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Path Embedding in a Faulty Folded Hypercube

Jung-Sheng Fu and Ping-Che Chung

Abstract—Let F denote the faulty vertices in an
n-dimensional folded hypercube FQ,. In this paper, we show
that FQ, contains a fault-free path with length of at least 2" —
2|F| — 1 (respectively, 2" — 2|F| — 2) between two arbitrary
vertices x and y of odd (respectively, even) Hamming distance in
FQn—Fif |[F| <£n—1, where n > 3. Since FQ, is (n + 1)-regular
and is bipartite when n is odd, both the number of faults
tolerated and the length of a longest fault-free path obtained are
worst-case optimal.

Index Terms—Folded hypercubes; bipartite graph; fault
tolerant embedding; hypercube; interconnection network

. INTRODUCTION

he hypercube is one of the most versatile and efficient

interconnection  networks  (networks for  short)
discovered to date for parallel computation. The hypercube
is ideally suited to both special-purpose and
general-purpose tasks, and can efficiently simulate many
other same sized networks [15]. We usually use Q, to
denote an n-dimensional hypercube. Many variants of the
hypercube have been proposed. One variant is the folded
hypercube [1]. An n-dimensional folded hypercube,
denoted by FQ,, is an extension of Q,, constructed by
adding a link to every pair of nodes with complementary
addresses. The folded hypercube is superior to the
hypercube in many measurements, such as diameter, fault
diameter, connectivity, and so on (see [1], [22]). Previous
works relating to the folded hypercube can be found in [1],
[4], [8], [10], [11], [12], [13], [16], [17], [18], [19], [22],
[24], [25], [26].

An embedding of one guest graph G into another host
graph H is a one-to-one mapping f from the node set of G to
the node set of H [15]. An edge of G corresponds to a path
of H under f. Linear arrays and rings, which are two of the
most fundamental networks for parallel and distributed
computation, are suitable for designing simple algorithms
with low communication costs. Numerous efficient
algorithms designed on linear arrays and rings for solving
various algebraic problems and graph problems can be
found in [15]. Linear arrays and rings can also be used as
control/data flow structures for distributed computation in
arbitrary networks. All of these motivate the embedding of
linear arrays and rings in networks.

The fault-tolerant problem has been one of the most
important studies on interconnection networks since faults
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may happen when a network put into use. Some results of
fault-tolerant embedding on Q, or FQ, can be found in [2],
(31, [5]. [6]. [7], [8]. [9]. [10], [12], [13], [14], [20], [21],
[22], [23]. Let F denote the faulty vertices in an
n-dimensional folded hypercube FQ,. In this paper, we
show that FQ, contains a fault-free path with length of at
least 2" — 2|F| — 1 (respectively, 2" — 2|F| — 2) between two
arbitrary vertices x and y of odd (respectively, even)
Hamming distance in FQ, — F if |[F| < n — 1, where n > 3.
Since FQ, is (n + 1)-regular and bipartite when n is odd [24],
both the number of faults tolerated and the length of a
longest fault-free path obtained are worst-case optimal.

Il. PRELIMINARIES.

Let G be a graph and let u, v € V(G). We use (u, v) to
denote an edge whose endpoints are u and v. A path P[Xo, X{]
= (X0, X1, =, Xp IS @ sequence of nodes such that two
consecutive nodes are adjacent. Moreover, a path (Xq, X1, -,
Xy may contain other subpaths, denoted as (xo, X1, -+, Xi, P[Xi,
X1, Xj, -+, X, where P[X;, X] = (Xi, Xix1, - Xj-1, Xj)- Acycleisa
path with x, = x;and t > 3.

An n-cube is an undirected graph with 2" nodes each
labeled with a distinct binary string bib,...b,. Nodes
b;...bi...by and b;...h ...b, are joined by an edge along

dimension i, where 1 < i < n and p, represents the one

complement of b;. Moreover, Suppose x = X;X,...X, and y =
y1Ya...Yn. In the rest of the paper, x? is used to denote the
binary string X;...x ...X, and du(x, y) is used to denote the

Hamming distance between x and y, namely, the number of
different bits between x and y.

An n-dimensional folded hypercube FQ, is Q,
augmented by adding more links among its nodes. More
specifically, FQ, is obtained by adding a link between two
nodes whose addresses are complementary to each other in
Qn; i.e., for anode whose address is b = bsb,...b,, it has one

more link to connect to node b = bb,..b, , in addition to its

original n links. So FQ, has 2" more links than a regular
links. Fig. 1 illustrates a 2-dimensional and a 3-dimensional
folded hypercubes.

(@)

Fig. 1. The topologies of (a) FQ; and (b) FQs
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Conveniently, FQ, can be represented with **,..* =",
where » € {0, 1} means “don’t care”. Hence, =" *1 and
«"10, which contain the nodes with rightmost bits 1 and 0,
respectively. An j-partition of FQ, = «" partitions FQ, along
dimension j for some j € {1, 2, ..., n} into two subcubes
Q%, = #0«" and Q, = < M1."I, where Q7
(respectively, Q! ,) is the subgraph of FQ, induced by
{bib,...b;...b, € V(FQ,| b; = 0} (respectively,
{bib,...b;...b, € V(FQ,)| b; = 1}). Note that Q°, and Q: ,
are isomorphic to an (n—1)-cube Q, ;. Note that, for each_
vertex b in QC, (respectively, Q! ,), there are two nodes b®

and b in Q! (respectively, Q) adjacent to it.

The following lemmas, which were shown in [6], [7],
will be used in the following section.

Lemma 1. [6] Let F < V(Q,) denote the faulty vertices of
Qn, Where |[F| < n— 2. Suppose that x and y are two arbitrary
nodes in Q,— F, where n > 3. If dy(x, y) is odd (respectively,
even), then there exists a path P[x, y] with length of at least
2" — 2|F|- 1 (respectively, 2" — 2|F| - 2) in Q, - F.

Lemma 2. [7] Let F — V(Q,) denote the faulty vertices of
Qn, where |F| <n - 1. Let x € V(Q,) — F, where n > 3.
Suppose n — 1 neighbors of x are in F. Then, there exist two
paths P[x, y.] and P[x, y,] with lengths at least 2" — 2(n — 1)
in Q, — F such that dy(X, Y1) = du(X, ¥2) = 2.

Lemma 3. [7] Let F < V(Q,) denote the faulty vertices of
Qn, Where |F| < n —1. Let x € V(Q,) — F, where n > 3.
Suppose that at least two neighbors of x are in Q, — F. Then
there exists a fault-free cycle with length at least 2" — 2|F|
that contains x in Q.

I1l. LONGEST FAULT-FREE PATHS WITH NODE FAULTS
In this section, we have the main theorem as follows.

Theorem 1. Let F < V(FQ,) denote the faulty vertices of
FQn, where |[F| <n—1and n> 3.. Suppose that x and y are
two arbitrary nodes in FQ, — F. If dy(x, y) is odd
(respectively, even), then there exists a path P[x, y] with
length of at least 2" — 2|F|- 1 (respectively, 2" — 2|F| - 2) in
FQ,-F.

Proof. By Lemma 1, the theorem holds when |F| <n -2
(since Q, = FQ,). In the rest of the proof, we assume that |F|
=n — 1. We can partition FQ,, over some dimension j into
two (n — 1)-dimension hypercube Q°, and Q! such that

|Fol>1and |F4|>1,where Fo=Fn Q}, andF1=Fn Q; ,.
Without loss generality, we assume that |Fo| > |F4|. Thus, we

have |F4| < [nT—lJ . We have the following case:

Case 1:x,y € Q°,. Two cases are further considered:

Case 1.1: |Fo| < n—3. It is not difficult to see that n > 5; for
otherwise |[Fo| <n-3<1<(n—-1)—(nh-3)=2=|F4, which
contradicts to the assumption that |F;| < |Fq|. By

Lemma 1, there exists a path P[x, y] of length at least 2"* —
2|Fq| — 1 (respectively, 2" — 2|Fo| — 2) if du(X, y) is odd
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(respectively, even) in Q°, — Fo. We can choose an edge (u,
V) € E(P[X, y]) such that u®, v ¢ F;*. Let P[x, u] and P[v,
y] be two subpaths of P[x, y] in Q7. Also, By Lemma 1,
there exists a path P[u?, v?] of length at least 2" * — 2|F,| —
1in Q', — Fy. Thus, (x, P[x, u], u, u®, P[u®, v0, v v,
P[v, y], y) is the desired path of length at least (2" — 2|Fq| —
1) -1+2+ (2" = 2Fy|-1)=2"—2(Fg| + [Fif) - 1=2"-
2|F| — 1 (respectively, 2" — 2(n — 1) — 2) if dy(x, y) is odd
(respectively, even) (see Fig. 2(a)).

Case 1.2: |Fg| =n—2 (i.e., |F| = 1). We have two scenarios
as follows:

Case 1.2.1: n = 3. We have |Fo| = |F4| = 1. Without loss of

generality, let x = 000. The desired path P[x, y] are listed
below:

Node | The The PIx, y] (da(x,y) | P[X, y] (du(x, y) = odd)
y node | node =even)
in Fo in Fi
001 010 100 <000, 111, 011, 001>
110 <000, 100, 101, 001>
111 <000, 100, 101, 001>
101 <000, 100, 110, 001>
011 100 <000, 111, 101, 001>
110 <000, 100, 101, 001>
111 <000, 100, 101, 001>
101 <000, 100, 110, 001>

011 001 100 | <000, 010, 011>
110 | <000, 010, 011>
111 | <000, 010, 011>
101 | <000, 010, 011>
010 100 | <000, 001, 011>
110 | <000, 001, 011>
111 | <000, 001, 011>
101 | <000, 001, 011>

Case 1.2.2:n>4. Letw € Fo. Then, |[Fo— {w}| =n-3. By
Lemma 1, there exists a path P[x, y] of length at least 2" * —
2(n — 3) — 1 (respectively, 2" — 2(n — 3) — 2), if dy(x, y) is
odd (respectively, even) in Q°, — (Fo — {w}).

Ifw ¢ V(P[x, y]), let (u, v) € E(P[X, y]) such that u®, v
¢ Fi. Let P[x, u] and P[v, y] are two subpaths of P[x, y].
Also, By Lemma 1, there exists a path P[u?, v(] of length
atleast2"*—2x1-1in Q', — Fy. Thus, (x, P[x, u], u, u?,
Pu®, v01, v, v, P[v, y], y) is the desired path with length
ofatleast(2"'—2(n-3)-1)—1+2+ (2" -2x1-1)=2"
—2(n—-2)—1>2"-2|F| -1 (respectively, 2" —2(n—-2) - 2
> 2" - 2|F| - 2) if du(x, y) is odd (respectively, even) (see
Fig. 2(a)).

If w e V(P[x, y]), let (u, w), (w, v) € E(P[X, y]), and let
P[x, u] and P[v, y] be two subpaths of P[x, y]. Clearly, We
have u®, v ¢ Fior u, v ¢ Fi. Letu' e {u®, u} - F;
and v' € {v, v} — F,. By Lemma 1, there exists a path
P[u', v']of length at least 2" —2 x 1 — 2 in Qr11—1 —Fy. Thus,

X, P[x, u], u, u', P[u', v'], v', v, P[v, y], y) is the desired
path with length of at least 2" * —2(n—3) -1 -2+ 2 + 2!
-2x1-2=2"-2(n—-1) -1 (respectively, 2" - 2(n— 1) —
2) if dy(x, y) is odd (respectively, even). (see Fig. 2(b)).

! If edge (u, v) does not exist, then |Fy| >[ (2" - 2|Fo| - 2)/2 1= 2" 2 — |Fq| -
1>2"%—(n-3)—-1>n-3forn>5, which contradicts to the assumption that
|F1| < |F0| <n-3
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Fig. 2. The construction of a path P[x, y] in FQ, -~ F whenx,y € Q°,

Case 2: x € Q°,, ye Qt,. Two cases are further
considered:

Case 2.1: |Fo| < n—3. It is not difficult to see that n > 5; for
otherwise |[Fo| <n—-3<1<(n-1)—(n—3)=2=|Fy, which
contradicts to the assumption that |F| < |Fo|. Letu e Q°, —

{x} - Fosuch that dy(x, u) isodd and u® e Q! , — F, - {y}*.

By Lemma 1, there exists a path P[x, u] of length at least
2" —2|Fg|-1in Q?°, — Fo. Moreover, By Lemma 1 there
exists a path P[y, u®] of length at least 2"* — 2|F;| — 1
(respectively, 2"% — 2|Fy| — 2), if du(y, u¥) is odd
(respectively, even) in Q}, — Fy. Clearly, dy(x, y) is odd if

and only if dy(y, u?) is odd. Thus, (x, P[x, u], u, u®, P[u®,
yl, y) is a path with length of at least (2"* — 2|Fo| = 1) + 1 +
(" -2 1) =2"-2(F| + [F) —1=2"-2/F - 1
(respectively, 2" — 2|F| — 2) if dy(x, y) is odd (respectively,
even) (see Fig. 3(a)).

Case 2.2: |Fo| =n—2 (i.e., |[F1| = 1). We have two scenarios
as follows:

Case 2.2.1: n = 3. We have |Fo| = |F4| = 1. Without loss of
generality, let x = 000. The desired path P[x, y] are listed
below:

The The Node Px, y] ([du(x,y) | PIX, y] (du(x, y) =odd)
node | node y =even)
in Fo in F,

001 100 110 <000, 010, 110>

101 <000, 010, 101>

fletV/={z|dn(x z) isodd, z € V(QS, )} Note that |V {=2"2 If none of
the vertices in Q, meets the requirements of such a vertex u, then V’= Fy U
{w|w® e F} U {yP}. Asaresult, [V1=2"2=|Fou {w|w® e Fi} U {y®}

<|Fol + [{w | WD & Fi} + YD} = Fol + [Fal + [{y¥} = (n— 1) + 1 =n, which
is a contradiction. Therefore, we can always find such a vertex u.
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111 <000, 010, 110, 111>
110 100 <000, 010, 101, 100>

101 <000, 010, 101>

111 <000, 010, 101, 111>
101 100 <000, 010, 110, 100>

110 <000, 010, 110>

111 <000, 010, 110, 111>
111 100 <000, 010, 110, 100>

101 <000, 010, 101>
110 <000, 100, 110>
011 100 110 <000, 010, 110>
101 <000, 001, 101>

111 <000, 010, 110, 111>
101 100 <000, 010,110, 100>

110 <000, 010, 110>

111 <000, 010, 110, 111>
110 100 <000, 010, 101, 100>

101 <000, 100, 101>

111 <000, 100, 101, 111>
111 100 <000, 010, 110, 100>

101 <000, 010, 101>
110 <000, 010, 110>

(a) (b)

(©) (d)
Fig 3. The construction of a path P[x, y] in FQ,— Fwhenx e Q°,,y e Q,

Case 2.2.2: n > 4. Remember that |F;| = 1. Assume that F; =
{g}. First, consider that only one neighbor of x in Q°, is
not in Fo; that is, n — 2 neighbors of x in Q°, are in Fo. By
Lemma 2, there exist two path P[x, r] and P[x, w] with
length at least 2" — 2(n — 2) in Q°, — F, such that d(x, r)
= du(x, w) = 2.

1f r® = w and w® = 1, then |{r?, r, w®, w}| = 4.
We have {r%, r}={g,y}or{w®, w}={g,y} Letz e {r,
w}suchthat {z%, z }#{g,y}andletz' e {z¥, z } - {0, y}.
Note that dy(x, z) =2 and dy(z, z') = 1. Thus, we have du(X,
z") is odd. Consequently, if dy(X, y) is even (respectively,
odd), then dy(y, z') is odd (respectively, even). By Lemma 1,
there exists a path P[y, z'] of length at least 2" —2 x 1 -1
(respectively, 2" -2 x 1 —2) in Q}, — F;. Thus, (x, P[x, 2],
2,7, P[z, y],y) is a path with length of at least (2" — 2(n —

IMECS 2012



2)+1+ (2" —2x1-1)=2"-2(n-1) (respectively, 2" —
2(n—1) - 1) if dy(x, y) is odd (respectively, even) (see Fig.
3(b)). B ~

Ifr9 = w orw® = r, then n = 52 It is not difficult to
see that if r¥ = w, thenw® = r . When {r®, w9} = {g, y}.
Letz e {r,w}and z' € {r? w®} — {g, y}. The construction
is similar as that of in Fig. 3(b). When {r?, w9} = {g, y}, we
have y9 e {r, w} (thus, du(x, y?) = 2 and dy(x, y) is odd).
Since n =5 and dy(x, y¥) = 2, by Lemma 2, we have a path
P[x, y9] of length at least 2"* —2(n —2)) = 2* - 2(4— 1) =
10 in QY — Fo. Since [P[x, y?]| > 10, we can choose an

edge (s, t) € E(P[x, z]) such that {s, t} N {r, w} = &. Clearly,

{9,193 ~ {9 w3 (= {y, g}) = @. Without loss of
generality, let P[x, s] and P[t, y?] be two subpaths of P[x,

y97in Q7. By Lemma 1, there exists a path P[s?, tV] of
length at least 2" — 2 x 2 — 1in Q*, — {g, y}. Thus, (x,
P[x, s, s, 59, P[s?, 191, 1D, 1, P[t, y9], y?, y) is a path with
length of at least (2"t —2(n—2)) -1+ 3+ (2" —2x2-1)
=2"-2(n-1) -1 (see Fig. 3(c)).

Now, consider that at least two neighbors of x in Qr?_l

are Qr?_l — Fo. By Lemma 3, there exists a cycle C with

length at least 2"* — 2(n — 2) that contains x in Q°, — Fo.
Let r, w denote two neighbor of x in C. Note that since du(r,
w) = 2, we have r? = w and w® = 1, ie., [{r®, 1, w,
W} =4. Thus, {r?, r}={g, y} or {w®, W} ={g v} Let

z e {r,w}suchthat {z¥, z}={g,y}andletz e {z9, 2}
— {0, y}. Moreover, let P[x, z] = C — {(x, z)}. Since dy(x, z')
=2, we have dy(y, z') is odd (respectively, even) if dy(X, y)
is odd (respectively, even). By Lemma 1, there exists a path
P[y, z'] of length at least 2" — 2 x 1 — 1 (respectively, 2" —

2x1-2)in Q' —Fy. Thus, (x, P[x, u], u, u®, P[u®, y], y)

is a path with length of at least (2" - 2(n —2) - 1) + 1 +
("' -2x1-1)=2"-2(n—1) - 1 (respectively, 2" — 2(n —
1) - 2) if dy(x, y) is odd (respectively, even) (see Fig. 3(d)).

O

IV. DISCUSSION AND CONCLUSION

Fault tolerance is an important research subject in the area
of the multi-process computer system, and many studies
have focused on the vertex-fault tolerant or edge-fault
tolerant properties of various networks. In this paper, we
show that FQ, — F contains a path P[x, y] with length at
least 2" — 2|F| -1 (respectively, 2" — 2|F| — 2) between two
arbitrary vertices x and y of odd (respectively, even)
Hamming distance, where [F| <n—1and n> 3.

% SUPPOSE I = I1l7...[j10Fe1. ..Tn, W = WiWo.. -Wj-10Wje1...Wn, Where ri, Wie
{0, 1}, fori € {1, 2, ..., n} — {j}. We have r% = rir,...r 1 1rp. .1, w® =

WaWo. Wi 1 IWe Wo, T = 1T, C 1 rjj oor ,and wo=

Wy Wy W Tw Wﬂ Note that dw(r, w) = 2 or 4. If r9 = w or w®

=1, then r= w forall k € {1, 2, ..., n} — {i}, we have du(r, w) = n — 1.
When dy(r, w) =2 =n -1, we have n = 3, which contradicts to the fact that n
>4, When dy(r, w) =4 =n-1, we have n = 5.
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