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An Optimal Replenishment Policy for Seasonal
and Deteriorating Items
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Abstract—This study discusses the retailer's optimal replen- promotions in many cases. They are sold at a fast velocity
ishment policy for products with a seasonal demand pattern. when their quantity displayed is large, but are sold at a
The demand of seasonal merchandise such as clothes, sportlnqow velocity when their quantity becomes small. Baker[11]

goods, children’s toys and electrical home appearances tends to ) -
decrease with time. In this study, we focus on “Special Display and Baker and Urban[12] dealt with a similar problem, but

Goods”, which are heaped up in end displays or special areas they expressed the demand rate simply as a function of a
at the retail store. They are sold at a fast velocity when their polynomial form without any practical meaning. Most of
quantity displayed is large, but are sold at a low velocity if the physical items undergo decay or deterioration overtime[7].
quantity becomes small. Most of physical items undergo decay We also consider the case where the inventory level is

or deterioration over time. We also consider the case where the fi v depleted d to th bined effects of it
inventory level is continuously depleted due to the combined conunuously deplete ue 1o the combined eifects ot Its

effects of its demand and deterioration. We develop the model demand and deterioration.
with a finite time horizon (period of a season) to determine the  Traditional retailers of seasonal merchandise have to
Optlmal r_eplenishment policy, which maximizes the retailer’s Comm|t themselves to a Slngle Order to purchase before
total prpflt. Numer!ca[ examples are presented to illustrate the the beginning of the season since the most of seasonal
theoretical underpinnings of the proposed model. . . .
products have a relatively long ordering lead-time[13], [14].
Index Terms—optimal replenishment policy; seasonal prod- The retailers who deal with the seasonal merchandise have
uct; special display goods; deteriorating items. recently been able to reorder the products during the season
since Quick Response (QR) system has widely been used
I. INTRODUCTION by manufacturing industries. Quick Response is a vertical
%}@tegy where the manufacturer strives to provide products

He demand of seasonal merchandise such as cloth X . X . o
sporting goods, children's toys and electrical hom@nd services to its retail customers in exact quantities on a
' @tinuous basis with minimum lead times[15].

appearances tends to decrease with time up to the end"% . . .
the selling season. Inventory models with a finite planning In this study, we develop an inventory m(_)del Wlth_a sea-
horizon and time-varying demand patterns have extensivélgnal demand pattern over a finite time horizon (period of a
been studied in the inventory literature[1-7]. Resh et al.[ asprp to determlqe t'he optimal _replemshment policy, which
and Donaldson[2] established an algorithm to determine tHEXIMizes thg retailer’s total proflt._ Numerical _exgmples are
optimal number of replenishment cycles and the optimgresented to illustrate the theoretical underpinnings of the
replenishment time for a linearly increasing demand patfoPosed model.

tern. Barbosa and Friedman[3] and Henery[4] respectively

extended the demand pattern to a power demand form and II. NOTATION AND ASSUMPTIONS

a log-concave function. Hariga and Goyal[5] and Teng[6]

extended Donaldson’s work by considering various types of The main notations used in this paper are listed below:
shortages. For deteriorating items such as medicine, volatile  planning horizon.

liquids and blood banks, Dye[7] developed the inventory:  the number of replenishment cycles during the plan-
model under the circumstances where shortages are allowedning horizon.

and backlogging rate linearly depends on the total numhgr:  maximum inventory level.

of customers in the Wa|t|ng line during the Shortage perio@j, QJ the Order_up_to level and the re-order point, respec-
However, there still remain many problems associated with  tjvely, in the jth replenishment cyclegg= 0, 0 < 4 <
replenishment policies for retailers that should theoretically Q; <Qu,j=1,2,---,n).

be solved to provide them with effective indices. We focug(;): ~ inventory level at time t.

on a case wherepecial display goods[8], [9], [10] are;: the time of thejth replenishment (¢, < t;, to = 0,
dealt in. The special display goods are heaped up in the ; — H).

end displays or special areas at retail store. Retailers dgal selling price per item.

in such special display goods with a view to introducing:  acquisition cost per item.

and/or exposing new products or for the purpose of salgs inventory holding cost per item and unit of time.
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InVEntory Level [tj-1,t;) (t; < tY) is expressed by

At = [ o

bj—1

;{Qy‘—l [1 — e*W(trt]’fl)] — /tj p(u)du

ti—1

+/tj u(u)e_”(tj_“)du}. (4)

tj71

Fig. 1. Transition of inventory level (r= 3) Let h defi
et us nere detine

Bl(tj-1,t;) = Qj—1 {1 — 6_’7(”_”’1)}
1) The finite planning horizo# is divided inton replen- t;
ishment cycles. —|—/ p(u)e ™= dy, 5)
2) The rate of replenishment is infinite and the delivery ti-1
IS instantaneous. L ___thenA(t;_1,t;) in Eq. (4) can be rewritten as
3) The demand rate is deterministic and significantly
depends on the quantity displayed: the items sell well 2
if their quantity displayed is large, but do not when Altj,ty) = / 1(t)dt
their quantity displayed becomes small. ‘
4) The inventory level is continuously depleted due to the
combined effects of its demand and deterioration.
5) Backlogging and shortage are not allowed.
6) The retailer order§Q; — g;) units when her/his inven- On the other hand, the cumulative quantityt; 1,t;),
tory level reaches;. Figure 1 shows the transition ofof demand for the product during;_.,¢;) becomes
inventory level in the case of = 3.

bj—1

f/j71

B(tjfbtj)_/j M(U)dul7 (6)

7) v = (p—c)A—h > 0. This assumptiony > 0, is equiv- _ N _ _ /tj

alent to(p— )(Q; —4;) > (W/N(Q; — 1), The lefi-  "(711) = 5 AP0 ) =0 UI“O”d“]’(7)
hand side of the inequalityp—c)(Q,—g;), denotes the
cumulative gross profit durin@, _;, ¢;), and the right- The re-order point; can therefore be expressed by
hand side of the inequality/\)(Q; — ¢;), approxi-
mately expresses the cumulative inventory holding cost 45 = Qj—1 —m(tj—1,t;). (8)

during [t;_1,t;). Therefore,v > 0 signifies that the

gross profit exceeds the inventory holding cost during Hence, the total profit is given by

a single replenishment cycle. n
Pn = 8Qqn — nkK + Z[p : m(tj—lvtj)
j=1
I1l. TOTAL PROFIT —e(Qj-1 — gj—1) — h- A(tj_1,1;)]

From assumptions (3) and (4), the inventory levgl),
at time ¢t can be expressed by the following differential
equation:

w—@%+“)7f+hA u(u)du

+wi3(t]‘,1,tj)—nl(. (9)

n

dI(t)/dt = —(A+0)I(t) — p(t). (A>0,0>0) (1) =
By solving the differential equation in Eq. (1) with a IV. OPTIMAL PoLICY

boundary condition/(¢;_1) = Q;_1, the inventory level at . ) ) )

time ¢ is given by This section analyzes the existence of the optimal pol-

icy (Qj—17Qjatj) = (Q;—17Q;at;) for a givenn (.7 =
1,2,---,n), which maximizesP, in Eqg. (9). It is, however,

1 . (@) very difficult to conduct analysis under# c. For this reason,
we focus on the case whese= c.

t
ImszPHwﬂ—/;mwwu
t

j—1

wheren = A + 6.
There obviously exists a time= ¢ (> t;_;) when the

inventory level falls to zero, Wheregf is unique positive _
solution to We can show from Eqg. (9) amd assumption (7) that

. 0P, /0Q; > 0, which signifies thafP,, is increasing function
S n(u—t;—1) g _ of @;. At retail stores, they have a maximum value for the
@1 / ulw)e du = 0. 3) inventory level arrowed for some reasons, which is denoted
by Q. The optimal order-up-to level can therefore be given
The cumulative inventory,A(t;_1,t;), held during by Q% = Qu.

A. Optimal Order-up-to Level

tj—1
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Inventory Level
o
S
S

Inventory Level

(a) In the case of A =0.01 and 6=0.01.

Fig. 2. Sensitivity analysis.

B. Optimal Replenishment Time

We here summarize the results of analysis in relation
the optimal replenishment timg which maximizesP,, in
Eq. (9) whent;_; andt;, are fixed to suitable values.

1) u(t?) Ll — =) pQuetin=t) <.
In this case, there exists a unique finite(t; -1 <
t7 < tj+1), which maximizesP, in Eq. (9).
2) u(tY) [1 — et =t —pQueT i) > o,
In this case P, is non-decreasing if;, and conse-
quently we have ¢¥.
If there existst; < ¢Y forall j =1,2,---,n — 1, the
total profit is given by

P, = (pc,;)\h{B(tZ—l’H)
nd w(ts) e
+ |:Q +]:| 1—e n(tj+1 tj) }
D3 Ll )
(p—cf+h [* .
e /O p(u)du — nkK. (10)

V. NUMERICAL EXAMPLES

(b) In the case of A =0.02 and 6=0.01.

(c) In the case of A =0.01 and 6=0.03.

Figure 2(c) reveals that, compared with Fig. 2(a), bgth
ﬁpd the number of replenishments are increasing. ithe
loss due to deterioration increases wifdakes larger values.
The retailer should compensate for the loss by increasing the
guantity displayed so that she/he can increase the demand of
the item.

VI. CONCLUSIONS

In this study, we have proposed an inventory model with
a seasonal demand pattern over a finite time horizon (period
of a season) to determine the optimal replenishment policy,
which maximizes the retailer’s total profit. We particularly
focus on the case where the retailer is facing her/his cus-
tomers’ demand by dealing in a special display goods. Most
of physical items undergo decay or deterioration overtime.
We have also considered the case where the inventory level
is continuously depleted due to the combined effects of its
demand and deterioration. We have clarified the existence
of the optimal replenishment policy which maximizes the
retailer's total profit. In the real circumstances, retailers
frequently place a mirror at their display area, or they
display products on a false bottom to increase their quantity
displayed in appearance. Taking account of such factors is
an interesting extension.

This section presents numerical examples to illustrate the

proposed model. We here suppose the demand rate which is
independent of the quantity displayed to be a linear functio

of time ¢, is given by

w(t) =B —at (>0, >0). (11)

Figure 2 depicts the transition of inventory level

I(t) along with behavior of(g;,t;) in the case of (a)
(A\,0) = (0.01,0.01), (b) (\,6) = (0.02,0.01) and (c)
(A
(

,0) (0.01,0.03) with (H,Qu,p,c,h,s,K,a,3) =
60, 350, 600, 300, 1, 300, 10000, 0.1, 13).

Figure 2 reveals thag; is non-increasing in time. This
signifies that the cumulative quantity displayed in tjth
replenishment increases with increasifgHeaping up the
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