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whereζ(t) = col(e(t), xr(t)), w̃(t) = col(w(t), r(t)),

Ã(Θt) =

ï

A(Θt) A(Θt)−Ar

0 Ar

ò

, (7)

Ãd(Θt) =

ï

Bu(Θt)F (Θt) 0
0 0

ò

, (8)

B̃w(Θt) =

ï

Bw(Θt) −I
0 I

ò

, C̃(Θt) =
[

C(Θt) 0
]

Lemma 2.1: For real matricesX , Y , and S > 0 with
appropriate dimensions, it is satisfied that0 ≤ (X −
SY )TS−1(X − SY ) and hence the following inequality
holds: Y TSY ≥ XTY + Y TX − XTS−1X . Further if
X = µI, then Y TSY ≥ µY + µY T − µ2S−1, whereµ
is a scalar. On the other hand, ifS < 0, then it is assured
that Y TSY ≤ −µY − µY T − µ2S−1

III. M AIN RESULTS

A. PLMI-type condition

Choose a Lyapunov-Krasovskii functional

V (t) ,V1(t) + V2(t) + V3(t), (9)

V1(t) =ζ(t)TPζ(t),

V2(t) =

∫ t

t−d1

ζT (α)Q1ζ(α)dα +

∫ t

t−d2

ζT (α)Q2ζ(α)dα,

V3(t) =d1

∫ 0

−d1

∫ t

t+β

ζ̇T (α)R1ζ̇(α)dαdβ

+ d21

∫ −d1

−d2

∫ t

t+β

ζ̇T (α)R2 ζ̇(α)dαdβ

where P , Q1, Q2, R1, and R2 are positive definite with
appropriate dimensions. Let us define an augmented state
η(t) = col(ζ(t), ζ(t − d1), ζ(t − d(t)), ζ(t − d2), w̃(t)) and
the corresponding block entry matrices as

e1 ,
[

I 0 0 0 0
]

, e2 ,
[

0 I 0 0 0
]

,

e3 ,
[

0 0 I 0 0
]

, e4 ,
[

0 0 0 I 0
]

,

e5 ,
[

0 0 0 0 I
]

,

Φt , Ã(Θt)e1 + Ãd(Θt)e3 + B̃w(Θt)e5

Time derivative ofVi(t)

V̇1(t) = ηT (t)He(eT1 PΦt)η(t), (10)

V̇2(t) = ηT (t)
(

eT1 (Q1 +Q2)e1 − eT2 Q1e2 − eT4 Q2e4
)

η(t),
(11)

V̇3(t) = ηT (t)ΦT
t

(

d21R1 + d221R2

)

Φtη(t) +O, (12)

where

O=− d1

∫ t

t−d1

ζ̇T (α)R1ζ̇(α)dα−d21

∫ t−d1

t−d(t)

ζ̇T (α)R2ζ̇(α)dα

− d21

∫ t−d(t)

t−d2

ζ̇T (α)R2ζ̇(α)dα

V̇ (t) = ηT (t)Π0η(t) +O (13)

where

Π0 =He(eT1 PΦt) + eT1 (Q1 +Q2)e1 − eT2 Q1e2 − eT4 Q2e4

+ΦT
t

(

d21R1 + d221R2

)

Φt (14)

By employing the Jensen inequality [8] and the lower bounds
lemma [9], we can obtain a upper bound ofO as follows

O ≤− (

∫ t

t−d1

ζ̇(α)dα)TR1(

∫ t

t−d1

ζ̇(α)dα)

−
1

ρ1(t)
(

∫ t−d1

t−d(t)

ζ̇(α)dα)TR2(

∫ t−d1

t−d(t)

ζ̇(α)dα)

−
1

ρ2(t)
(

∫ t−d(t)

t−d2

ζ̇(α)dα)TR2(

∫ t−d(t)

t−d2

ζ̇(α)dα)

=− ηT (t)(e1 − e2)
TR1(e1 − e2)η(t)

−
1

ρ1(t)
ηT (t)(e2 − e3)

TR2(e2 − e3)η(t)

−
1

ρ2(t)
ηT (t)(e3 − e4)

TR2(e3 − e4)η(t) (15)

where

ρ1(t) = (d(t)− d1)/d21 ≥ 0, ρ2(t) = (d2 − d(t))/d21 ≥ 0,

ρ1(t) + ρ2(t) = 1 (16)

(15) is represented as the following inequality:

O ≤ηT (t)Π1η(t)

−

[»

ρ2

ρ1

(e2 − e3)η(t)
»

ρ1

ρ2

(e3 − e4)η(t)

]T

Π2

[ »

ρ2

ρ1

(e2 − e3)η(t)
»

ρ1

ρ2

(e3 − e4)η(t)

]

(17)

where

Π1 = (e1 − e2)
TR1(e2 − e1) + (e2 − e3)

TR2(e3 − e2)

+ (e3 − e4)
TR2(e4 − e3) +He((e2 − e3)

TS(e3 − e4)),
(18)

Π2 =

ï

R2 S
ST R2

ò

(19)

V̇ (t) is upper-bounded by

V̇ (t) ≤ηT (t)(Π0 +Π1)η(t)

−

[»

ρ2

ρ1

(e2 − e3)η(t)
»

ρ1

ρ2

(e3 − e4)η(t)

]T

Π2

[»

ρ2

ρ1

(e2 − e3)η(t)
»

ρ1

ρ2

(e3 − e4)η(t)

]

(20)

Note: (Stability criterion in theH∞ sense) (̇V (t) +
zT (t)z(t)− γ2w̃T (t)w̃(t) < 0)

0 > Π0 +Π1 +Π3, 0 ≤ Π2 (21)

where

Π3 = eT1 C̃
T (Θt)C̃(Θt)e1 − γ2eT5 e5 (22)

Set P = diag(P1, P2) and P̄ = P−1 = diag(P̄1, P̄2),
whereP̄1 = P−1

1 and P̄2 = P−1
2 . Then,

PÃ(Θt) =

ï

P1A(Θt) P1A(Θt)− P1Ar

0 P2Ar

ò

,

P Ãd(Θ(t)) =

ï

P1Bu(Θt)F̄ (Θt)P1 0
0 0

ò

,

P B̃ω(Θt) =

ï

P1Bω(Θt) −P1

0 P2

ò

,

whereF̄ (Θt) = F (Θt)P̄1



PΦt = XĀ(Θt)Xe1 +XĀd(Θt)Xe3 +XB̄ω(Θt)e5
(23)

where

X = diag(P1, I), (24)

Ā(Θt) =

ï

A(Θt)P̄1 A(Θt)−Ar

0 P2Ar

ò

, (25)

Ād(Θt) =

ï

Bu(Θt)F̄ (Θt) 0
0 0

ò

, (26)

B̄ω(Θt) =

ï

Bω(Θt) −I
0 P2

ò

, (27)

Theorem 1: Let µ1 > 0, µ2 > 0 be prescribed. Suppose
that there exist a scalarγ > 0; matricesF̄ , and S̃; and
symmetric positive definite matrices̄P1, P2, Q̃1, Q̃2, R̃1,
and R̃2 such that

0 >

























(1, 1) 0 d1Ā(Θt) 0 d1Ād(Θt)
0 (2, 2) d21Ā(Θt) 0 d21Ād(Θt)

(∗) (∗) (3, 3) R̃1 Ād(Θt)

0 0 (∗) (4, 4) R̃2 + S̃
(∗) (∗) (∗) (∗) (5, 5)
0 0 0 (∗) (∗)
(∗) (∗) (∗) 0 0

0 0 C̃(Θt)X̄ 0 0

0 d1B̄ω(Θt) 0
0 d21B̄ω(Θt) 0

0 B̄ω(Θt) X̄C̃T (Θt)

−S̃ 0 0

R̃2 + S̃ 0 0
(6, 6) 0 0
0 −γ2I 0
0 0 −I

























(28)

0 ≤

ñ

R̃2 S̃

S̃T R̃2

ô

(29)

where

(1, 1) = µ2
1R̃1 + diag(−2µ1P̄1,−2µ1P2),

(2, 2) = µ2
2R̃2 + diag(−2µ2P̄1,−2µ2P2),

(3, 3) = He(Ā(Θt)) + Q̃1 + Q̃2 − R̃1,

(4, 4) = −Q̃1 − R̃1 − R̃2,

(5, 5) = −2R̃2 −He(S̃), (6, 6) = −Q̃2 − R̃2,

Ā(Θt) =

ï

A(Θt)P̄1 A(Θt)− Ar

0 P2Ar

ò

,

Ād(Θt)=

ï

Bu(Θt)F̄ (Θt) 0
0 0

ò

, B̄ω(Θt)=

ï

Bω(Θt) −I
0 P2

ò

,

C̃(Θt) =
[

C(Θt) 0
]

Then the closed-loop systems (6) is asymptotically stable and
satisfies||z||2 < γ||w̃||2 for all nonzerow̃(t) ∈ L2[0,∞) and
for any time-varying delayd(t) satisfyingd1 ≤ d(t) ≤ d2.
Moreover the minimizedH∞ performance can be achieved
by the following optimization problem:min γ subject to (28)
and (29). Here the control and observer gain matrices can be
reconstructed as

F (Θt) = F̄ (Θt)P̄
−1
1 . (30)

TheH∞ stabilization condition is given as follows:

0 ≤ Π2, (31)

0 > Π0 +Π1 +Π3

= He(eT1 PΦt) + eT1 (Q1 +Q2)e1 − eT2 Q1e2 − eT4 Q2e4

+ΦT
t

(

d21R1 + d221R2

)

Φt + (e1 − e2)
TR1(e2 − e1)

+ (e2 − e3)
TR2(e3 − e2) + (e3 − e4)

TR2(e4 − e3)

+He((e2 − e3)
TS(e3 − e4)) + eT1 C̃

T (Θt)C̃(Θt)e1

− γ2eT5 e5 (32)

By letting R̄1 = XP̄R1P̄X and R̄2 = XP̄R2P̄X . Then
the condition (32) can be converted by (23) into

0>He(eT1 XĀ(Θt)Xe1+eT1 XĀd(Θt)Xe3+e
T
1 XB̄ω(Θt)e5)

+eT1 (Q1 +Q2)e1 − eT2 Q1e2 − eT4 Q2e4 + (XĀ(Θt)Xe1

+XĀd(Θt)Xe3 +XB̄ω(Θt)e5)
T X̄

(

d21R̄1 + d221R̄2

)

X̄

×(XĀ(Θt)Xe1 +XĀd(Θt)Xe3 +XB̄ω(Θt)e5)

+(e1−e2)
TPX̄R̄1X̄P (e2−e1)

+(e2−e3)
TPX̄R̄2X̄P (e3−e2)

+(e3 − e4)
TPX̄R̄2X̄P (e4 − e3)

+He((e2−e3)
TS(e3−e4))+eT1 C̃

T (Θt)C̃(Θt)e1−γ2eT5 e5
(33)

where X̄ = X−1. Futher, sincediag(X̄, X̄, X̄, X̄, I)eTi =
eTi X̄, for i = 1, 2, 3, 4 and diag(X̄, X̄, X̄, X̄, I)eT5 =
eT5 pre- and post-multiplying both sides of (33) by
diag(X̄, X̄, X̄, X̄, I) and its transpose yields

0 >Ψ+ (Ā(Θt)e1 + Ād(Θt)e3 + B̄ω(Θt)e5)
T

×(d21R̄1 + d221R̄2)(Ā(Θt)e1 + Ād(Θt)e3 + B̄ω(Θt)e5)
(34)

whereΨ = He(eT1 Ā(Θt)e1+eT1 Ād(Θt)e3+eT1 B̄ω(Θt)e5)+
eT1 (Q̃1+Q̃2)e1−eT2 Q̃1e2−eT4 Q̃2e4+(e1−e2)

T R̃1(e2−e1)+
(e2− e3)

T R̃2(e3− e2)+ (e3− e4)
T R̃2(e4− e3)+He((e2−

e3)
T S̃(e3 − e4)) + eT1 X̄C̃T (Θt)C̃(Θt)X̄e1 − γ2eT5 e5, in

which X̃ = X̄PX̄ = diag(P̄1, P2) > 0, Q̃1 = X̄Q1X̄ ,
Q̃2 = X̄Q2X̄, R̃1 = X̃R̄1X̃ , R̃2 = X̃R̄2X̃ , and S̃ =
X̄SX̄. That is, by applying the Schur complement to (34),
we can obtain

0 >





−R̄−1
1 0 d1(Ā(Θt)e1+Ād(Θt)e3+B̄ω(Θt)e5)
0 −R̄−1

2 d21(Ā(Θt)e1+Ād(Θt)e3+B̄ω(Θt)e5)
(∗) (∗) Ψ





(35)

Here, sinceR̄−1
1 = X̃R̃−1

1 X̃ andR̄−1
2 = X̃R̃−1

2 X̃ , it follows
from lemma 2.1 thatR̄−1

1 ≥ 2µ1X̃ − µ2
1R̃1 and R̄−1

2 ≥
2µ2X̃ − µ2

2R̃2. In this sense, it is clear that (35) holds if

0 >





















(1, 1)′ 0 d1Ā(Θt) 0 d1Ād(Θt) 0 d1B̄ω(Θt)
0 (2, 2)′d21Ā(Θt) 0 d21Ād(Θt) 0 d21B̄ω(Θt)

(∗) (∗) (3, 3)′′′ R̃1 Ād(Θt) 0 B̄ω(Θt)

0 0 (∗) (4, 4) R̃2 + S̃ −S̃ 0

(∗) (∗) (∗) (∗) (5, 5) R̃2 + S̃ 0
0 0 0 (∗) (∗) (6, 6) 0
(∗) (∗) (∗) 0 0 0 −γ2I





















(36)



where

(1, 1)′ = µ2
1R̃1 + diag(−2µ1P̄1,−2µ1P2),

(2, 2)′ = µ2
2R̃2 + diag(−2µ2P̄1,−2µ2P2),

(3, 3)′′′ = He(Ā(Θt))+Q̃1+Q̃2−R̃1+X̄C̃T (Θt)C̃(Θt)X̄,

(4, 4)′ = −Q̃1 − R̃1 − R̃2,

(5, 5)′ = −2R̃2 −He(S̃), (6, 6)′ = −Q̃2 − R̃2,

There exist a non-convex term in(3, 3)′′. Thus, to deal with
the term, we can obtain (28) using the Schur complement. Let
us pre- and post-multiply both sides of (31) bydiag(X̄, X̄)
and its transpose. Then we can obtain

0 ≤

ñ

X̄R2X̄ S̃

S̃T X̄R2X̄

ô

(37)

B. LMI-type condition

Another representation for (28) is given as follows:

0 >L(Θ(t))

, L0 +

r
∑

i=1

θi(t)
(

Li + LT
i

)

+

r
∑

i=1

θ2i (t)Lii

+

r
∑

i=1

(

r
∑

j=i+1

θi(t)θj(t)Lij +

i−1
∑

j=1

θi(t)θj(t)L
T
ij

)

,

(38)

where

L0 ,

























(1, 1) 0 d1Ā0 0
0 (2, 2) d21Ā0 0

(∗) (∗) He(Ā0)+Q̃1+Q̃2−R̃1 R̃1

0 0 (∗) (4, 4)
(∗) (∗) (∗) (∗)
0 0 0 (∗)
(∗) (∗) (∗) 0

0 0 C̃0X̄ 0

d1Ād,0 0 d1B̄ω,0 0
d21Ād,0 0 d21B̄ω,0 0

Ād,0 0 B̄ω,0 X̄C̃T
0

R̃2 + S̃ −S̃ 0 0

(5, 5) R̃2 + S̃ 0 0
(∗) (6, 6) 0 0
0 0 −γ2I 0
0 0 0 −I

























,

Ā0 =

ï

A0P̄1 A0 −Ar

0 P2Ar

ò

, Ād0 =

ï

Bu,0F̄0 0
0 0

ò

,

B̄ω,0 =

ï

Bω,0 −I
0 P2

ò

, C̃0 =
[

C0 0
]

Li,

























0 0 d1Āi 0 d1Ād,i 0 d1B̄ω,i 0
0 0 d21Āi 0 d21Ād,i 0 d21B̄ω,i 0

0 0 Āi 0 Ād,i 0 B̄ω,i X̄C̃T
i

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

























,

Āi =

ï

AiP̄1 Ai −Ar

0 P2Ar

ò

, Ād,i =

ï

Bu,0F̄i +Bu,iF̄0 0
0 0

ò

,

B̄ω,i =

ï

Bω,i −I
0 P2

ò

, C̃i =
[

Ci 0
]

Lii ,

























0 0 0 0 d1Ād,ii 0 0 0
0 0 0 0 d21Ād,ii 0 0 0
0 0 0 0 Ād,ii 0 0 0
0 0 0 0 0 0 0 0
(∗) (∗) (∗) 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

























,

Ād,ii =

ï

Bu,iF̄i 0
0 0

ò

Lij ,

























0 0 0 0 d1Ād,ij 0 0 0
0 0 0 0 d21Ād,ij 0 0 0
0 0 0 0 Ād,ij 0 0 0
0 0 0 0 0 0 0 0
(∗) (∗) (∗) 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

























,

Ād,ii =

ï

Bu,iF̄j 0
0 0

ò

By theS-procedure

0 > L(Θ(t)) +N (Θ(t)) (39)

where 0 ≤ N (Θ(t)) is given by (
∑r

i=1 θi(t) = 1, ai ≤
θi(t) ≤ bi, 0 ≤ θi(t)θj(t))

N (Θ(t)) =C1 + CT
1 +

r
∑

i=1

C2i(Λi + ΛT
i )

+
r
∑

i=1

r
∑

j=1,j 6=i

C3ij(Σij +ΣT
ij),

0 =C1,











I
θ1(t)I

...
θr(t)I











T









I
−I
...

−I











[

W0 W1 · · · Wr

]











I
θ1(t)I

...
θr(t)I











,

0 ≤ C2i , −θ2i (t) + (ai + bi)θi(t)− aibi,

0 ≤ C3ij , θi(t)θj(t),

for 0 < Λi+ΛT
i and0 < Σij+ΣT

ij . With some algebraic ma-
nipulations, the constraint0 ≤ N (Θ(t)) can be represented
as follows:

0 ≤N (Θ(t))

=N0 +
r
∑

i=1

θi(t)(Ni +NT
i ) +

r
∑

i=1

θ2i (t)Nii

+
r
∑

i=1

(

r
∑

j=i+1

θi(t)θj(t)Nij +
i−1
∑

j=1

θi(t)θj(t)N
T
ij

)

,

(40)

whereN0 = W0 +WT
0 −

∑r
i=1 aibi(Λi +ΛT

i ), Ni = (ai +
bi)Λi − W0 + Wi, Nii = −(Λi + ΛT

i ) − (Wi + WT
i ), and

Nij = −(Wi+Wj)+(Σij +Σji). Hence, the condition (39)



becomes

0 >Γ0 +
r
∑

i=1

θi(t)(Γi + ΓT
i ) +

r
∑

i=1

θ2i (t)∆i

+
r
∑

i=1

(

r
∑

j=i+1

θi(t)θj(t)Φij +
i−1
∑

j=1

θi(t)θj(t)Φ
T
ij

)

,

(41)

where

Γ0 = L0 +N0 = L0 +W0 +WT
0 −

r
∑

i=1

aibi(Λi + ΛT
i ),

Γi = Li +Ni = Li + (ai + bi)Λi −W0 +Wi,

∆i = Lii +Nii = Lii − (Λi + ΛT
i )− (Wi +WT

i ),

Φij = Lij +Nij = Lij − (Wi +Wj) + (Σij +Σji)

The condition (41) boils down to

0 >
[

I θ1(t)I · · · θr(t)I
]

L̃
[

I θ1(t)I · · · θr(t)I
]T

,
(42)

where

L̃ ,

















Γ0 Γ1 Γ2 · · · Γr

(∗) ∆1 Φ12 · · · Φ1r

(∗) (∗) ∆2
. . .

...
...

...
. . .

. . . Φ(r−1)r

(∗) (∗) · · · (∗) ∆r

















, (43)

IV. N UMERICAL EXAMPLE

In this section, Consider the following plant [11]:

ẋ1(t) = x2(t)

ẋ2(t) = −x3
1(t)− 0.1x2(t) + 12 cos t+ u(t) (44)

The LPV representation of the above system is as followings:

A1 =

ï

0 1
0 −0.1

ò

, A2 =

ï

0 1
−25 −0.1

ò

,

Bu,0 =

ï

0
1

ò

, Bω,0 =

ï

0
1

ò

, Ar =

ï

0 1
−3 −2

ò

,

A0 = 0, C0 = 0, Bu,i = 0, Bω,i = 0(i = 1, 2, ..., r)

θ1(t) = 1−
x2
1(t)

25
, θ2(t) =

x2
1(t)

25
,

µ1 = µ2 = 1, a1 = a2 = 0, b1 = b2 = 1,

x1(t) ∈ [−5, 5], r(t) =

ï

0
4 sin t

ò

, ω(t) = 12 cos t

x(0) = [2 − 1]T , xr(0) = [−0.5 1]T

Fig. 1 displays the first state behaviors. The simulation result
shows that theH∞ tracking controller on the LPV systems
over a communication network has a good performance to
track the reference signal.

V. CONCLUSION

Our future work is directed to proposing a method of
addressing the practical case where the parameters in the
LPV system and control part are asynchronous/mismatched
each other.
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