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An Extended Model for the Uncapacitated
Single Allocation Hub Covering Problem 1n a
Fuzzy Environment

A. Eydi and A. Mirakhorli

Abstract—This paper addresses the uncapacitated single
allocation hub covering location problem with fuzzy travel time
and cover radius. The main objective is to find the minimum
number of hubs, considering the maximum allowable travel
time. Computational results show that due to uncertainty,
number of hubs and the allocation of non-hub nodes to the
located hub nodes are changing. CAB data set are used to show
the performance and validity of the proposed model.

Index Terms— fuzzy linear programming, hub covering
problem, hub location

I. INTRODUCTION

Hub location problem is one of the new topics in
location problems because it is widely used in many
transportation and telecommunication networks. Hubs are
facilities that serve as transshipment and switching point to
consolidate flows at certain locations for transportation and
telecommunication systems [1],[2]. Hub and spokes network
is used when it is not possible or it is so costly to transport
the products directly between nodes (figure 1).
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Fig. 1. Configuration of hub and spoke network

The location and number of hubs are important issues in
hub and spoke network design problems. Hub location
problems can be categorized into four main categories as
follows: the P-hub median problem, the hub location
problem with fixed costs, the p-hub center problem, and
the hub covering problem [3]. In hub covering location
problem (HCLP), the objective is to find the best location of
hubs and assignment of non-hub nodes to hubs, considering
the predetermined covering constrians, in order to minimize
the total number of hubs or total operating cost associated
with each hub. The first published formulation for HCLP
was presented in [4]. Based on Campbell’s opinion [4] ,an
origin-destination pair (i) is covered in the following
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conditions:1) the total distance (cost or time) of a path
through hub £ and m does not exceed the predefined value,
2) the distance (cost or time) of each link in the path from
node i to j via hub k£ and m does not exceed the specified
value, and 3) the distance (cost or time) of each of links
between the hubs and non-hub nodes in a path doesnot
exceed the predefined value.

Kara and Tansel [5] presented linear model for hub
covering problem and compared the computational time of
their model with the previous approaches. Tan and Kara [6]
tested the work of Kara and Tansel [5], on the Turkish
network Wagner [7] proposed the pre-processing methods
to fix the value of some decision variables, and to reduce the
size of problem by removing redundant constraints. His
model achieves better computational performance than the
model presented in [5]. Ernest et al. [8] presented a new
formulation for single and multiple allocation hub covering
problem using the concept of cover radius. Calick et al. [9]
presented a model for the hub covering problem over
incomplete network and proposed a heuristic approach
based on tabu search to solve the model.

The most application for the hub covering problem within
transportation systems is delivering goods to customer at a
predetermind time. Previous studies on hub location
problems consider certainty conditions and assume that
transshipment times are fixed, whereas delays arising from
uncertainties such as unpredictable events, traffic congestion
and bad weather during transshipment and delivering goods
to customers are possible. These uncertainties also affect the
cover radius, and the cover radius has the great impact on
the structure of the network. Designing a network with
desirable reliability level which garanties the performance
and survivability of network from any disrubtion and
malfunction is the most importand issue in the network
design problems. In order to take into account the real world
uncertainties, this paper formulizes the hub covering
location problem under fuzzy environment considering
fuzzy travel time and cover radius.

Rest of the paper is organized as follows. We will describe
the fuzzy linear programming and propose fuzzy hub
covering formulation in the second section. The third section
is dedicated to the computational analysis. The performance
of the model is tested with the optimization solver LINGO 8§
on the well-known CAB data set. The last section is devoted
to concluding remarks.
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II. FUzzY HUB COVERING PROBLEM

A. Fuzzy Linear Programming (FLP)

Based on the empirical surveys, Linear Programming
(LP) is the most applicable methods for solving real world
problems. Bellman and Zadeh [10] proposed fuzzy linear
programming as an extension of the classical linear
programming. In fuzzy linear programming, for expression
the imprecise parameters, the objective function and
constraints are presented by fuzzy sets.

Based on Zimmermann approach [11], FLP model can be
stated as:

max(or min) f(x) = CX (D)
S.t.

AXZD ()
X=>0 3)

Here X is a decision vector, C is an objective coefficient
vector, A is a constraint coefficient matrix and b is a
constant vector. “max”, “%” denote the fuzzy version of
max, <. The fuzzy objective function and the fuzzy
constraints are defined by their corresponding membership
functions [12].

B. Mathematical Formulation

A mathematical model for the fuzzy hub covering
problem is given in this section. First, underlying
assumptions are listed below:

e In this paper we study the hub covering problem.

e We model the single allocation case of the
problem. For single allocation problems, every node is
assigned to exactly one such hub.

e We also study this problem over a complete hub
network, that is, every hub pair in the hub network is
interconnected with a hub link.

e The economy of scale is modeled by a discount
factor <€ [0,1] on each of the hub to hub links [13].

e In this research, it is assumed that each hub is
uncapacitated, that is, the amount of flow passing through
the hub is infinite.

e Each arc and transportation path has infinite
capacity.

e Because of uncertainties, the travel time between
any origin-destination is modeled by fuzzy sets.

Here, we propose a formulation for the hub covering
problem under fuzzy environment. We assume that there is a
given node set N with n nodes and a potential hub set HEN
with 4 nodes. The mathematical model locates hubs from
the potential hub set, constructs the hub network, and
allocates the remaining nodes in set NV to these hubs, such
that the travel time between any origin—destination pairs to
be less than a given time bound 3, wherep is the cover
radius. The objective of our model is to minimize the total
number of establishing hubs.

All other parameters of the model are as follows The
parameter « is the discount factor for hub to hub
connections, and £, is the travel time between nodes i and ;.

The decision variables of the model are presented as
follows:
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X = {1 if node i is assigned to hub k

0 otherwise
X = {1 if node k is selected as hub
ke 1o otherwise

An integer programming formulation of the fuzzy hub
covering problem can be written as follows:

Min Y, Xpk 4

(tr+oc ) X+ G Xk < B VYV ijeN k.reH (5

Yken Xue= 1 VieN (6)
Xie = Xk VieN, keH ©)
X €10, 1} VieN,keH (8

The mathematical model consists of the objective
function (4) and the constraints (5)—(8). Equation (5) is
linear constraint (coverage constraint) and states that total
travel time from node i to node j through hub & and m cannot
be more than B (figure 2). Constraints (6) and (8) ensure that
every node is allocated to exactly one hub. Constraint (7)
states that a node cannot be allocated to another node unless
that node is a hub.

X1 Xip=1

Fig. 2.Schema i llustration of (5)

In (5), the coefficients of decision variables and right
hand side are represented by fuzzy numbers. Hence, the
mathematical model is in form of FLP, based on fuzzy
numbers.

Definition 1: C € f(R) is called a fuzzy number, where R
represents the set of whole real numbers, if € is convex and
normal. In other words xy€R exists, such that ps (xy)=1.
The membership function of € is us(x,). There are
different types of fuzzy numbers like L-R-type and T-type
[12].

Definition 2: Denote f(R) as a set of all fuzzy numbers
on R. Here suppose Aef(R), if membership function 4 is
shown by figure 3, then A =(A4!, A¢, A®) is called a
triangular fuzzy number. Where A!, A€, AR are real
numbers.

uh

Al A AR X
Fig. 3. Configuration of triangular fuzzy number [12]
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This paper uses a triangular fuzzy number to represent
the uncertainty of parameters such as travel time and cover
radius. Because of uncertain parameters in (5), this
constraint should be converted to its crisp equivalent. In this
paper, we propose a method which is based on possibility
theory to convert the fuzzy constraint to its crisp equvalent
[14].

Definition 3: Based on Dubois and prade [15], if @, b are
two fuzzy numbers with membership functions ug, uz, then
we can state the following equation:

Pos { @ < b } = Sup {min (uz(x).u5(»)) x, y¢e R,x<y} (9)

Therefore, based on the expressed method, i.e., chance
constrained programming in the fuzzy environment;
equation (5) can be written as follows:
Pos { (f+o f3) Xip + f X < B} =@ (10)

In (10), @ is predetermined confidence level (P €[0,100] ).
Constraint (10) states that the possibility of approximate
total travel time is less than approximate cover radius is at
least @ .

Theorem 1: Letda=(a, ,a, ,az)and b=(b, ,b, , b3) are
triangular fuzzy numbers, then the following result can be
drawn :

I) Pos(a<b)=lea,<h,
i<b)>® ©a, < by - d(by - by)

Proof : Equation (1) is alwayes true while a, < b, because
there is alwayes a point like a, in & which is smaller than or
equal to a point like b, in b as presented in figure 4.

ux) A

v

>

a; a; by ds b, bs
Fig. 4. Comparison of two traingular fuzzy numbers d, b: a, < b,
when a, > b, , equation (I) is not true any more. Thus, if we
want to be sure that Pos (4 <b ) = ®, the following result

can be obtained respecting figure 5.
A
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Fig. 5. Comparison of two traingular fuzzy numbers ﬁ,%: a, > b,
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Regarding triangles &, bz and b, bs 1:

0= Do 5 <) 5(bs-by)
1 bs-by x = 03-0(b3-D ).

Therefore, (II) is proven.

Let B =(By, B2 Bs) is a triangular fuzzy number for
representing cover radius and £,= (ti, » tir, » tiry)s L=
(triey » triey » tris)s Gk = (i, »> ik, > tik,) are triangular
fuzzy number for representing travel times. Based on
theorem 1, (10) can be converted to crisp equivalent as
follows:

(tir, T triy) Xir T, Xjx < B3 — P(B3 — B2) (11
Therefore, the mathematical model for the fuzzy hub

covering problem can be converted to its crisp equivalent as
follows:

Min Y g Xk )
(Lir, 7K trie,) Xirtj, Xjx < B3 — P(B3 — f2) (11)
Yken Xix=1 VieN (6)
Xie < Xk VieN,keH @)
X €40, 1} VieN,keH (8)

In the next section, results of computational experiments
on the well-known data set are presented.

III. MODEL EXPERIMENTS

In this section, we present the results of computational
experiments to evaluate the performance of the proposed
model. The tests are based on the CAB data set [16]. The
CAB data set from the Civil Aeronautics Board Survey of
1970 contains the passenger flows and distances between 25
cities in the USA. The CAB data set introduced by O’Kelly
[13]. The experimental study on the CAB data set are
grouped into four problem sizes, n= {10, 15, 20, 25} with
different values a = {0.2,0.4,0.6,0.8,1} reported in the
literature.

In this reseach, we set instance of n=25, a=0.4 and
consider the effects of uncertainties on the hub covering
problem. The right and left speards of the fuzzy travel times
are set 1.2 and 0.8 fold of their crisp values. For
parameter 3, this paper uses the radius presented in [5] as
follows: this paper assumes the cover radius as triangular
fuzzy number B=(B1,2,B3). For example for (n,a)
=(25,0.4), the cover radius is 2401,2099,1881,1597. Finally,
we can take different values of @ between 0 and 100%, but
in this paper, the confidence level of 75%, 95% is
considered.

We solved our model by using LINGO 8§ on a personal
computer Pentium 4 with a 2.4 GHZ processor and 1 GB of
RAM. Computational results are shown in figures 6, 7 and
8.
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For further research, one can apply the proposed model
¥ in a cargo delivery system. Developing heuristic algorithms
) ; for solving the problem on larger sized networks is another

issue for further research.
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IV. CONCLUSION

This paper studies the uncapacitated single allocation
hub covering problem under fuzzy environment. In order to
take account the uncertainty of travel times, we presented a
fuzzy linear programming formulation. The computational
results show that the number of hubs are increased by
considering the problem with fuzzy parameters. When travel
time and cover radius are imprecise, the number of hubs
should be increased to satisfy customer demand as soon as
possible. Also, we tested our model on the CAB data set.

ISBN: 978-988-19251-9-0 IMECS 2012
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)





