
 
 

 

  
Abstract—The stress concentration is always the associated 

problem that is inescapable and difficult to be solved completely 
in the shape design of pressure vessel. In order to eliminate 
those problems, this research is presented a numerical method, 
which is based upon the finite element method combined with 
simplify conjugated gradient method (S.C.G.M.) to optimize the 
shape of the pressure vessel. The objective function is used to 
find the minimization of stress in the pressure vessel. The 
validated results for the stress concentration are obtained from 
the comparison between the simulated results and previous 
study. Finally, this investigation can improve the stress 
distribution for the thin shell and reduce the stress 
concentration of the pressure vessel in the optimal process. 
 
Keywords: stress concentration, pressure vessel, F.E.M., 
S.C.G.M. 
 

I. INTRODUCTION 
 The pressure vessel is used in the petrochemical, gas 

storage and pharmaceutical industries, etc. Besides, most of 
the accidents (about 80%) for pressure vessel are resulted 
from the stress concentration. The associated stress concen-
tration depends on the size, shape and location of the opening. 
The stress concentration effect the life time of pressure vessel 
crucially. It is very important to minimize the stress-raising 
effect at the opening or the discontinuous junction. In 
addition, the A.S.M.E. Boiler and Pressure Vessel code does 
not provide about the detailed analysis of stress. It only 
defines the thickness of wall which depends on the radius, the 
welding efficiency and the working pressure, etc. Besides, 
the maximum stress is under the allowable stress. The safety 
factors and the design rules [1] are assumed to satisfy for the 
high localized stresses. This code provides a quick design 
method. Then, a safety procedure will be processed in detail 
[2]. 
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As the design has the constraints, the stress 
concentration should be not exceeded the maximum of 
allowable stress in the structure and the connected structure 
should be not lost during the process of shape change. Those 
applications of pressure vessel are demanded for more 
lightweight, high-performance and low-cost. The researches 
of shape design optimization attest that the shape changes can 
save the considerable mass and improve the performance of 
structural [3-6]. Consequently, the shape of dome is one of 
the important issues in the design of pressure vessel. 

Several methods have been used for solving the problem 
of stress concentration and light weight on the shape of 
pressure vessel, which are including the analytic methods or 
the numerical approaches, such as computational simulation 
[7], finite element method [8], adaptive genetic algorithm [9], 
metamorphic development [10], and first order method [11].  

The optimization has become a significant development 
area in spite of the structural design and the academic 
research. In general, the purpose of shape optimization is 
used for finding the best structure with various constraints. 
For example, Hinton et al. [12] have reported some studies on 
the finite element structural shape and thickness optimization 
of axisymmetric shells. Queau and Trompette [13] 
investigated the shape optimization of a nozzle on the 
pressure vessel which was optimized the outside surface 
configuration. Hsu et al. [14] researched the stressed 
thickness profile design on the axial-symmetry shell with 
discontinuities. Li [15] showed the sensitivity analysis for 
finite element model about shape optimization design of 
pressure vessel. Ramakrishnan et al. [16] presented the 
optimal shape of thin pressure vessel with volume as an 
objective function. In above investigation, it was discussed 
the thickness optimization of the shell. Liang et al. [17] 
revealed a method in their study can usable for optimum 
design of dome contours of pressure vessel. Carlos et al. [18] 
showed the different optimization method and compared the 
advantage for each other on gating system. The results clearly 
show the effectiveness of the proposed approach for finding 
high quality castings. Xu et al. [19] proposed an adaptive 
genetic algorithm to design a vessel during optimal process. 
Sonmez [20] is proposed the research objective, which is to 
obtain globally optimum shapes for two-dimensional 
structures subject to quasi-static loads and restraints.  

In this paper, a simplified method is used for designing 
typical pressure vessels include the spherical dome. This 
simplified method is a numerical method which is based upon 
the finite element method combines with simplify conjugated 
gradient method to optimize the shape of pressure vessel. The 
hoop and equivalent stresses are optimized for smooth in the 
boundary of vessel [21]. Moreover, it is important to 
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minimize the raising effect of the stress at the inside of wall. 
This investigation is to demonstrate how the application of 
numerical optimal simulation techniques can be used to 
search for an effective optimization of the pressure vessel 
design. Even more, the numerical results have been validated 
with the previous experimental study. On the other hand, the 
simplified conjugate gradient method is used as the 
optimization method. The S.C.G.M. method is proposed by 
Cheng and Chang [22], which is capable of handling the 
objective functions defined in different forms, and thus it 
widens the flexibility of the application of the optimization 
method. In the S.C.G.M. method, design variables are 
evaluated firstly in the sensitivity of the objective function. 
And then by giving an appropriate fixed value for the step 
size, the optimal design can be carried out without 
overwhelming mathematical derivation. And this approach 
has faster convergence characteristics than the other gradient 
based techniques. In the end, the result of the stress 
concentration in this paper is obtained by comparing the 
simulation results and another study. Furthermore, this 
investigation can improve the stress distribution on the thin 
shell and reduce the stress concentration of pressure vessel in 
the design process. 

It includes four sections in this paper. In the first section, 
the current development of the optimization algorithm in the 
stress concentration problems is introduced, more 
investigation have been researched for shape problems and 
the characteristics, the process of the proposed method and 
the numerical model are illustrated in the second section. The 
computational process is also proposed to be implemented 
the method in the computer.  In the third section, the optimal 
predictions are employed to demonstrate the usage of the 
proposed method with various conditions. A discussion of 
the analyzed results is also presented in this section. At last, 
the overall contribution and possible applications of this 
research are concluded in the fourth section. From this study, 
it can be concluded that the proposed method is an accurate, 
robust and efficient method to optimal the design problem. 
 

II. SYSTEM DESCRIPTION 

2.1 Validated model 
The model of pressure vessel is designed for the 

comparison and the analysis with previous study. In this 
paper [23], it consists of a cylinder, two elliptical heads and 
nozzle, etc. Fig.1 is the geometry schematic for pressure 
vessel, which the characteristic of the model is showed in the 
table 1. 

 
Fig.1 The geometry schematic view of model. 

 
 

Table 1 The parameter of the pressure vessel. 
Unit: (mm) 

Para-
meter

Hi d0 Di L1 Hi l L 
106 162.5 300 1200 175 600 2400 

 
And the thickness of wall is 6(mm) in the vessel. To 

follow this investigation process, the comparison of this 
study is supplied a result which can make a verification for 
the analysis. 
 

2.2 Optimization model  
The model of pressure vessel is analyzed by the 

commercial program ANSYS which is used the 
three-dimensional solid brick element model. The whole 
structure is only 90 degree in the simulation, that is analyzed 
for the whole structure to be analyzed is axis-symmetric. The 
process of optimization with ANSYS is showed in Fig.2. 
 

 
Fig.2 The process of optimization. 

 
The following formulation is showed in the presented 

problem. In this research, a linear elastic material model is 
used with Poisson’s ratio = 3.0 , ultimate strength = 

)(620 MPa , Young’s modulus = )(1007.2 5 MPa× , and the 

density = )/(108.7 36 mmkg−× . In order to analyze the 
phenomenon in this process, the schematic of model is 
expressed in Fig.3. 
 

 
Fig.3 The schematic view of model. 



 
 

 

 
By the ASME chapter UG-32(f) [24], the satisfy 

definition of the minimum thickness rT  for the spherical 
dome as follow: 

P
PRT

all
r 2.02

2

−
=

ησ
 (1) 

u
s

all n
σσ 1

=  (2) 

 
where rT  is the thickness of dome in the vessel.  
P  is the working pressure 

2R  is the radius of spherical dome in the inwall 
η  is the welding efficiency 

sn  is the safety coefficient 

uσ  is the ultimate strength 

allσ  is the allowable stress of the material. 
And then, the cylinder in the pressure vessel is the 

definition of the minimum thickness sT  as follows: 
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where sT  is the thickness of cylinder, and 1R  is the 

radius of inwall in the cylinder . 
The thickness of cylinder is fixed in this investigation. 

There are 4 variables in the model. X2 is the radius in the 
spherical dome, X3 and X4 are the angle and the height in the 
junction of dome with cylinder, respectively. Besides, X1 is 
the thickness of hemisphere which is changed with X2 in (1) 
as shown in Fig. 3. 

In the optimal design process, the objective function is 
reduced for the maximum Von Mises stress of the whole 
model. Furthermore, IA is the iteration number, and J is the 
objective function of optimization design in this paper. 

The minimization of the objective function is 
accomplished by using the S.C.G.M. method [22]. The 
method evaluates the gradient functions of the objective 
function and sets up a new conjugate direction for the 
updated undetermined coefficients with the help of a direct 
numerical sensitivity analysis. 

We perform the direct numerical sensitivity analysis [22] 

to determine the gradient functions ),...,2,1(,)( liJ n

i

=
∂
∂
α

. First, 

give a perturbation )( iαΔ  to each of the undetermined 
coefficients, },...,2,1,{ lii =α , and then find the change in the 
objective function )( JΔ  caused by )( iαΔ . The gradient 
function with respect to each of the undetermined 
coefficients },...,2,1,{ lii =α  can be calculated by the direct 
numerical differentiation as 
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Then, we can calculate the conjugate gradient 

coefficients, n
ir , and the search directions, 1+n

iπ , for each of 
the undetermined coefficients },...,2,1,{ lii =α  with 
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The step sizes },...,2,1,{ lii =β  will be assigned for all 

the undetermined coefficients },...,2,1,{ lii =α  and leave it 
unchanged during the iteration. In this study, the fixed value 
is determined by a trial- and error process, and the value is set 
to be 6100.1 −×  typically. The difficulty lies with the fact that 
how to decide the suitable value of the step size. The 
undetermined coefficients will be updated. 

lin
ii
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n
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The procedure for applying the S.C.G.M. method is 

described briefly in the following:  
Step1. Make an initial guess for the shape profile by giv-

ing initial values to the set of undetermined coeffi-
cients },...,2,1,{ lii =α . With initialization accomplished, the 
run itself can begin. 

Step2. Use the direct problem solver to predict the stress 
concentration and stress distribution of the pressure vessel, 
and calculate the objective function J . 

Step3. When the objective function reaches a minimum, 
the solution process is terminated. Otherwise, proceed to 
step4. 

Step4. Through the (4), to determine the gradient 

functions, ),...,2,1(,)( liJ n

i

=
∂
∂
α

. 

Step5. Through the (5) and (6), to calculate the 
conjugate gradient coefficients, n

lr , and the search directions, 
1+n

lπ , for each of the undetermined coefficients, 
},...,2,1,{ lii =α . 

Step6. Assign a fixed value to the step sizes 
},...,2,1,{ lii =β  for all the undetermined coefficients 
},...,2,1,{ lii =α  and leave it unchanged during the iteration. 

Step7. According the (7), to update the undetermined 
coefficients and adjust the shapes of pressure vessel, and go 
back to step2. 
 

III. NUMERICAL RESULTS AND DISCUSSION 
In the verified study, the result of experiment is showed 

evident that the phenomenon of stress distribution in the 
pressure vessel. According to the process of analysis by 
experiment, the above investigation made a conclusion that it 
is deformed violently in the area A and B. Fig.4 is presented 
the stress concentration distribution of vessel in this paper. 
The states of simulation which is used by ANSYS are similar 
to the result of the previous study accurately. This result is to 
be clear about the proof that credibility of simulation is 
sufficient for this research. 
 



 
 

 

 
Fig.4 The distribution of stress concentration on the pressure 

vessel. 
 

This paper assumed a new model to discuss the stress 
distribution of pressure vessel in the fig.3. In order to 
approach the actuality, the 3D structure of optimal design 
model is showed in the fig.5. From this figure, it is clear to 
realize that the stress distribution of vessel and the 
phenomenon of stress concentration is improved after the 
process of optimization by using S.C.G.M.. 
 

 
Fig.5 The optimal design of 3D structure on pressure vessel. 
 

In the fig.6, the diagram is showed the convergence of 
iteration as the relative criteria is equal to 610−  and the 
number of times is almost 105  in iteration. There is a 
specifically advantage in this proposed method, which is only 
a few time for search the minization of working stress, and it 
is important to advance by choice a suitable initial value. 

Fig.7 presented a profile of the stress distribution f or 
changing the value of X2 and X4. The variable X2 and X4 
are independent and not effective each other. In this part, it is 
discussed the phenomenon of varying variablies and try to 
find the minimization of stress. The variable X2 is increased 
from )(1400 mm  to )(1650 mm , the stress is decreased 
between )(1400 mm  and )(1500 mm  but it is increased 
between )(1500 mm  to )(1650 mm . And the variable X4 is 
increased from )(100 mm  to )(500 mm , the stress is reduced 
fastly. From the result in fig.7, the minimal position is located 
in (X2,X4)=(1509.68, 158.58) for minimization stress is 
equal to )(7.152 MPa . It can be seen that the model is a 
non-monotonic function. 

 
Fig.6 The convergence of iteration. 

 
 

 
Fig.7 The stress distribution for varying the value of X2 and 

X4. 
 

In Fig. 8 and Fig. 9 show the stress distribution of inwall 
and outer wall at Y-axis between initial design and 
optimization. The interval between 0 and 400 are larger than 

)(155 MPa  of safe working stress obviously for the stress 
concentration of inwall. This is highly probable that it will 
happened accident or sudden situation in the working 
environment and reduce the lifetime of the pressure vessel. 
The variation between the average stress and the peak stress 
is 79.53( )MPa  , and after the optimal procedure, the 
variation is 14.12( )MPa  in this investigation. The result can 
be thought as very well and the stress concentration is 
reduced about 33.35 percent, and the total volume also 
declines about 0.32 percent. There are the profiles to be 
constrained after optimization and it is also controlled within 
the safe working stress in those figures. 

Finally, the above method proposed positively a 
sequence of process steps that this investigation can follow to 
achieve the ideal target. Besides, the phenomenon of the 
stress concentration distribution is obtained in this paper by 
comparing the simulation results and the previous study. And 
this research can solve the stress distribution on the thin shell 
and decrease the stress concentration distribution of the 
pressure vessel in the optimal process. 
 



 
 

 

 
Fig.8 The stress distribution of inwall at Y-axis between the 

initial design and the optimization. 
 

 
Fig.9 The stress distribution of outer wall at Y-axis between 

the initial design and the optimization. 
 

IV. CONCLUSION 
In general, the shape design is an important problem for 

the thin shell pressure vessel. In order to obtain good quality, 
it presents a numerical algorithm for shape design of a 
pressure vessel in this study. The proposed method which is 
based on finite element method combines with simplify 
conjugated gradient method to optimize the shape of pressure 
vessel. In this research of verification part, one of the results 
compares with the previous study [23]. The significance of 
this study shows that the numerical analysis provides for a 
good result for the shape of pressure vessel. This means that 
the proposed method can simulate the real size model of 
pressure vessel effectively. 

After the optimal process, the stress concentration 
reduces about 33.35 percent, and the total volume also 
decreases about 0.32 percent. The results show that the 
location and the size of junction are important issue for the 
design of pressure vessel. The optimum shape is that the 
minimization Von Mises stress of the whole model is reduced. 
This is not only a promising investigation, but also a good 
verification for handling a complex problem efficiently in the 
optimization techniques and the mechanical application. In 
addition, it illustrates that the proposed method is an accurate, 
stable, and efficient method for solving the stress 
concentration problems. 
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