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Abstract—We propose a space-time Hotelling model that 2) Store o is located at0, while £ is at 1 on the
introduces a unit size of the vertical time axis in the classical horizontal unit interval0, 1].

Hotelling unit interval model. The proposed model allows  3) gtorese/ and % sell an identical product at prices
explicit consideration of the probability that a consumer arrives

at a retail store up to time ¢ to purchase goods. The proposed pa(> O) andp_B(> 0), respectlvely. .

model is useful in a variety of retailing problems. We briefly 4) The time horizon of a single day is expressed by a

demonstrate an application of the proposed model to retail vertical unit interval0, 1].

competition in a duopoly. 5) Individual consumers on the horizontél 1] interval
Index Terms—space—time Hotelling model, retail competition, depart only once per day to travel to eithef or %,

duopoly, business hours, departure time distribution, demand if the departure time permits arrival at the store during

distribution up to time t. its business hours.

6) Consumer departure times are independent and identi-
cally distributed (i.i.d.) random variables having a gen-
eral distribution with cumulative distribution function

I. INTRODUCTION

INCE Hotelling [1] introduced the classical, 1] unit G(t).
interval to represent the spatial conditions in his compe-7) we assumez(0) > 0 andG(1) < 1, indicating that a
tition problem, the underlying idea of tHe, 1] unit interval consumer cannot depart with probability+ G(0) —

has been used in the literature of a wide variety of research G(1) for some arbitrary reason.

topics (e.g., [2]-[11]) due to its simple structure and math- 8) Consumer traveling velocity is (> 0) with travel cost
ematical tractability. Among them, Graitson [2] presented a ¢ per unit of time.

review of works up to 1982, while Biscaia and Mota [9] 9) Both </ and # are open durindt,, t.], where(0 <
provided an extensive review of studies since the 1970s. The ¢, < ¢, < 1. To avoid analytical intricaciesﬁ <
literature in these reviews is related to competition problems. ¢ < %

The Hotelling model has also been applied to the stock) Consumemvillingness to pay for a product is repre-
of pollution [5], investigation of channel performance [10], sented byu (> 0).

facility location problems [7], evaluation of influences of 11) Without loss of generality, we assumg > pg.
store-brand introductions [6], and strategic outsourcing for
supply chain management [4]. The Hotelling model also
influences deriving demand functions in decision science [11]
and the theory of product variety in economics [3]. A. Consumer best response

When dealing with problems associated with retail stores\when a consumer at [0, 1] visits store< to purchase
under spatial conditions, it is important to consider thg product, her net utility is given by
arrival times of individual consumers because consumers or
not arriving during business hours cannot purchase products. Us=u—ps— 3
Moreover, late-arriving consumers might not be able to
purchase products due to stock outage. This study propo¥ésle purchasing a product at stotg gives net utility

I1l. M ODEL

a space—time Hotelling model that introduces a unit vertical o(l—2)
time axis in the classical Hotelling unit interval model. Up=u—pp-— h\
Some applications to retail competition in a duopoly are also , o
discussed. Hence,by letting U4 = Ug, the boundary point, is given
by
C
II. NOTATIONS AND ASSUMPTIONS 0, A ZpB+X
The notations and assumptions in this study are as follows;. )] 1 A(pa —pB) c c
L=y 5~ PB=— 7y <pa<pp+
1) 2 2c A . A
1) Homogeneous consumers are uniformly distributed on 1, pAa <pB— By
the Hotelling unit interval0, 1]. 1)

_ _ _ Under the classical Hotelling model, a consumer [onz]
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Fig. 1. Consumer best response in the casp of> pg. Fig. 2. Consumer best response fof = pp-
1
Figure 1 shows the best response of the market in the g = {(:c,t) ‘5 <x <1, (6)
case ofps > pg, where the regions d?; (i = A, B,C) are
defined by 1—1 1—1
max<to)\70)§t§tc \ .
1 Apa—ps)
Qa = {(x’t)?o STsg - 2% () consumetehavior inQ; (i = A, B) is the same as that in
Fig. 1.
max (to B {70) <t<t,— T , Note that in both Figs. 1 and 2, consumers wight) in
A A the blank area beloW 4 (or Q) can arrive at% (or &)
1) during business hours, but we have excluded them because
Qp = (z,t); = — (P4 =pp) <x <1, (3) (1) consumers in such cases would like to depart from their
2 2c locations early in the morning, perhaps having plans in the
. 1— 2 daytime, and (2) if they travel t&2, they might arrive there
max (to — O) <t<t.— , in the daytime.
Qo = {(a:,t); % _ M <z< %7 (4) B. Probability of welcoming a single consumer
¢ Let ¢;(t,z) (i = A, B,C) be defined by
1—=z T T T
,— — <t<t.— = . : = - )= -2
s (1= 15 50) <20 st = G(1-2) - fms (- L0)], @
1—x
. . . t; = t— 8
In Fig. 1, consumers witl{z, ) in Q4 travel to storesr, vs(tiz) G( A > ®
because storés is not close enough, while consumerdip 1—2x
visit store Z owing to its lower pricepg. In Q¢, however, —G |max ( t, b\ U
it is too late for consumers to travel &, so they visits/ 0 b <ttt 1m2
because of its advantageous location. ] _ ; 2\ o gy A 9
: : voliz) = { G(t=%) =Gt~ '5%), ©)
It should be noted here that the classical Hotelling model 1= oy
(& >\ — — ve-

cannot detect the existence of a regiélx in Fig. 1.
Asian countries such as Japan, Korea and Republic of Chiaen 4 (t; x) signifiesthe probability that a consumer ate
have many convenience stores which correspond/torhe [0, 7] will arrive at.<7 up to timet, while ¢z (t; z) indicates
convenience stores are small format and ubiquitous rettlp probability that a consumer ate [z, 1] will visit % up
stores to sell items at higher prices than normal supermarkédestime ¢. Finally, ¢)c(t; z) represents the probability that a
The regionQ¢ explains the significances of convenienceonsumer atr € [max(3 — %,O), 1] reaches#/ up to
stores. time ¢.

Figure 2 depict the best response of the markepfor= ~ We definep4(t) by

pp, definingQ; (i = A, B) by 1 9
c
Yo (t; x)d, pa 2B+,

1 0
Qg = ((x,t):0<2< =, 5) z 3
{ 2 pa(t) = / Ya(t;z)de +/ Yo (t; z)de, (10)
0 @
T T
_ = _ 2c
max(to /\,0>St§tc )\}’ PB < Pa <pB+X~
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Then, p4(t) expresses the probability that an arbitrary corB. Newsvendor problem
sumer on|0, 1] visits store.«/ up tot. Likewise, letpp(t)

be defined by Another simple application of the proposed model is the

newsvendor problem ([12]-[16]). Let and w respectively
denote the selling price and the raw price per unit of product,
and letc, represent the opportunity loss per unit of product.
Then the expected profifl;(Q;) of storei in the classical
newsvendor problem is given by

p(t (11)

)
1 C
/¢B(t;$)dl‘, DA 2p13+x,
0

1
2c
/?%QWW% PB <pa <PB+

Qi
These observations reveal that the share of stowe at 11i(@1) = —in+/0 pf(w)dz (16)
time ¢ and that of storeZ are given by (t) and {g(t), oo
respectively: +/Q pQ; — c(z — Q)] f(x)dz, i = A, B,
pa(t)
Salt) = pa(t) + pp(t)’ (12) where@; denotes the stocking quantity at stareand f(x)
p5(t) is the probability density function oV (u;(t.), o?(t.)). It is
§8(t) = m’ (13) well known that the optimal stocking quantity; = Q; is

given by the solution to

P (Ql - Mz(tc))
Ui(tc)
One of the simplest applications of the proposed model
is obtaining demand distributions a¥ and % up to time where ®(-) is the cumulative distribution function of
t. For this purpose, let us introduce i.i.d. random variableg (0, 12).
Y:(t) (i =1,2,---,n) having mass probabilities as follows:

IV. APPLICATIONS
_p—w+c

p+co

i=A,B

) ) )

A. Demand distribution

PrlYi(t) =01 = 1-pa(t)—pp(?),

PriYi(t) =1 = pa(®).

PrYi(t) =2] = psl(t),
wheren is the population size of consumers fin1]. Note
that Y;(¢) = 0 corresponds to an event where thin

consumer oo, 1] visits neitheres nor # up tot. Likewise,
Y;(t) = 1 signifies a visit tow/, while Y;(¢) = 2 indicates
reaching% up to timet.

Let indicator variables§§A) (t) and 6§B)(t) be defined by
(A) _ 1, Yl(t) =1,
5= { 0, Yilt) £ 1.
(B) _ 1, Yl(t) =2,
o) = { 0, Yilt) #2.

C. Business hours

Business hours have traditionally been regulated, particu-
larly in many European countries, although the liberalization
of business hours has generated debates over the past three
decades (e.g., [17]-[20]). We can, however, discuss business
hours competition between two stores within regulations,
where store operation costs, such as labor costs, play an
important role. This subsection briefly examines how to
derive the best response of each store against its competitor
in relation to business hours, which is the key to obtaining a
Nash equilibrium. This is because the related mathematical
analyses are very intricate.

Figures 3 and 4 show the best consumer response when
store #Z in Fig. 1 changes its closing time. to t. + A;.

Then 51(‘4) (t) and 553) (t) are ii.d. random variables thatin Figs. 3 and 4,Q2p shows the additional area dfr,t)

follow a binomial distribution with parameters4(t) and
pg(t), respectively, where the number of trials is givervby
Moreover, the number of consumers visiting storésnd %

up to¢ can be respectively expressed by, (¢t) and D (t),

where

n

Dat) = Y M),
Dg(t) = iagm(t).

When n is large, D;(¢) asymptotically follows a normal

distribution N (12;(t), o2(t)), where
1 (t) npi(t), (14)
af(t) = npi(t)[1 - pi(t)], (15)

for s = A and B.
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where consumers visiZ. We have seen through Egs. (14)
and (15) that the probability of accepting a single consumer
pp(t) influences the demand distribution & through its
mean and standard deviation.

In the following, we concentrate upon the best response
to the closing timet. of % against«/. The additional
probability A, of welcoming a single consumer fo# is
given by

(1) WhenA,; <

BPAZPE A, IS given by

1 . 1—=x
/;_Mp%pm {G [mln (tc + Ay — — ,1)}

_G<tc—1;x)}.

APB
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(2) Inthe case ofA; > PA=PE, A becomes 1 o te+ At
APB tc ></ tc
QB

Time

! . 1—x
= /%_Mpﬁ‘pm G[mm(tc—ﬁ—At—/\ ,1>}
1—2x

—G(tc— . ) (18)

to

—G(t5—§> . 0

Let ¢; andw, respectively, denote the store operation cost _ _ , N B
per unit of time and the raw price of a product. Then, {fi9-4- Area associated with marginal probability {4 £47E2).
n(pp — w)A,, > c1ls, storeZ has an incentive to adopt
t.+ A, as its closing time; otherwiseé, would not increase.

Hence, the best responag’ of % againste/ is obtained as !N the proposed model, the population sizef potential
the solution ton(ps — w)A,, = 1A, customers is assumed to be known. This may limit applica-
PB .

The best response o with respect to its closing time tion of the proposed model in real circumstances because

against# can be obtained in the same manner, and V@Stimation ofn is one of the most important problems.
may thereby obtain the Nash equilibrium based on the b&gyesian approaches will be useful in coping with such a
responses of# and #. The opening times can also paProblem at the expense of complicating the model structure.
obtained in an analogous manner. A useful extension of our work would be to introduce
Under a monopoly, in contrast, Hosseinipour and saflirect marketers .with the intent. to comp.aring them gnd
doh [16] have discussed the optimal number of busines@nventional retailers by regarding the distance to direct
hours and optimal stocking quantity within the frameworkharketers and the lead time at conventional retailers to be

of the newsvendor problem. negligible.
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