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Iterative Algorithm for Minimum-Norm of Fixed
Point for Nonexpansive Mapping and Convex
Optimization Problems
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Abstract—In this paper, we introduce an explicit method for
finding the least norm of fixed points for strict pseudo mappings
by using the projection technique. We provide algorithm which
strong convergence theorems are obtained in Hilbert spaces.
Then, we apply these algorithm to solve some convex optimiza-
tion problems. The results of this paper extend and improve
several results presented in the literature in the recent past.

Index Terms—Monotone mapping, Nonexpansive mapping,
Explicit Method, Minimum-Norm, Variational inequality.

I. INTRODUCTION

ONSIDER a real Hilbert space H with inner product
C (+,+) and norm ||-||. Let C be a nonempty closed convex
subset of H. First, we recall the basic concept of mappings
as shown in the following:

o A is called monotone if and only if for each x,y € C,|

o A is said to be strongly positive on H if there exists a
constant 4 > 0 such that

(Ax,x) > 7||z|?, V€ H.

o A mapping A of C into H is called a-inverse-strongly
monotone if there exists a positive real number « such
that

(& —y, Az — Ay) > af Az — Ay]]?,

for all z,y € C.
o A is an a-inverse strongly monotone mapping of C' into
H, such that

1
[Az — Ayl| < —lz -y
«

for all z,y € C.
e A mapping S from C into itself is said to be a
nonexpansive mapping if

15z =Syl < llz =yl

for any x,y € C.
In this work, we may assume that Fiz(S) # 0, which
Fix(S) is closed and convex. So there exists a unique z* €
Fix(S) satisfies the following :

|z*|| = min{||z]| : @ € Fiz(S)}.
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That is, =* is the minimum-norm fixed point of S.
Since 1967, Halpern introduced an explicit iterative
scheme as shown in the following:

Tpt1 = apu+ (1 — ap)Szy,, Vn >0,

where {a,} C [0,1]. He proved that the convergence
theorem which the Halpern’s iterative method do find the
minimum-norm fixed point z* of S if 0 € C. In 2004, Xu
studied the iteration process {x,} called viscosity approxi-
mation method as shown in the following:

Tna1 = anf(zn) + (1 — ap)Sz,, forn>1,

where {a, C (0,1)} and f : C — C is a contraction.
He also proved the strong convergence theorem of the
sequence {x,} which generated by the above scheme under
the appropriate conditions.

Recently, Yao and Xu [5] independently introduced two
iterative methods for finding the minimum-norm fixed point
of nonexpansive mapping which is defined on closed convex
subset C' of H. The proposed algorithms are based on the
well-known Browder’s iterative method [1] and Halpern’s
iterative method [2]. .

Motivated and inspired by the previous mentioned re-
searches, we present new strongly convergent methods for
approximating minimum-norm fixed point of a nonexpansive
mapping and variational inequality for an a-inverstrongly
monotone operator such that

F(SYNVI(C,A) #0,
and for each A € (0,1),
Tpt1 = (1 —an)ASPc(I — M)z, + (1= Nay,), (1)

where {a,} C (0,1).

We prove that the sequence {z,} generated by (1) con-
verges strongly to the element of minimal norm fixed point of
a nonexpansive mapping. As application, we provide iterative
processes for solving the constrained convex optimization
problem.

II. PRELIMINARIES
Let C be a nonempty closed and convex subset of a real
Hilbert space H. We use the following notions in the sequel:
1) — for weak convergence and — for strong conver-
gence,
2) wy(zy) =2 : 3x; — x denotes the weak w - limit set
of x,,.
Recall that the orthogonal projection

Pox = argmin ||z — y||. 2)
yel
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The orthogonal projection has the following well-known
properties. For a given z € H,
1) (x — Pox,z — Pex) <0, for all z € C,
2) ||Pcx—Pey|? < (Pox—Pcy,x—y), forall z,y € H.
We shall make use of the following results.

Lemma IL1. (Demiclosedness principle of nonexpansive
mapping) Let S : C — C a nonexpansive mapping with
Fiz(S) #0. If ,, = x and (I — S)x, — 0, then x = Sx.

Lemma IL.2. (see, [3] Let {x,} and {y.} be bounded
sequences in a Banach space E and let {3, } be a sequence
in [0,1] with 0 < liminf 3, < limsupfB, < 1. Suppose

Tna1 = BnYn + (1 — Bn)xn for all n > 0 and
lim sup([|yn+1 — Ynll = [[Tn+1 — 20l]) <0 (3)
n—oo
Then lim,, oo ||yn — n|| = 0.

Lemma IL3. (see, [4]) Let {a,} be a nonnegative real
sequence satisfying the following inequality :

An 41 S (1 - ’Yn)an + 'Yn(snan Z Oa

where {v,} < (0,1) such that Y52 4y, = +oo, and
lim sup,, oo On < 0. Then lim,,_, o ay, = 0.

III. MAIN RESULT

Theorem IIL.1. Let C' be a closed convex of a real
Hilbert space H. Let A be an «-inverse strongly mono-
tone. Let S : C — C be a nonexpansive mapping and
Q= F(S)NVI(C,A) # 0. Assume that a sequence
{an} C (0,1) satisfies the following conditions:

D) lim, e ap =05

2) X5 yap = 4o00.
Then the sequence {x,} generated by the algorithm

= (1= an)ASPc(I =Mz, + (1= Nzx,] @)

converges strongly to a fixed point of S which is a minimal
norm and the unique solution of the variational inequality:

e, (x

Tn41

yx—a¥) > 0,Vx € Q.

Proof: Step 1. we prove that the sequence {z,} is
bounded. Let ¢ € Q). By (4), we have

(1 = ) [ANSPc(I — NA)z,
+(1 = Nzn] — gl

[ene1 —all =

< 0 =) = N(zn —q)
+ASPo(I = AA)z, — q)] — ang|

< A =) = Nl[(zn — 9l
+A(@n = @l = llangll

< (I—an)lzn —gll + anllql

< max{|[zn —ql, [lql}-

By induction, it follows that

[ — qll < max{[zo — gl [lq]},

for all n > 0. Then {z,} is bounded. Therefore,
{SPc(I — ANA)x,} is also bounded.
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(1—ap)ASPc(I-XA)x,
an+(l—an)A

, then the iterative

sequence (4) is equivalent to

Tn+1l =

Since lim,, o0 (ay + (1 —

Iy —al = |

(an+ (1 —a)Nyn+(1—ap—(1—ap)N)xn. (5)
ap)A) = A, then

(1 — an)ASPo(I — M),

an + (1 —ap)A _qH
(1 = an)ASPe(I — AA)x, — (o + (1 — an)A)g
- H an + (1 —ap)A H
_ H (1= a))ASPc(I — AA)xy — ang— (1 — ay )\qH
an + (1 —ap)A
< (1_an)/\”$n_q” _aan”
- an + (1 —ap)A
— an
= m”qu
Qp
- - %)A)Ilwn —q|

< max{[lz, — gl lqll}-

Thus, {y,} is bounded. Hence by nonexpansiveness of .S
and P, we have

IN

IN

IN

st — all = 2ss — 2l

1 — Op41 )\Spc(l )\A>$n+1
H ant1 + (1 — apy1)A

(1 = an)ASPo(I — AA)x,
B an + (1 —ap)A

(1 — ant1)A

PR R ||SPC(I ATy 41
—SPc(I — AA)x,||

- ”zn-&-l - In”

i ’ (1 —apq1)A (1—ap)A ‘
g1+ (1 —ans)d o+ (1 —ap)A
X||SPc(I — MNA)x,||
1—ape1)A
Uoanid g ) 8ol
Qpt1 + (]- - an+1)>\
’ (1 —apt1)A (1 —ap)A ‘
a1+ (1 —aps1)A  ap+ (1 —an)A
X[|SPc(I = AA)zn|| — ||Tnt1 — 2|

(1 — O‘nJrl)/\
( Op41 + (]. - Oén+1))\ -1 )||l’n+1 B (EnH
+‘ (1 —apt1)A . (I—an)A ’
ant1+ (1 —api1)A o+ (1 —ap)A
X||SPe(I — AA)x,||.

From {z,} and {SPc(I — AA)z,} are bounded sequences
and lim,,_, - «,, = 0, then

limsup([|yn+1 = Ynll = l2n41 — 2nl) < 0.
n—oo
By Lemma IL.2, we obtain that lim,_, ||yn — zs|| = 0.
Therefore,
Jim e —@al = lim (@ + (1= an) )y = all = 0.
(6)
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On the other hand, we consider By the condition (7i) and the inequality (7), we can apply
Lemma (IL.3) to (9) and conclude that {z,} converges

lzn — SPc(l = Ad)zy| strongly to x* as n — oo that is, the minimum - norm fixed

< Non =zl + lznt1 — SPe(I — M), || point of .S. This completes the proof. ]
= llon =@l + (1 = an)(ASPe( = Az, Remark IIL.2. Theorem IIl.1 also improve the [[5],
+(1 = Nxy) — SPo(I — M)z, || Theorem 3.2 ], in which the restrictions 322 a1 — | <
< len — || + (1 —an)(1 =N +o00 or lim,— o ﬁil = 1 are removed.
|2n, — SPc(I — ANA)z,|| Corollary IIL.3. Let C' be a closed convex of a real
+ap||[SPo(I — ANA)x,|. Hilbert space H. Let S : C — C be a nonexpansive

mapping and Q := F(S) # (. Assume that a sequence

It follows that {an} C (0,1) satisfies the following conditions:

1 2) 92 gay, = +o0.
= I—(1—ay)(1=X) lzn = 2ot Then the sequence {x,} generated by the algorithm
1
oA ama =y 5ol = Aol Tur = (L= @) ASe + (1= Nra]  (10)
—50asn— oo. converges strongly to a fixed point of S which is a minimal

norm and the unique solution of the variational inequality:
Step 2. we prove that limsup,,_, . (z* — z,,2*) < 0.

Since {x,,} is bounded. Then, we can take a subsequence zt € Q (z%w—a”) > 0,Ve e Q.
{an,} of {5} such that Proof. If we take A = 0. So, by Theorem IIL1, we obtain
the the following corollary. O

limsup(z* — x,,2*) = lim (" — x,,,x").
n—00 1—00
Again, since {z,,} is bounded, without loss of generality,

p IV. APPLICATIONS TO CONVEX OPTIMIZATION PROBLEM
we may assume that z,,, — = . Consequently,

In this section,we apply the proposed methods for ap-

limsup(z* — 2, 2*) = (z* — T, xz*) <0. proximating the minimum-norm solution of convex function
oo and split feasibility problems. Let’s recall that standard
From (6) it follows that constrained convex optimization problem as follows :
limsup{z* — xp11,2") = (x* — z,,az*> <0. find * € C,such that f(z*) = mig f(z), (11)
n— o0 z€
Notice that lim, o ||#n — SPo(I — AA)z,|| = 0. By the Where f : ¢ — R is a convex, Fréchet differentiable
demiclosedness principle of nonexpansive mapping SP(I—  function, C'is closed convex subset of H.
MA), we have 2/ € Q. Since 2* = Po(I — MA). It follows It is known that the above optimization problem is equiv-
from the properties of projection operator that alent to the following variational inequality:
limsup{e* — zn,2%) = (&* — 2, 2*) < 0. ) find z* € C,such that (v —z*,V f(z*)) > 0,for all v e C,
n—+00 - (12)
By (IIL1), we have where Vf : H — H is the gradient of f.
) It is well-known that the optimality condition (12) is
[Zn41 = (1 — an)z™|| equivalent to the following fixed point problem:

(1 = an)ASPc(I — AA)zpi1 + (1 — N)xy]
—(1 = an)a”|? c
_ _ B 2 where Pc is the metric projection onto C' and pu > 0 is
I(1 = an)ASPo(I = Ad)zn + (1 = Aan] — 27| positive constant. Based on the fixed point problem, we
1 ASP, 1—A 1— A+ A)z*|?
11 = an)[ASPown — (1 = Mzn] = (1 = A+ )2"[I7 geduce the projected gradient method.

v* = Po(I - pVf)a",

< (1 an)[A(Sa, —2%) + (1= N, — )| o

X )
< (1= an)M@n —2%) + (1= Nz — 27)|? ’ (13)

%112 Tn+1 = Tn — va(mn)a n Z 0.
< (1-an)z, — 2| ®)
Using Theorem III.1, we immediately obtain the following
Observe that result.

lner — (1 —Oén)ﬂf*HQ Theorem 1IV.1. Assume that the solution set of (11) is

|znt1 — x*Hz —2ap{—a*, xpp1 — 7)) + ai||x*||2 nonempty. Let the objective function f be convex, fréchet
differentiable and it gradient V f is Lipschitz continuous with
Lipschitz constant L. In addition, if 0 € C or C is closed
Therefore by (8) and (9), we get convex cone. Let p € (0, %) and define a sequence {x,} by
following

%

[2n41 = 2*[1? = 2an (@psn — 2%, 2%).

lZn+1 —x*H2 < (T—ap)llzn —x*||2+2an<xn+1 -z, z).
O zapr =1 —an)((I = pVf)(zn) + (1= Nxy), n=>0
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where A € (0,1) and the sequence {a,} C (0,1) satis-
fies conditions in Theorem III.1. Then the sequence {x,}
converges strongly to the minimum-norm solution of the
minimization (11).

Proof. Since Vf is lipschitz continuous with constant L,
then well-known that the Po (I —puV f) is nonexpansive map-
ping. Replace the mapping (Po (I — A A)) with Po(I—uV f)
and take S = I in (1). Therefore, the conclusion of this
Theorem IV follows from Corollary III.3 immediately.

V. CONCLUSION

In this paper we obtained a new strong convergence
theorem for approximating minimum-norm fixed point of a
nonexpansive mappings and variational inequality for an «-
inverse strongly monotone operator in a real Hilbert space.
Furthermore, as application, we also obtained an iterative
process for solving the constrained convex optimization
problem.
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