
 

 
Abstract — Bilinear time-frequency distributions (TFDs) are 

powerful techniques that offer good time and frequency 
resolution of time-frequency representation (TFR). It is very 
appropriate to analyze power quality signals which consist of 
non-stationary and multi-frequency components. However, the 
TFDs suffer from interference because of cross-terms. This 
paper presents the analysis of power quality signals using 
bilinear TFDs. The chosen TFDs are smooth-windowed 
Wigner-Ville distribution (SWWVD), Choi-Williams 
distribution (CWD), B-distribution (BD) and modified B-
distribution (MBD).  The power quality signals focused are 
swell, sag, interruption, harmonic, interharmonic and transient 
based on IEEE Std. 1159-2009. To identify and verify the TFDs 
that operated at optimal kernel parameters, a set of 
performance measures are defined and used to compare the 
TFRs. The performance measures are main-lobe width 
(MLW), peak-to-side lobe ratio (PSLR), signal-to-cross-terms 
ratio (SCR) and absolute percentage error (APE). The result 
shows that SWWVD is the best bilinear TFD and appropriate 
for power quality signal analysis. 
 

Index Terms—bilinear time frequency distribution, optimal 
kernel, power quality, time frequency analysis 
 

I. INTRODUCTION 

Nowadays, power quality has become important because 
of the usage of electrical equipment in our daily lives. It has 
become an issue because the presence of the power quality 
signal can generates higher losses and cause low reliability 
of the whole systems. Moreover in industrial plants, the 
effect comes to the reduction of lifetime of the load and the 
ineffective performance of protection devices. For that 
reasons, an automated monitoring system is required to 
provide adequate coverage of the entire system, rectify the 
causes of these disturbances, resolve existing problems and 
predict future problems [1].   
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In current research trend, short time Fourier transform 
(STFT) [2] is a popular technique for power quality signal 
analysis. The technique presents the signal jointly in time-
frequency representation (TFR) which provides temporal 
and spectral information. However, it has limitation of a 
fixed window width that results a compromise between time 
and frequency resolution. The greater temporal resolution 
required, the worse frequency resolution will be and vice 
versa. To overcome the limitation of the fixed resolution of 
STFT, wavelet transform (WT) was proposed by various 
researchers [3].  In addition, WT also exhibits some 
disadvantages such as its computation burden, sensitivity to 
noise level and the dependency of its accuracy on the chosen 
basis wavelet [4, 5]. 

Bilinear time-frequency distributions (TFDs) [6] have 
been intensively used to characterize and analyze non-
stationary signals. The bilinear TFDs offer a good time and 
frequency resolution and are successfully applied to various 
real-life problems such as radar, sonar, seismic data 
analysis, biomedical engineering and automatic emission 
[7]. However, the TFDs suffer from the presence of cross-
terms interferences because of its bilinear structure. This 
inhibits interpretation of its TFR, especially when signal has 
multiple frequency components [8]. Some members of the 
bilinear TFDs are Wigner-Ville distribution (WVD), 
windowed Wigner-Ville distribution (WWVD), smooth-
windowed Wigner-Ville distribution (SWWVD), Choi-
Williams distribution (CWD), B-distribution (BD), modified 
B-distribution (MBD) and Born-Jordan distribution (BJD). 
An analysis of the auto-terms presentation using the reduced 
interference distributions (RID) has been discussed [9]. A 
procedure of designing a kernel that will produce the desired 
auto-term shape and an optimal kernel with respect to the 
auto-term quality and cross-term were demonstrated.  

In this paper, the SWWVD, CWD, BD and MBD which 
are the popular bilinear TFDs are chosen to analyze power 
quality signal. The power quality signals are swell, sag, 
interruption, harmonic, interharmonic and transient. A set of 
performance measures to identify the optimal kernels of the 
TFDs by comparing their TFRs in terms of main-lobe width 
(MLW), peak-to-side lobe ratio (PSLR), absolute percentage 
error (APE) and signal-to-cross-terms ratio (SCR). APE is 
the first consideration because of its ability to quantify the 
accuracy of signal characteristics that are calculated from 
the TFR, and then the SCR, MLW and lastly PSLR. From 
the comparison results, the best bilinear TFD is chosen for 
power quality signal analysis. 

II. SIGNAL MODEL 

This paper divides the signals into three categories: 
voltage variation, waveform distortion and transient signal. 
Swell, sag and interruption are under voltage variation, 
harmonic and interharmonic are for waveform distortion and 
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transient is for transient signal. The signal models of the 
categories are formed as a complex exponential signal based 
on IEEE Std. 1159-2009 [10] and can be defined as 
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where zvv(t), represents voltage variation, zwd(t) represents 
waveform distortion and ztrans(t) represents transient signal. k 
is the signal component sequence, Ak is the signal 
component amplitude, f1 and f2 are the signal frequency, t is  
the time while (t) is a box function of the signal. In this 
analysis, f1, t0 and t3 are set at 50 Hz, 0 ms and 200 ms, 
respectively, and other parameters are defined as below: 
 
1. Swell: A1 = A3 = 1, A2 = 1.2, t1 = 100 ms, t2 = 140 ms 
2. Sag: A1 = A3 = 1, A2 = 0.8, t1 = 100 ms, t2 = 140 ms 
3. Interruption: A1 = A3= 1, A2= 0, t1 = 100 ms, t2 = 140 ms 
4. Harmonic: A = 0.25, f2 = 250 Hz 

5. Interharmonic: A = 0.25, f2 = 275 Hz 
6. Transient: A= 0.5, f2 = 1000 Hz, t1= 100 ms, t2 = 115 ms 

 

III. BILINEAR TIME-FREQUENCY DISTRIBUTIONS 

Bilinear TFDs analysis is motivated by the weakness of 
linear TFDs. Generally, the bilinear TFDs can be formulated 
as 
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where ),( tG  is the time-lag kernel and has different 

function for every TFDs, ),( tK z  is the bilinear product of 

the signal of interest, z(t), and the asterisk with t denotes 
time-convolution of the signals. The bilinear product can be 
defined as  
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A. Smooth-Windowed Wigner-Ville Distribution 

 
The SWWVD has a separable kernel [11] which is 

separated in time and lag components. This technique has 
the advantages of reducing the effects of interferences or 
cross-terms and at the same time having a high time and 
frequency resolution. General expression of the separable 
kernel is written as 

 
)()(),(  wtHtG                                (7) 

 

where )(tH is the time smooth (TS) function and w() is the 

lag window function. In this paper, raised-cosine pulse is 
used as the TS function while Hamming window is as the 
lag-window [12] and are, respectively, defined as 
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The optimal setting of the separable kernel is different 

for all types of signal. It has been discussed specifically in 
[9]. 
 
B. Choi-Williams Distribution 

 
The CWD function adopts exponential kernel to reduce 

interference in TFDs [11] and can be defined as 
 

222 /),( 


 tetG                       (10) 

 
where σ is a real parameter that can control the resolution 
and the cross-terms reduction. This kernel gives good 
performance in reducing cross-terms while keeping high 
resolution with a compromise between these two 
requirements. 
 
C. B-Distribution 

 
The BD uses positive real parameter that controls the 

degree of smoothing where the value is between zero and 
unity [11]. The positive real parameter, β, is defined in time-
lag plane where it acts like a low-pass filter in the Doppler 
domain. Its kernel distribution is defined as 
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D. Modified B-Distribution 

 
The MBD was proposed to correct the drawback of the 

BD which the modification is made in terms of lag-
independent kernel [11]. As stated in equation (12), the 
different can be seen in terms of its denominator  
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IV. PERFORMANCE COMPARISON 

Several performance measures are used to verify the 
TFRs of the power quality signals. Main-lobe width 
(MLW), peak-to-side lobe ratio (PSLR), signal-to-cross-
terms ratio (SCR) and absolute percentage error (APE) are 
four performance measures that need to be verified before 
identifying the TFDs operated at the optimal kernel for 
every signal model. These measurements are adopted to 
evaluate concentration, accuracy, interference minimization 

tfjtfj
wd Aeetz 21 22)(  
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and resolution of TFRs [12]. In general, an optimal kernel of 
TFD should have low MLW and APE while high PSLR and 
SCR. 

PSLR is a power ratio between peak and highest side-
lobe while MLW is a width at 3dB below the peak of power 
spectrum [12] as shown in Fig 1. Low MLW indicates good 
frequency resolution and it gives the ability to resolve 
closely-spaced sinusoids. PSLR should be as high as 
possible to resolve signal of various magnitudes.  

 
 
 
 

 
 Fig. 1 Performance measures used in the analysis. 

 
 
 
 
 
 
 

 
Fig. 1 Performance measures used in the analysis. 

 
Moreover, the SCR is a ratio of signal to cross-terms 

power in dB. High SCR indicates high cross-terms 
suppression in the TFR and is defined as 
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Besides that, APE is also used to present the accuracy of 

the measurement. The measurement details are discussed in 
[13] and can be expressed as 
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 where xi is actual value and xm is measured value. 

 

V. RESULTS 

The example of the transient signal and its TFR using 
SWWVD, CWD, BD and MBD at their optimal kernel is 
shown in Fig. 2. The line graphs show the signal in time 
domain while the contour plot demonstrates its TFR. The 
highest power is represented in red colour while the lowest 
is in blue colour. The TFR shows that, the transient signal 
has fundamental frequency along the time axis and a 
momentary power increase at transient frequency which is at 
1000 Hz. However, the duration of the momentary power is 
different for each plot. SWWVD presents the shortest 
duration (14 ms) and MBD is the longest (22 ms) while BD 
(18 ms) is longer than CWD (16 ms). Besides that, the TFR 
shows some delays compared to input signal because the 
convolution process between kernel and signal in the TFDs 
shifted the TFRs in the time domain.  
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Fig. 2 a) Transient signal and its TFR using b) SWWVD at Tg=10 ms and 
Tsm=0 ms, c) CWD at  = 1.0, d) BD at  = 0.05 and e) MBD at  = 1.0. 
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A.  Performance Comparison of Smooth-Windowed Wigner-
Ville Distribution 
 

The optimal kernel parameters for the transient signal are 
at Tg = 10 ms and Tsm = 1.578 ms. To identify the 
performance response corresponding to the kernel 
parameters, the performance measures of the TFR with 
various kernel parameters are plotted in Fig. 3. The optimal 
kernel parameters chosen should be low MLW and APE but 
high PSLR and SCR. As shown in Fig. 3 (a), at optimal 
value of Tsm and higher Tg, SCR is lower because of the 
reduction of the cross-terms suppression. However, it results 
MLW smaller that indicates higher frequency resolution of 
the TFR. In addition, higher Tg also increases the APE that 
presents lower accuracy of the TFR. As Tg is set at optimal 
value while Tsm is higher as shown in Fig. 3 (b), it gives 
smaller SCR and constant value of MLW. Besides that, the 
APE is also higher because higher Tsm reduces the time 
resolution of the TFR. Thus, there is a compromise between 
cross-terms suppression and time resolution to obtain 
optimal TFR. 

The optimal kernel parameters for voltage variation 
signal are at Tg = 10 ms and Tsm = 0 ms. For this signal, the 
use of the TS function does not introduce any improvement 
in the cross-terms suppression because all cross-terms have 
no Doppler frequency. For waveform distortion signal, the 
optimal kernel parameters for harmonic signal are at Tg = 20 
ms and Tsm = 7.5 ms while for interharmonic signal are at Tg 
= 20 ms and Tsm = 6.67 ms. All cross-terms of these signals 
have Doppler frequency and can be removed by using the 
TS function at optimal Tsm. Higher Tg does not improve the 
cross-terms suppression but it is still used to set the 
frequency resolution of the TFR that can differentiate 
harmonic and interharmonic frequency component. 

 
 

 
(a) 

 
 
 
 

 
          (b) 

Fig. 3 MLW, APE, PSLR and SCR of TFR at (a) optimal Tsm with various 
Tg and (b) optimal Tg with various Tsm for transient signal.           

 

B.  Performance Comparison of Choi-Williams Distribution 
 
The optimal kernel parameters of the CWD for voltage 

variation, waveform distortion and transient signals are at  
= 0.05, 0.01 and 1.0, respectively. As example, performance 
of sag signal using the CWD at various  is shown 
graphically in Fig. 4. The graph illustrates that, when  is 
set higher than its optimal kernel, the MLW and SCR are 
smaller. Higher  increases frequency resolution of the TFR 
but it reduces cross-terms suppression. As a result, the APE 
is higher. As  is set smaller, the SCR is higher because 
smaller  removes more cross-terms. However, the 
frequency and time resolution get worse and resulting in 
higher MLW and APE. Thus,  should be chosen based on 
the signal characteristics and a compromise between time 
and frequency resolution and cross-terms suppression is 
required to obtain optimal TFR. 

 
 
 
 
 
 
 
 
 
 
 

Fig. 4 CWD with various  for sag signal 
 
 

C. Performance Comparison of B-Distribution 
 
For the BD, the optimal kernel for voltage variation 

signal is at β = 0.001 while waveform distortion and 
transient signals are at β = 0.05. As instance, Fig. 5 shows 
the example of the performance of the BD for harmonic 
signal. The graph shows that, as β is set other than the 
optimal value, the MLW is similar and the SCR is smaller. 
This indicates that β does not change the frequency 
resolution and reduce the cross-terms suppression in the 
TFR. As a result, the APE is higher. 

 
 
 
 
 
 
 
 
 
 
 

Fig 5. BD with various β for harmonic signal 
 
 

D.  Performance Comparison of Modified B-Distribution 
 
Fig. 6 shows the performance of swell signal using 

various  and its optimal value is identified at  = 0.05. 
Since the performance response of the kernel parameter is 
similar to BD, same discussion can be made for MBD. 
However, BD gives better accuracy of the TFR which 
contributes in higher APE. For swell and sag signals, their 
optimal kernel parameters are at  = 0.05, while 
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interruption, harmonic, interharmonic and transient signals 
are at   = 1.0. 

 
Fig. 6 MBD with various   for swell signal 

 
 

E. The Optimal Performance of the Bilinear Time-
Frequency Distributions 
 

The performance of SWWVD, CWD, BD and MBD at 
optimal kernel are shown in Table I. The results show that 
SWWVD is the best distribution for power quality signal 
analysis. It has good APE, SCR and PSLR but poor for 
MLW. However, for CWD, BD and MBD the analysis 
shows that they present good MLW but poor in terms of 
APE, SCR and PSLR. Thus, it clearly proves that the 
SWWVD is the best bilinear TFD and appropriate for power 
quality signal analysis. 

 
TABLE I 

PERFORMANCE COMPARISON BETWEEN OPTIMAL KERNEL PARAMETER FOR  
THE TFDS 

Signal 
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PSLR (dB) 
SCR (dB) 
APE (%) 

25 
614.815 
15.6408 
0.20833 

2.34375 
52.0779 
6.53223 
0.20833 

2.34375 
100 

5.04217 
1.66666 

2.34375 
100 

5.0679 
1.66666 

Kernel parameter 
Tg=10ms 
Tsm=0ms =0.05 =0.001 =0.05 
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MLW (Hz) 
PSLR (dB) 
SCR (dB) 
APE (%) 

25 
614.815 
17.7996 

0.625 

2.34375 
52.0779 
8.73298 
0.20833 

2.34375 
100 

7.15816 
2.50000 

2.34375 
100 

7.19925 
2.50000 

Kernel parameter 
Tg=10ms 
Tsm=0ms =0.05 =0.001 =0.05 
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MLW (Hz) 
PSLR (dB) 
SCR (dB) 
APE (%) 

25 
614.815 
55.4463 

0.625 

2.34375 
52.0779 
27.4525 
56.8750 

2.34375 
100 

26.2188 
100.000 

2.34375 
100 

29.1182 
91.458 

Kernel parameter 
Tg=10ms 
Tsm=0ms =0.05 =0.001 =1.0 
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MLW (Hz) 
PSLR (dB) 
SCR (dB) 
APE (%) 

6.25 
664.295 
41.7393 

0.125 

9.375 
60.5077 
29.0768 
2.36060 

2.34375 
55.0188 
23.2079 
10.5308 

2.34375 
45.1706 
18.3383 
12.7766 

Kernel parameter 
Tg =20ms 

Tsm =7.5ms =0.001 =0.05 =1.0 
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 MLW (Hz) 
PSLR (dB) 
SCR (dB) 
APE (%) 

6.25 
655.776 
42.256 
0.125 

9.375 
56.1806 
30.1635 
25.5125 

2.34375 
55 

24.1038 
10.1349 

2.34375 
48.2892 
19.6895 
10.3902 

Kernel parameter 
Tg =20ms 

Tsm=6.67ms =0.001 =0.05 =1.0 
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 MLW (Hz) 

PSLR (dB) 
SCR (dB) 
APE (%) 

25 
86.1447 
14.1705 
1.66667 

2.34375 
67.5132 
7.0376 
21.6667 

2.34375 
56.1906 
6.8444 
2.77778 

2.34375 
56.1906 
6.8444 
2.77778 

Kernel parameter 
Tg =10ms 

Tsm=1.58ms =1.0 =0.05 =1.0 

 

VI. CONCLUSION 

The analysis of power quality signals is presented using 
bilinear TFDs which are SWWVD, CWD, BD and MBD to 
identify the optimal kernel parameter. MLW, APE, SCR and 
PSLR are performance measures that have been used to 
analyze the performance of TFRs. The results show that, 
there is no single value of kernel parameter that can suit and 
be used optimally for all signals. In addition, the 
performance comparison also presents that, the SWWVD 
gives the best performance of TFR compared to the other 
TFDs. Thus, it is chosen as the best bilinear TFD for power 
quality analysis and classification purpose. 
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