gear tooth into elements as well as to
generate nodal points. The developed mesh-generation
program allows the mesh density and the number of elements
to be adjusted to meet specific requirements. Nodes of the FE
model lying on the tooth surfaces are guaranteed to be points
of the real tooth surfaces of the pinion and the gear. Therefore,
the lost of accuracy due to the development of FE model
using CAD computer programs is avoided. In general, an FE
model with a larger number of elements may lead to more
accurate results. However, increasing the mesh densities for
the whole FE model is not necessary from the computational
viewpoint, especially considering the limit of computer
memories and the computational efficiency. Therefore, we
use a very dense mesh in the possible contact regions to
ensure the accuracy of FEA, and a coarse mesh in the rest of
the teeth to reduce the computation time needed.
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B. Surface definition and interaction properties

One of the ABAQUS advantages in comparison with
other FEA programs is that the ABAQUS can generate the
contact elements automatically after the user appropriately
defines the contact pair of surfaces as the master and slave
ones. Generally, the master surface should be chosen as the
surface of the stiffer body or as the surface with the coarser
mesh if the two surfaces are with comparable stiffness.
During the analysis processes, the nodes of the master surface
can penetrate into the slave surface; however, the nodes on
slave surfaces are constrained not to penetrate into the master
surface. In this study, the tooth surface of the gear X, has
been chosen as the master surface, while the tooth surface of
the pinion X, is considered as the slave surface. Two options,
“small sliding” and “no friction”, should be specified to
define the interaction between the contact pair. Meanwhile,
the friction coefficient is given as zero by assuming that the
gears are meshed under good lubrication conditions.

C. Boundary conditions

For the linear brick C3D8 element, each node has three
degree-of-freedom (DOF), i.e., translations in the nodal x-, y-
and z- directions. In this study, all the three DOFs of the
nodes located on the two lateral sides of the base of the
gear Y, are assumed fixed. On the other hand, rigid beam
elements are applied to connect the nodes on the bottom of
the base of the pinion ¥, with those on the pinion’s rotational
axis. In addition, the nodes on the pinion’s rotational axis are
constrained in a way such that the pinion %, can rotate about

its rotational axis only. Consequently, the gearX, is statically

fixed and a torque of 200 N-m is applied directly to the
remaining DOF at the pinion’s rotational axis to make the
tooth surfaces of the pinion ¥, and gear ¥, contact with each

other.

IV. SIMULATION RESULTS AND DISCUSSIONS

In this study, the gear pair is composed of a straight
conical involute pinion and gear mounted with an intersected
angle of 10°. The major design parameters for the gear pairs
in the following examples are listed in Table 1. Meanwhile,
the medium carbon steel AISI 1045 with the material
properties listed in Table 2 has been chosen for the gear
material for the FEA.

Table 1 Major design parameters of the gear pairs

Pinion ¥, Geary,
Number of teeth N, =N, =25
Face width W, =W, =40 mm
Normal pressure a, =20
angle
Normal module m, =4 mm/teeth
Intersected angle 10°

Table 2 Material properties of AISI 1045
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Young’s Modulus 205 GPa Figure 5 illustrates the distributions of von-Mises stress
Poisson’s Ratio 0.292 on the tooth surface of gear X, when the contact occurs on

the pitch point of the gear pair. Among these three models,

the contact stress of model C (§, =5°, 5, = 5°) is the smallest

one. Therefore, Model C is chosen to investigate the effects

Example 1: Conventional conical involute gear pairs with ~ of grinding wheel radius on the contact stress in the
different assembly of 6, and ¢, following example.

Allowable Contact Stress [15] | 980 MPa

In this example, we let the pitch radii of the grinding
wheels approach to infinity (i.e. () = (9 = o) to make the

concave conical involute gear identical to the conventional
conical involute gear which generated by the imaginary rack

g, Micec
(Rvg: T5%)

cutter. With the same intersected angle of 10°, three models

Model A

of conical involute gear pairs with different assembly of &,
and ¢, are listed in Fig.4. HEiie

+3.2E7a-02

(@) Model A (6,=0°,5,=10°)

B, Mig=g
~ [hvg: T5%)
m +T. 54der02
s [ = | BRI
1 Q +5. 5082402
'U +4. 836=+02
- o it
- S | Bl
(— +1236at02
+1.22de402
z&,:10° i
s, 0,=0
— = il
+6.040=+02
3 e |
S | gEiEr
b)Model B (6, =2.5°,5, = 7.5° = | B
(b) Mode (6,=25°,6,=175°) e
+1. 510a+02
+1.00%7=+402
+5.038=+01
+d.431le-02
. ﬁ@
1nion S Fig.5 Stress distribution of conventional conical involute
Z, % gear pairs with different assembly of &, and &,
[
7
< (‘\ ; Example 2: Concave conical involute gear pairs with
\% \) different grinding wheel radius
Gear X 2“ To investigate the effects of the grinding wheel radius
on the stress distribution of the concave conical involute gear

pairs with intersected axes, model C in Fig.7 is chosen for the
(¢) Model C FE stress analyses in the following cases:

Case 1: 7' =o0; 19 =1000mm
Pinion §

Case 2: r' =o0; 1(9 = 750mm

> i Case 3: ") =o0; 19 = 500mm
1 E Herein, the pinions ¥ remain the conventional conical
involute gear with ") = oo, while the gears ¥, are ground
§ by grinding wheels with different ' Figure 6 illustrates
GearZ} the distributions of von-Mises stress on the gear’s tooth

surface X, when the contact occurs on the pitch point of the

gear pair. The maximum contact stress occurs at the contact
position on the central region of the tooth surface. According
to the FEA results, with the decrease of rw‘,G) , the contact area

Fig.4 Three models of conical involute gear pairs with
different assembly of &, and ¢, .
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enlarges and the contact stress reduces significantly. In this
example, the reduction of the maxima contact stresses are
about 60 percent when the grinding wheel’s pitch radius
decreases from 7% =1000mm to 500 mm. The results of

FEA agree with results of contact ellipse simulations [8].
Therefore, the concave conical involute gears solve the
problem associated with high contact stress belonging to
conventional conical involute gears.

Model C

E. Micec
[(Rwg: T5R)
1. 5E0a+02

+4.258=-0%

79 =1000mm

w

E. Migec

(Rhvg: TSR
4. 3a2e+02
+3926a402
+3.62det02
+3026let02

+4.029=-02

79 =750mm

2. Miges

(Rvg: T5%)
+3.120e+02
+2.2860=+02

+2.730e-02

79 =500mm

Fig.6 Stress distribution of concave conical involute gear
pairs with different (%

V. CONCLUSION

In this study, FE stress analysis is performed to
investigate the contact stress of concave conical involute gear
pairs with small intersected angles. The complete tooth
geometry have been derived, including the working tooth
surfaces and the fillets. On the basis of the developed
mathematical models, a mesh generation program has been
developed to discretize the geometric models of the pinion
and the gear by using eight-node solid elements. The
commercial FEA software, ABAQUS, capable of contact
analysis is applied to evaluate the stress distribution on the
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tooth surfaces. The simulation results indicate that the contact
stress can be reduced significantly by choosing a smaller

grinding wheel radius 7, for the generation of concave

conical involute gear pairs. The simulated results of contact
stress are consistent with those of contact ellipses estimation
in the previous study. The concave conical involute gear
pairs exhibits lower contact stress than conventional conical
involute gear pairs.
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