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Abstract—This paper deals with the problem of stability and to consider (1) as a single delayed system wiith
analysis for networked control systems via the time-delayed gs the system delay [6], [7]. Recently, [3], [4] have also
system approach. The network-induced delays are modeled gy the possible reduction of conservatism in the analysis

as two additive time-varying delays in the closed-loop system. . . .
To check the stability of such particular featured systems, an and synthesis problems by treatidg(t), dx(t) separately in

appropriate Lyapunov-Krasovskii functional is proposed and constructing the Lyapunov-Krasovskii functional. However,

the Jensen inequality lemma is applied to the integral terms to take into account the relationship between the two delays,
that are derived from the derivative of the Lyapunov-Krasovskii  they have to introduce slightly excessive free weighting

functional. Here, the cascaded structure of the delays in the matrices.

system enables one to partition the domain of the integral terms As a wav of reducina the number of decision variables. this
into three parts, which produces a linear combination of positive y 9 !

functions weighted by inverses of convex parameters. This is Paper focuses on Fhe Jensen inequality Igmma [.1]- It is We!l
handled efficiently by the authors’ lower bounds lemma. known that relaxations based on Jensen inequality lemma in

Some numerical examples are given to demonstrate the delayed systems produce a special type of function combi-
effectiveness of the proposed method. nations, a linear combination of positive functions weighted
Index Terms—reciprocally convex combination; delay sys- by inverses of convex parametessy a reciprocally convex

tems; stability; networked control systems. combination Here, the cascaded structure of delays in the
system enables one to partition the domain of the integral
I. INTRODUCTION terms that are derived from the derivative of the Lyapunov-

T is well known that the presence of delay elements c&{@sovskii functional into three parts, which produces a
I bring about system instability and performance degradéciProcally convex combination having three convex pa-
tion, leading to design flaws and incorrect analysis concl{@Meters as the weights. This can be handled efficiently
sions [1]. Hence, a lot of attention has been paid to the timkéY. [8]'s !ower bounds Iemma.tha.t can pe applied for all
delayed systems in recent years. f|n|t_e reciprocally convex combl_natlons. It is notable t_hat,_to

Among the relevant topics in this field, networked contrdlV0id the emergence of the reciprocally convex combination,
systems have emerged as one of the most attractive issue§i'as to introduce a very conservative approximation on
line with the rapidly growing network environments [2][5].the difference between delays, [, ;)" &7 (s) Xd(s)ds <

In the networked control systems, interpreting in the L f__ddﬁt) 7 (s)dsX ﬁ:ﬁg“ﬂs)d& 0<dp(t) <dp, in
time-delayed system perspective, signals transmitted frqm;’”middfe stage of the derivation.
one point to another may encounter two network-induced The paper is organized as follows. Section 2 will explain
delays: d,(t) from the sampler (sensor) to the controllethe structure of the networked control systems and develop
anddy(t) from the controller to the holder (actuator). Thishe corresponding stability criterion. Section 3 will show
causes an introduction of delay elements in the closed-loginple examples for verification of the criterion.
system. For example, when the ordinary plant is considered,
i(t) = Az(t) + Bu(t), the closed-loop system becomes Il. MAIN RESULTS

i(t) = Ax(t) + BK (x — dy(t) — du (1)), B A. System description

i.e. systems with two additive time-varying delays. Kx(t—ds(t)— dn(t)) Plant
As concerns about it, a conventional approach is to assem X(t) = Ax(t) + Bu(t)
ble the induced delays as a single odg, = d;(t) + dn(t),
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x(t—ds(t))

Let us consider the system:
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dn(t) from the controller to the holder (actuator), produces

a special type of closed-loop system as

@(t) = Az(t) + BKx(t — dy(t) — dp(t)),

i.e. systems with two additive time-varying delays. To check V(¢

of the forthcoming section.

B. Stability analysis

Let us consider the following delayed system:

i(t) = Ax(t) + Aga(t — di(t) — da(t)), £ >0,
z(t) = ¢(t), —dy—dy <t <0, 3)

where 0 < di(t) < di, 0 < do(t) < da, di(t) < 71,
do(t) < 7 and ¢(t) € C1(d; + ds), the set of continuously
differentiable functions in the domain-2(d; + dz),0]. Let
us defined £ dy + dy, 7 2 71 + T2, d(t) = di(t) + da(2),

x(t) £ col{z(t),z(t — dy(t)), z(t — d(t)),z(t — d)} and the
corresponding block entry matrices as
12110007, e32[0700]%,e32[00 7107,
ea2[000 17, e5 2 (Ael+ Agel)T, ()

so that the system can be written &) = e x ().
Consider the following Lyapunov-Krasovskii functional:

V(t) £ Vi(t) + Val(t) + Va(t) + Vi(t) + Vs (1), (5)

Vi(t) = 2T (t)Px(t), P>0, (6)
t

Va(t) :/f e a:T(a)le(a)da, Q1>0, @

Va(t) = /d()x%)w(a)da, Q2>0, (®)
t

Va(t) = / T(0)Qsz(a)da, Qs>0, ©)

Vs(t) =d dadB, R 10
/ /w (a)dadB, R>0.  (10)

Theorem 1:The delayed system (3) is asymptotically sta-

ble if there exist matrice®, Q1, Q2, @3, R, S12, S1,3 and
S5 such that the following conditions hold:

O+ Qs <0, (11)
R 51,2 R 51,3 R 5273
S R R T S e
P>0, Q1>0, Q2>0, Q3>0, R>0, (13)
where
Q1= esPef +e1Pel +e1(Q1+Q2+Q3)e] —esQzel

—(1—71)e2Qrey —(1—7)esQqes +des Rel , (14)

(e1—e)'[R Si2 Sis][(e1—e2)
Qo=—|(ea—e3)T| | * R Sos||(ea—e3)T|. (15)
(63764)’11 * * R (63764)71
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Va(
(
the stability of such particular featured systems is the focusV4(
(

Proof: The time derivatives o¥;(t) become

Vi() =27 (1) Pa(t) = 2" (t)es Pl x(1), (16)
=x"(t){e1Quel — (1 — di(t)e2Qued }x(t), (17)
)=xT(t){erQzel — (1 - d(1))esQaek Ix(t),  (18)
t)=x"(t){e1Qse] — esQse] Fx(t), (19)
Va(t) =" (t)esRel (1) — d /t A (B)RIG)5. (20)

so thatV/ () can be upper-bounded by the following quantity:

V(t) < X7 (#)Qux(t)
—d i (B3)Ri(B)dB

t—di(t)
t—dq (t

d B)R(B)ds3
- d(t
—d y Ri(B)dp (21)
< xT(t) o (22)
é(el—eg)R(€1—€2)T
%(62—63)R(62—63)T
- %(63— ea)R(es—ea)' 1x () (23)
< X6 + Q2)x(1), (24)

where the inequality (22) comes from the Jensen inequality

lemma [1], and that of (24) from [8]'s lower bounds lemma

(see Appendix) as
T
[R Sy \/g(el—ez)T
3

\/g(el—ez)T 2
_XT(t){|:_\/%T(62_€3)T R] _\/%(62_63)T
[/Z(er—ez)"]

o)™
/5 (ea—ea)” /5 (ea—ea)”

’Y L -

:\/g(ezes)T: _\/2(62*63?_
5(

B
"/( ¥

+

+ Ix(t)<0, (25)

63—64)T 63—64)

where do(t) d—d(t)
= 1 = 2_ = — = .
a=— B 77 7
Note that whemy = 0 or 8 = 0 or v = 0, we havex”(t)
(e1—ea) =0 0or xT(t)(ez —e3) =0 or xT(t)(e3 —eq) =0,
respectively. So the relation (24) still holds. This completes
the proof. [ ]

Remark 1:1t is well known that relaxations based on
Jensen inequality lemma in delayed systems produce a
special type of function combinations, a linear combination
of positive functions weighted by inverses of convex parame-
ters. And, to the knowledge of the authors, all such particular
featured combinations of functions in the literature have had
only two convex parameters as the weights. However, here
the cascaded structure of delays in the system (3) enables
one to partition the domain of the integral term in (20) into
three parts as (21), which produces the reciprocally convex
combination (23) having three convex parameterss, v) as
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the weights. This is handled efficiently by [8]'s lower bounds

TABLE IV_
MUBDS OFd; FOR GIVENdg IN EXAMPLE 2

lemma that can be applied for all finite reciprocally convex

combinations.

It is notable that [10]'s relaxation method, which properly
approximates the coefficiert in the integral terms (21) SO  pengg. Tian(2008) [6]
as to obtain a condition that is linear in some parameters, hassao et al.(2008) [4]
not addressed how to extend it for the case where integralP" 8t 2-(2009) [9]

terms are partitioned more than twice.

IIl. EXAMPLES

Example 1:Consider the system (3) taken from [3] wit

—2.0 0.0 ~1.0 0.0
A= [ 0.0 4).9} As= {—1.0 —1.0]'

The maximum upper bounds on the delafJBDs) under

(26)

Method d2=0.1 dy=0.2 dy=0.3 | # of variables
Li et al.(2009) [7] 0.484 0.384 0.284 32
Lam et al.(2007) [3] 0.547 0.343 0.185 59
0.577 0.477 0.377 18
0.585 0.419 0.29p 85
0.585 0.419 0.292 15
Theorem 1 0.684 0.584 0.484 27

the assumption:

di(t) <0.1, da(t) <0.8

are listed in Tables I-1l. Comparing with the recently deve
oped results, we can see that the result in this paper is 185

(27)

conservative with relatively low decision variables.

TABLE | _
MUBDS OFds FOR GIVENd; IN EXAMPLE 1

Method d;=1.0 d;=1.2 di=1.5 # of variables
Li et al.(2009) [7] 0.378 0.178 infeasiblg 32
Lam et al.(2007) [3] 0.415 0.340 0.248 59
Gao et al.(2008) [4] 0.512 0.406 0.283 85
Du et al.(2009) [9] 0.512 0.406 0.283 15
Peng& Tian(2008) [6] 0.665 0.465 0.165 18
Theorem 1 0.873 0.673 0.378 27

TABLE Il

MUBDS OFd; FOR G|VENJ2 IN EXAMPLE 1

Method dy=1.0 dy=1.2 dy=1.5 | # of variables
Lam et al.(2007) [3] 0.212 0.090 infeasible 59
Gao et al.(2008) [4] 0.378 0.178 infeasible 85
Li et al.(2009) [7] 0.378 0.178 infeasible 32
Du et al.(2009) [9] 0.378 0.178 infeasible 15
Peng& Tian(2008) [6] 0.665 0.465 0.165 18
Theorem 1 0.873 0.673 0.378 27

Example 2:Consider the system (3) taken from [9] with

—1.7073  0.6856 —2.5026  1.0540
A= 0.2279 0.6368}”4‘1_ [0.1856 —1.5715]| (28)
The derivatives of the delays are assumed to be
di(t) <0.3, da(t) <0.8. (29)

By Theorem 1, the improvement of this paper is shown %O]

Tables I1-1V.

TABLE Il
MUBDS OFd2 FOR GIVENd; IN EXAMPLE 2

Method di=0.1 d;=0.2 d;=0.3 [ # of variables
Lam et al.(2007) [3] 0.412 0.290 0.225 59
Li et al.(2009) [7] 0.484 0.384 0.284 32
Gao et al.(2008) [4] 0.484 0.385 0.298 85
Du et al.(2009) [9] 0.484 0.385 0.293 15
Peng& Tian(2008) [6] 0.577 0.477 0.371 18
Theorem 1 0.684 0.584 0.484 27
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IV. CONCLUSIONS

h This paper proposed an efficient stability criterion for

networked control systems via the time-delayed system ap-
proach. The network-induced delays were modeled as two
additive time-varying delays in the closed-loop system. To
check the stability of such particular featured systems, an
appropriate Lyapunov-Krasovskii functional was constructed
and the Jensen inequality lemma was applied to the integral
terms that were derived from the derivative of the Lyapunov-
Krasovskii functional. Here, owing to the cascaded structure
elays in the system, the domain of the integral terms
could be partitioned into three parts, which produced a linear
combination of positive functions weighted by inverses of
convex parameters. This was handled efficiently by Park et
al. (2010)’s lower bounds lemma.

Examples showed the resulting criterion outperforms all
existing ones with relatively low decision variables.
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