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General Iterative Method for Convex Feasibility
Problem via the Hierarchical Generalized
Variational Inequality Problems
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Abstract—Let C be a nonempty closed and convex subset
of a real Hilbert space H. Let A,,,B,, : C — H be relaxed
cocoercive mappings for each 1 < m < r, where r > 1 is integer.
Let f: C — C be a contraction with coefficient £ € (0,1). Let
G : C — C be ¢-strongly monotone and L-Lipschitz continuous
mappings. Under the assumption N _,GVI(C, By, Am) # 0,
where GVI(C, Bm,, Ar,) is the solution set of a generalized vari-
ational inequality. Consequently, we prove a strong convergence
theorem for finding a point z € N!, _,GVI(C, B, Ayn) which
is a unique solution of the hierarchical generalized variational
inequality ((vf —pG)Z, 2 —%) <0, Ve en! _,GVI(C, Bm, Am).

Index Terms—Relaxed cocoercive mapping, convex feasibility
problem, generalized variational inequality problem, hierarchi-
cal generalized variational inequality problem.

1. INTRODUCTION

CONVEX feasibility problem, CFP, is the problem

of finding a point in the intersection of finitely many
closed convex sets in a real Hilbert spaces H. That is,
finding an =z € n7,_,C,,, where » > 1 is an integer and
each C,, is a nonempty closed and convex subset of H.
Many problems in mathematics, for example in physical
sciences, in engineering and in real-world applications
of various technological innovations can be modeled as
CFP. There is a considerable investigation on CFP in the
setting of Hilbert spaces which captures applications in
various disciplines such as image restoration [1] computer
tomography [2] and radiation therapy treatment planning [3].

Let H be a real Hilbert space with inner product and norm
are denoted by (.,.) and |.||, re Ipectlvely and let C be a
nonempty closed convex subset o
A mapping T : C — C is called nonexpansive if

T2 — Ty|| < llz - yll, Va,yeC.

We use F(T) to denote the set of fixed points of T, that
is, F(T) = {z € C : Tz = z}. It is well known that F(T) is a
closed convex set, if T is nonexpansive.

Consider the set of solutions of the following generalized
variational inequality: given nonlinear mappings A, B : C —
H find a z € C such that

<$—5\BCE+)\A£E,[L'—y> >0,Vy € C, (€]

where A and X are two positive constants. We use
GVI(C, B, A) to denote the set of solutions of the generalized
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variational inequality (1). It is easy to see that an element
xz € C is a solution to the variational inequality (1) if and
only if z is a fixed point of the mapping Pc(AB — A\A), where
Pc denotes the metric projection from H onto C. That is

= F(Pc(AB — M\A))z < z € GVI(C, B, A). 2

Therefore, fixed point algorithms can be applied to solve

GVI(C, B, A). Next, we consider a special case of (1). If
B = I, the identity mapping and A = 1, then the generalized
variational inequality (1.1) is reduced to the variational
inequality as follow: find = € C such that

(Az,z —y) > 0,¥y € C. @)

We use VI(C,A) to denote the set of solutions of
the variational inequality (3). It is well known that the
variational inequality theory has emerged as an important
tool in studying a wide class of obstacle, unilateral, and
equilibrium problems; which arise in several branches
of pure and applied sciences in a unified and general
framework. Several numerical methods have been developed
for solving variational inequalities and related optimization
problems, see [4], [5], [6], [7], [8], [9], [10], [11], [12],
[13], [14] and the references therein.

A lot of times, we may need to find a point z € GVI(C, B,
A) with the property that (Fz,« —z) < 0,Va € GVI(C, B, A)
where GVI(C,B, A) is the solution set of the generalized
variational inequality. We will describe this situation by the
term hierachical generalized variational inequality problems
(HGVIP). If the set GVI(C,B,A) is replaced by the set
VI(C, A), the solution set of the variational inequality, then
the HGVIP is called a hierarchical variational inequality
problems (HVIP). Many problems in mathematics, for
example the signal recovery[16], the power control
problem[17] and the beamforming problem[18] can be
modeled as HGVIP.

In 2011, Yu and Liang [15] proved the following theorem
for finding solutions to the HGVIP for a cocoercive mapping.

Theorem L.1. Let C be a nonempty closed and convex
subset of a real Hilbert space H, A., : C — Hbe a relaxed
(Mm., pm)-cocoercive and vm,-Lipschitz continuous mapping,
Bm : C — H be a relaxed (#m,pm)-cocoercive and v

Lipschitz continuous mapping for each 1 < m < r. Assume
that 7, _,GVI(C,Bm, Am) # 0. Given {zn} is a sequence
generated1 by

Tn+1 = ant + Bnxn + ’YnEfn:ﬁ(m,n)Pc(men), Vn > 1,

where Ty, = ApBm — AmAm,u is fixed element in C' and
{an}7 {ﬁn}v {’Y’ﬂ}v {J(I,n)}v {6(2,71)}7 () {5(r,n)} are sequences in
(0,1), satisfying the following conditions:

Cl) an+Bn4+yn=1=3"_6 Vn > 1;
( ) i m=1%(m,n)
(C2) limp—oco an = 0,552 apn = 00y
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(C3) 0 < liminfyp—oo Bn < limsup,, o Bn < 1;
(C4) limn—oo 5(m7n> =dm €(0,1),V1<m <,

and {(M\n}7 _ 1, {dm}7,_, are two positive sequences such
that for each 1 <m <r

1< /1= 20mpm + 2202+ 2mnmr2,

+\/1 — 22mPm + A2, 02, + 2 D2,

Then the sequence {z,} converges strongly to a common
element & € NI _,GVI(C,Bm,Am), Which is the unique
solution of the f(;?lowing:

(w—Fx—i) <0, Vo €nl,_GVI(C,Bm, Am). 4)

On the other hand, the hierarchical fixed point problems,
ie, find z* € F(T) such that (Az*,x — 2*) > 0,Vz € F(T),
have attracted many authors attention due to their link with
some convex programming problems. See [19], [20], [21],
[22], [23], [24], [25], [26]. In 2010, Tian [27] introduced
a general iterative method for nonexpansive mappings and
proved the following theorem.

Theorem 1.2. Let C be a nonempty closed and convex subset
of a real Hilbert space H, f:C — C be a contraction with
coefficient k € (0,1), G : C — C be ¢-strongly monotone
and L-Lipschitz continuous mapping, Let S : C — C be
a nonexpansive mapping with F(S) # 0, € > 0,L > 0,
0<p<2/L? and 0 < v < p(€ — ul?/2)/k = n/k. Given
the initial guess z1 € C and {z,} is a sequence generated by

Tnt1 = anVf(zn) + (I — anpG)Stn, Yn > 1, )
where {a,} is a sequence in (0,1), satisfying the following
conditions:
(C1) limp—oo an = 0;
(C2) 22 an = oo
(C3) 222 |omy1 — anl < oo.
Then the sequence {z,} converges strongly to a common

element ¥ € F(S), which is the unique solution of the
hierarchical fixed point problem:

((vf — pG)&,x — %) <0, Ve F(S5). (6)

Motivated and inspired by Yu and Liang’s results and
Tian’s results, we consider and study the CFP in the case that
each C,, is a solution set of generalized variational inequality
GVI(C,Bm, An) and are devoted to solve the following the
HGVIP: find 2 € N7, GVI(C, Bm, Am) such that

(vf — @)@,z —2) <0,Vz € N;,,—1GVI(C,Bm,Am). (1)
Which is the problem (7) is general than the problem (4) and

(6). Consequently, we prove a strong convergence theorem
for finding a point z which is a unique solution of the HGVIP

).
II. PRELIMINARIES

This section collects some definitions and lemma which
be use in the proofs for the main results in the next section.
Some of them are known; others are not hard to derive.
Let A: C - H and G : C — C be a nonlinear mappings.
Recall the following definitions: for all =,y € C
(a) A is said to be monotone if

<A‘T_Ay717_y> > 0.

(b) A is said to be p-strongly monotone if there exists a
positive real number p > 0 such that

(Az — Ay,z —y) > pllz — y|I*.

(c) A is said to be n-cocoercive if there exists a positive
real number » > 0 such that

(Az — Ay, x —y) > || Az — Ay|>.
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(d) A is said to be relaxed n-cocoercive if there exists a
positive real number 7 > 0 such that

(Az — Ay, —y) > (—n)|| Az — Ay|>.

(e) A is said to be relaxed (7, p)-cocoercive if there exists a
positive real number 7, p > 0 such that

(Az — Ay, —y) > (—n)| Az — Ay|* + pllz — y|*.

(f) G is said to be L-Lipschitzian on ¢ if there exists a
positive real number L > 0 such that

G () = Gyl < Lilz = yl|.

(g) G is said to be k-contraction if there exists a positive
real number & € (0,1) such that

1G(z) = G|l < Kkllz =yl

Lemma II.1. [30] Let H be a Hilbert space, C a closed
convex subset of H and T : C — C be a nonexpansive
mapping with F(T) # 0. If {z.} is a sequence in C weakly
converging to z and if {(I — T)xz,} converges strongly to vy,
then (I — T)x =y, in particular, if y =0 then z € F(T).

Lemma I1.2. [28] Let C be a nonempty closed and convex
subset of a real Hilbert space H. Let S, : C — C and Ss :

C — C be nonexpansive mappings on C. Suppose that F(S1)n
F(S2) is nonempty. Define a mapping S : C — C by

Sz =aS1+ (1 —a)S2, VzeC,

where a is a constant in (0,1). Then S is nonexpansive with
F(S) = F(S1) N F(S2).

Lemma IL1.3. [27]) Let F : C — C be a n-strongly monotone
and L-Lipschitzian operator with L > 0,n > 0. Assume that
0<p<2n/L? 7 =uln—uL?/2) and 0 <t < 1. Then ||(I —
ptF)e — (I — ptF)yll < (1 —t7)]|z — yl|.
Lemma 11.4. In a real Hilbert space H, we have the
equations hold:

M) Nz +yll? < |zl +2(y, = + ), Yo,y € H;

@ e +yl? > llz]* +2{y,z), Vz,y € H.

Lemma ILS. [29] Assume that {a,} is a sequence of
nonnegative numbers such that

ant1 < (1 —Yn)an + 6n, Vn >0,
where {y,} is a sequence in (0,1) and {5.} is a sequence in
R such that

D >oiim= o0,
2) limsup, o =% <0 or > 1 |6n] < oo

Then lim,, oo an = 0.

Lemma I1.6. [27] Let H be a real Hilbert space, f: H — H
be a contraction with coefficient 0 < k < 1, and G : H —
H be a L-Lipschitzian continuous operator and &-strongly
monotone operator with L > 0, ¢ > 0. Then for 0 < v < ué/k
and for all z,y € H,

(# =y, (G =)z — (WG =7 f)y) > (u€ = vk)l|lz =yl
That is, uG —~f is (ué —~vk) - strongly monotone.
Lemma I1.7. [31] Let C be a closed convex subset of H. Let

{zn} be a bounded sequence in H. Assume that

(1) The weak w-limit set wy,(xy) C C,
(2) For each z € C, limy—oo ||zn — 2| exists.

Then {z,} is weakly convergent to a point in C.

Notation. We use — for strong convergence and — for weak
convergence.
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III. MAIN RESULT

Theorem III.1. Let C be a nonempty closed and convex
subset of a real Hilbert space H such that C + C C
C. Let f : C — C be a contraction with coefficient
k € (0,1). Let G : C — C be a ¢-strongly monotone
and L-Lipschitz continuous mapping. let A, : C — H
be a relaxed (nm,pm)-cocoercive and v..-Lipschitz contin-
uous mapping and B, : C — H be a relaxed (iim,pm)-
cocoercive and ir,-Lipschitz continuous mapping for each
1 < m < 7 Let pm = /1= 2 mpm + 2,02, + 2Amnmv2,
and q,, = \/1 — 2% mpm + A2,02, + 2AmAmD2,, where {\m} and
{A\m} are two positive sequences for each 1 < m < r. Assume
that N7, _ GVI(C,Bm,Am) #0, € > 0,L >0, 0 < p < 2¢/L?,
0 <y < uE—pL?/2)/k =n/k and pm,qm € [0,3), for each
1 < m < r. Given the initial guess =1 € C and {x,} is a
sequence generated by

Tpt1 = anyf(zn) + (I - anHG)ETmzlﬁ(m,n)PC(Tml’n)a (®)

where T = Po(AmBm — AmAm),¥1 < m < r and
{an}7 {6(1,71)}7 {5(2,77,)}7 seny {B(r,n)} are sequences in (07 1): sat-
isfying the following conditions:
(C1) limp oo n = 0,322 an = 00, L2 |ant1 — an| < o0;
(02) E:nzlﬁ(m,n) =1,vn2>1, E%o:l‘ﬁ(m,n-ﬁ-l) - B(m,n)‘ < 0o,

limn o0 B(m,n) = Bm € (0,1),¥1 <m <7,

Then the sequence {x,} converges stronily to a common
element & € NI _,GVI(C,Bm,An), which is the unique
solution of the HGVIP:

(vf —u@)z,z—2) <0, Yeen,,_1GVI(C,Bm,Am). )
Proof: For each z,y € C and for each m > 1, we have
||(3\mBm — AmAm)z — (S\mBm = AmAm)y||

[z = y) = Am(Amz — Amy)||

+(@ = y) = Am(Bmz — Bmy)||.

1Tz — Tmyll <
<

(10)

It follows from the assumption that each A,, is relaxed
(Mm, pm)-cocoercive and v,,-Lipschitz continuous that

(@ —v) = Am(Amz — Amy)|?

= e —yl? + A% Amz — Amyl?
—22m(Amz — Amy,z —y)
<z —yll? = 22 [(—m) [ Amz — Amy|l®
+omllz = ylI?] + Novlle — yl?
< (1= 2Xmpm + A%, |z — yl?
+2)‘m77mV72on - y||2
= phlle—yl*
This shows that
H(x—y)—km(Am;v—Amy)H SpmHm—yH. (11
In a similar way, we can obtain that

(=) = Am(Bmz — Bmy)|| < gmllz — yll.

Substituting (3.4) and (3.5) into (3.3), we have

12)

[Tz =Tyl < (pm+gm)llz —yl
<z =yl

Hence T, is a nonexpansive mapping and F(T,,) =
F(Pco(AmBm —AmAm)) = GVI(C, Bm, An) for each 1 < m < r.
Put 5, = ¥ _,B8umnTm. By Lemma IL2, we con-
clude that S, is a nonexpansive mapping and F(S,) =
N _,GVI(C,Bm,Am),¥n > 1. We can rewrite the algorithm

(8) as

Tnt1 = anYf(xn) + (I — anpG)Snen. (13)

Step 1: We will show that {z,} is bounded.
Take v € F(Sn) = N7,_,GVI(C, Bm,An), from (13) and
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lemma II.3, we have

llonyf(zn) + (I — anpG)Snzn — v
= |lan(vf(zn) — pGv) + (I — anpuG)Spn
—(I — anpG)v||

znt1 — ol

< an|lv(f(@n) — f(v) +vf(v) — pGol|

+(1 —anm)||zn — v
< anvkllzn — vl + anllvf(v) — pGo||

+(1 — anm)||zn — ||
= (I —oan(m—vk)llzn — vl + anlvf(v) — pG|
< max{Hxn — ]|, M}

T — vk
By induction, we obtain
fon = o < max { oy = of, [T EU,
T — vk

Hence {z,} is bounded. )
Since S, is nonexpansive mappings for n > 1, we see that

[Snzn —vll = [|Snzn — Sno|l
< llzn —oll
— uG
< maX{Hxl—vlLM}-
T — vk

Therefore, {S,z.} is bounded. SinceG is a L-Lipschitz
continuous mapping, we have

|GSnxn — Gu|| = ||GShzn — GSno||
< L||Snzn — Sno||
< Lilzn — ol
— G
< maX{L”xl,U”,LM},
T — vk

Hence {GS,z,} is bounded. Since f is contraction, so f(zn)
is bounded.

Step 2: We will show that lim,,_, ||Zn+1 — Zn|| = 0.
From (13), we consider

Tn+1 — Tn

= [0 (@n) + (I = 6npG)Snn]
—lon—17f(@n-1) + (I — an-1pG)Sn—12n 1]

= an(f(zn) = f(@n-1)) + [ — anpG)Snan
—(I — anpG)Sn—1Zn-1] + (@n — an—1)7f(Tn-1)
+(an—1 — an)pGSn_12n_1,

it follows that
|41 — znl

n—1Tn—1]|
+Hon — an—1|(V[If(@n-1)ll + pllGSn—13n 1))

< apvkllzn — zn—1l| + (1 — anm)||Snen — Sp_12n—1]|
+lan — an—1|Mi, (14)

< anvkllzn — zn-1ll + (1 — an®)||Snan —

where M; = sup,~,{7[lf(zn)|l + pl|GSnazx|}. On the other
hand, we note that

”Snxn — Sp—1Tn—-1 ”

< ”Snmn - Sn$n71H + Hsnxnfl - Snfl-rnle
< len = 2ol + 115521 Bm,n) Tm@n—1

_E:rL:lﬁ(m,n—l)Tmmn*l ”

< ”x” - :En_1|| + MQZ:n:l'B(m,n) - ﬁ(m,n—l)‘v (15)
where M, is appropriate constant such that
My = max{sup,,>1 [|[Tmzn|,v1l <m < r}.
Substituting (15) into (14) yields
IMECS 2013



|41 — znl

< anvklen — znoall+ (1 — anm)an — @1
+Mi|on — an—1|
+M2X5, —11B(m,n) = Bm,n—1)l

< anvkllzn — 21|l + (1 = anm)||zn — 2n-1|

+M3(‘an - anfl‘ + E:n:l'ﬁ(m,n) - 6(m,n—1) Dv

where Mz is an appropriate constant such that Mz >
max{Mi, Ma}.
By conditions (C1) and (C2) and Lemma IL5, we obtain
that
nli_}rnoO lzn+1 — zn|| = 0. (16)
Step 3: We will show that lim, . ||Szn
Define a mapping S: C — C by

—zn| = 0.

Sz =%, _1BmTmz,Vx € C,

where 8, = limy 00 B(m,n)- From Lemma IL.2, we see that
S is a nonexpansive mapping and

F(S) = N0y F(Tm) = N0y GVI(C, By, Am), ¥n > 1.

From (13), we observe that

—Snzall = anllvf(zn) + pGSnan|
< an(Vf(@n) = F@I + lI7f(0) + pGSno]|

+u||GSnxn — GSpvl|).

|

It follows from the condition (C'1) and the boundedness of
{f(zr)} and {GS,z,}, We obtain that

lim ||p4+1 — Snznl =0. 17)
n— oo

We observe that

— Snzn|
— Snznl-

|zn — Tni1 + Tnit

zn = Znt1ll + [[n+1

From (16) and (17), we obtain

lzrn — Snanl

IA I

Snan| = 0. (18)

lim ||zn —
n—oo

Now, we show that Sz, — z, — 0 as n — co. Note that

|Szn —xn|| = ||STn — Sn®n + Sntn — Tn||
< Eo1BmTman — Z:n:llg(m,n)me’ﬂH
H|Snan — zn|
< Ma(Z5=11Bm = Ban,myl) + [1Sn@n — @nll.

By the condition (C2) and (18), we have

— Sz = 0. (19)

Lh~>moo Hmn
From the boundedness of z,,, we deduced that x,, converges
weakly in F(S), say =, — p, by Lemma II.1 and (19), we
obtain p = Sp. So, we have
ww(xn) C F(S). (20)
By Lemma II.6, uG — ~4f is strongly monotone, so
the variational inequality (9) has a unique solution
&€ F(S)=n",_,GVI(C, By, Am).

Step 4: We show that lim sup,H
Indeed, since {z,} is bounded
subsequence {Zn;} C {zn} such that

(( f = Gz, xn — 1) < 0.
then there exists a

limsup((vf — pG)Z, 2n — ) = lim ((vf = pG)Z, 2n; — ).
Without loss of generality, we may further assume that «,,, —
p. It follows from (20) that p € F(S). Since # is the umque
solution of (9), we obtain

limsup((vf — pG)&,2n —2) = lim ((vf — pG)%, &n; — &)
= ((vf—-pG@)z,p—17) <0.(221)
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Step 5: Finally, we will show that x,, — % as n — co.
From Lemma 11.4, we have

llan (v (wn) — nGE) +
—pG(I — anpG)z|?

lent1 — 2|2 = (I — anpG)Snzn

< (1= anm)?|lzn — |
+2on (vf(2n) — pGZ, Tny1 — T)
< (1= anm)?en — 22
+2any(f(@n) — (&), Tnt1 — F)
+2an{(vf(%) — pGZ, Tnt1 — T)
< (- anm)?||zn — 2|
+20n9klln — Fllllens1 — 7
+2on (v (%) — pGZ, Tn41 — T)
< (1= anm)?|lzn — |
Fanvk(|zn = & + [entr — Z(|)
F2an (vf (%) — pGZ, xny1 — T)
1-2 2 k
< fowmtlonn) doniky,, g2
1—anvk
20 N - -
+7n(vf(a?) — BGE, Tnt1 — )
1— any
200 (1 — k) -
e
anvk
2
QnT
RGP
1—
20, . -
P (] () G, 1 — )
anvk

= (1—0n)llzn — & + 6n,

2auy (7 k
where 6, #Jk) and 6, := m[ann lzn — )% +
21 (3) — G e
Note that,
9, = 20 (7 — k) < 2(m — k) .
1 —anyk 1—~k

By the condition (C'1), we obtain that

lim 6, = 0. (22)
n— oo
On the other hand, we have
6, = 2an(m — k) > 2an (1 — k).
1—anvk
From the condition (C'1), we have
D bn= 23)
n=1
Put M = sup,cn{llzn — Z||}, We have
O o L aum®M 4 203/(3) - 4G, w1 - 3)]
On_Q(ﬂf'yk) anT (&) — pGZ, xp+1 — T)).
From the condition (C1) and (21), we have
lim sup 5—" <0. (24)

n—oo n

Hence, by Lemma IL.5, (22), (23) and (24), we conclude
that

lim ||zn — Z|| = 0.
n— oo

This completes the proof. ]

If B,, = I, the identity mapping and X,, = 1, then Theorem
III.1 is reduced to the following result on the classical
variational inequality (3).

Corollary IIL.2. Let C be a nonempty closed and convex
subset of a real Hilbert space H such that C +C c C. Let
f:C — C be a contraction with coefficient k € (0,1). Let G :
C — C be a ¢-strongly monotone and L-Lipschitz continuous
mapping. Let A,, : C — H be a relaxed (nm, pm)-cocoercive
and v, -Lipschitz continuous mapping, for each 1 < m <
r. Let pm = \/1 — 2Ampm + A2, V2, + 2\ nmr2,, Where {\n}
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is a positive sequence, for each 1 < m < r. Assume that
Nr_VI(C, Am) #0, €>0,L>0,0< p<2/L2% 0<vy< p(é—
ul?/2)/k = n/k and p,, € [0,1)], for each 1 < m < r. Given
the initial guess =1 € C and {z,} is a sequence generated by

Tnt1 = anYf(zn) + (I — anpG) 521 Bim,n) Po(@n — AmAmn),

where {an}, {,B(Ln)}, {B(Qm}, ey {B(nn)} are sequences in
(0,1), satisfying the following conditions:
(C1) limp oo an = 0,552 jan = 00, B lant1 — an| < oo;
(Cz) E',Tn:lﬁ(m,n) =1LVn2>1, E?f:l‘ﬁ(m,n+1) - ﬁ(m,n)‘ < 0o,
limn— o0 Bim,n) = Bm € (0,1),V1 <m <7,y
Then the sequence {x,} converges strongly to a common

element i € N7, _,VI(C, Awm), which is the unique solution of
the HVIP:

((vf — p@)F,x — &) <0, Vo enh,_VI(C, Anm).

If » = 1, then Theorem III.1 is reduced to the following
Corollary.

Corollary IIL.3. Let C be a nonempty closed and convex
subset of a real Hilbert space H such that C + C c C.
Let f : C — C be a contraction with coefficient k ¢
(0,1). Let G : C — C be a ¢-strongly monotone and L-
Lipschitz continuous mapping. Let A : C — H be a relaxed
(n, p)-cocoercive and v-Lipschitz continuous mapping. Let
B : C — H be a relaxed (4, p)-cocoercive and p-Lipschitz
continuous mapping. Let p = /1 —2X\p + \202 + 222 and
q= \/1 —27p + A202 + 2X@2, where X and X are two positive
real numbers. Assume that GVI(C,B,A) # 0, £ > 0,L > 0,
0<p<2/L% 0<~v<pé—pL?/2)/k=m/kand p,q € [0,3).
Given the initial guess z1 € C and {z,} is a sequence
generated by

Tni1 = anvf(@n) + (I — anpG)Po(ABy, — Mz,

where {ay} is a sequences in (0,1), satisfying the following
conditions:

3 — oo} _— oo
nli{noo an =0, B0 an =00 and )2 |an+1 — an| < oo.

Then the sequence {xz,} converges strongly to a common
element & € GVI(C, B, A), which is the unique solution of the
HGVIP:

(vf — @z, 2 —2) <0, Ve GVI(C,B, A).

For the variational inequality (3), we can obtain from
Corollary II1.3 the following immediately.

Corollary II1.4. Let C be a nonempty closed and convex
subset of a real Hilbert space H such that C + C c C.
Let f: C — C be a contraction with coefficient k € (0,1).
Let G : C — C be a ¢-strongly monotone and L-Lipschitz
continuous mapping. Let A : C — H be a relaxed (n,p)-
cocoercive and v-Lipschitz continuous mapping. Let p =
V1= 2Xp+ X202 + 22, where X is a positive real number.
Assume that VI(C,A) # 0, ¢ > 0,L >0, 0 < p < 2¢/L?,
0<~v<u(€—unl?/2)/k=x/k and p € [0,1). Given the initial
guess 1 € C and {x,} is a sequence generated by

Tpt1 = anVf(Tn) + (I — anpG)Po(zn — AAzy),

where {a,} is a sequences in (0,1), satisfying the following
conditions:

s (e o)
lim ap =0, 7 an =00

and 92 |an4+1 — anl| < co.
n—oo

Then the sequence {x,} converges strongly to a common
element & € VI(C,A), which is the unique solution of the
HVIP:

<(’Yf - MG)‘%7‘T - 5:> < 07 Vo € VI(Cv A)

Remark IILS5. (1) If we take G = A and p = 1, where
A is a strongly positive linear bounded operator on
C in Theorem III.1, then our iterative algorithm de-
fine by (8) converges strongly to a common element
z€NT _ GVI(C, Bm, Am), such that ((vf — A)Z,z — ) <
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0, Yz € NI._,GVI(C, Bm, Am), Equivalently, z is the

unique solution to the minimization problem:

1
min —(Ax,z) — h(x),
zen” _GVI(C,Bm,Am) 2

where h is a potential function for ~f (i.e., h'(z) = vf(x)
for = € H).

(2) If we taking G =T and v = u = 1, where I is a identity
mz%pping in Theorem III.1, then our iterative algorithm
define by (8) converges strongly to a common element
Z €Nt _,GVI(C,Bm, Am), such that ((f — )i,z — z) <
0, Vo €n,_,GVI(C,Bm, Am).

In case, f = 0, our iterative algorithm define by (8)
converges strongly to # which is the unique solution to
the quadratic minimiztion problem:

]| 25

z =
zeN

arg min
GVI(C,Bm,Am)

m=1
In case, f = u, where « is fixed element in C, our
iterative algorithm define by (8) converges strongly to
a common element z € N7, _,GVI(C, Bm, Am), such that
(u— &2 —7) <0, Yo €nl,_,GVI(C, Bm, Am).
Note that, our iterative algorithm define by (8) are more
flexible in solving the HGVIP than the one introduced
by Yu and Liang.

(©))

IV. CONCLUSION

We studied the convex feasibility problem (CFP) in the
case that each closed convex set is a solution set of gen-
eralized variational inequality and exhibits an algorithm for
finding solution of the hierarchical generalized variational
inequality problem (HGVIP). The result of this paper extends
and generalizes the corresponding results given by Yu and
Liang [15] and some authors in the literature.
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