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Existence and Uniqueness of the Navier-Stokes
Problem for Compressible Flows

K.Kaliveva. Member IAENG and K. Issakov

Abstract—This paper is presented a generalization of the
Cauchy problem for the three dimensional Navier-Stokes
equations with Holder continuous coefficients in the Cartesian
coordinate system. Using the parametrix method of theory
nonlinear partial differential equations were obtained the
velocity components of the transient compressible flows. Key
aspects of technical work based on the previous research
which provided a description of the constitutive relationships
between three physical quantities: the velocity vector, the
external and internal forces, the pressure distribution. Using
‘a priori’ estimation for the velocity vector was proved the
uniqueness theorem for compressible flows.

Index Terms—Navier-Stokes equations, compressible flow,
parametrix method, turbulent fluid motion, potential field,
pressure distribution

I. INTRODUCTION

HIS paper is presented mathematical theory of
turbulent compressible flows given by the Navier-
Stokes equations .

The Navier-Stokes equations as nonlinear partial
differential equations in real natural situation were
formulated in 1821 and appeared to give an accurate
description of fluid flow including laminar and turbulent
features. We have focused on the global existence,
uniqueness and smoothness of the Navier-Stokes problem
for compressible flows. Examples of weak solution for
incompressible flows were given by L. Caffarelli [1],
V.Sheffer [2]. A critical analysis for many analytic and
numerical solutions of Navier-Stokes equations was given
by C.L.Fefferman [3]. We will extent this unique idea of
existence of solution given in [3] by using the energy
conservation law for the external and internal forces, the
gradient of pressure. This paper has focused on the
parametrix method with Holder continuous coefficients of
the kinematic and dynamic viscosity. This result has shown
the next step to mathematical understanding of the elusive
compressible phenomena of turbulence .There we have got
some additional fundamental information about behavior of
potential, kinetic and static energies for the description their
general mechanics of the turbulent compressible motion.
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II. MATHEMATICAL FORMULATION OF THE PROBLEM

Turbulence model is considered in the three-dimensional
infinite spaces R’.Denote by x= (x,,x,,X;) a point in
3 . . . .
R , let us consider the velocity vector in a point M(x,t) of

the three spatial coordinates at a given time ! by the

formula

x,t) if divu(x,t)=0

- _ ﬁv(
DTG, (e i div i (e % 0

Suppose that infinite spaces Q=R’, Q, =R’ x (0 <t <),
(%, 0) =1, (%00 +1uy(x,0) ] +10,(x,0)k

is the velocity vector, p(x,t)is the fluid pressure field.
Let us consider a function v (x,t) defined on a bounded

closed set S of R’. The function y(x,r) is said to be
Holder continuous of exponent a(0 <« <1)in § if there
exists a const 4 such that

a2
)

V(x,0)=v(ET)| < A(x=&|" + |t -7

forall (x,1) e Q,,(£,7) e Q, inS.

We consider compressible flow given by the general Navier
-Stokes problem in the following form

ou .. _ . 1 . Lo

= +(ti -V = —— Vp+v(x, )N +c (x,)Vdivi+ f(x,£) (1)
/ P

in (), with the initial condition

i |, =tiy(x) on Q @)
Here,

c(x,t)=

@+n(x,t),

the vector function
F(x,t)= fi(x,0)i + fr(x,0)] + fo(x,0)k

denotes an external and internal forces, is a

px,1)

symbol V' denotes the gradient with respect to the function,

v(x,t)

kinematic viscosity, is a fluid density, the

the symbol A denotes the three dimensional

Laplace
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operator, 77(x,t) is a dynamic viscosity which is related to
the kinematic viscosity by the formula 77 = pv.
There we assume that

i = Ju? +ul 1l > 0 for|d =¥ +x+x] >

The aim here is to understand turbulent features of the
Navier-Stokes problem for compressible flows. The initial
value problem (1)-(2) concerns with the fundamental
solution of Poisson and heat conduction equations.
Turbulent motion is supported by the subjected power from
some external forces and initial velocity. The shape of
turbulent region is determined by the property which has
shown stability or instability of the velocity motion and the
pressure distribution. Stabilizing mechanisms have been
advocated to explain features observed in numerical
simulations of turbulence.

III. STABLE SOLUTION OF THE NAVIER-STOKES
PROBLEM IN THE POTENTIAL FIELD

In this part we consider fluid when characterized by the

three-dimensional Navier-Stokes problem with Holder
continuous coefficient v (x,¢) in the following system of

equations:
%+(ﬁ-V)ﬁ = —%Vp+v(x,t)Aﬁ+j?(x,t) inQ, ()
divi=0 in Q, 4)
with an initial conditions
u |t:0 =1,(x) on Q %)

Using well-known formula of vector analysis

% grad i* =i x rotii |+ @V )ii (6)

we have got

aa—t + grad® + %172) = [ii x rotii ]+ v(x,0)Ai + f(x,1) (7)
P

Applying the expression

u
rad
g ( 7
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to the Navier-Stokes equations (3)-(5) we obtain the
mathematical problem for heat equation

OU L (x)Aid =2 ] (8)
ot
diviu=0 ©
with the initial condition
|, =1iy(x) (10)

Consider the heat equation (5) where the coefficient v (x,¢)
is defined in a cylinder D x[0,7] = {(x,t);x eD,0<t< T},
D is the closure of a bounded domain D € R*.  Let for
all(x,1) e D x[0,T], (£,7) € D x [0, T] coefficient satisfies
Holder conditions
a al2

‘V(x,t) -v(&, r)‘ < ‘x - f‘ + ‘t - z"
Following the classical procedure [6] we can get solutions
for the problem (8)-(1-) in the integral sum of the parabolic
potentials

i= | ﬁo(é)G(x—é,t)d§+2jdr [F&.060-é-nae (1D

R?

Fundamental solution G (x—¢,¢) was obtained from

integral equation
G (—£0)=gr-E0+] [elx—ri-0MD,(n-& oo (12)
) R

where

(x=¢)*
e 4vt

g (x=&,1)= ——v

(eNave)

Using the equation (8) was found unknown function
@ (x,t;&,7) as solution of the following Volterra-

Fredholm integral equation

O,(66£0) =L (5 5ED+] [LZ (o6&, (088 Ddglr
) R
LZ,(x,1;&,7) =[V(x,6) V(& DN Z, (x,1;€,7)

by using successive approximation method

D (x,t;¢,7) :i (LZ)),(x,t;¢&,7)

where

(LZ), 80 =] [LZ,00t:8,0)L2), (& 8,5)dédr,
) B
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Fundamental solution G (x, &, ¢) has estimations for their Ff Ff Ff. &f.
derivations a  ad +c’3>c16>5 +c’3>c16>g 0 0
pon enon on ||

xa, o & ad || 0 gpg O
5 - % cn O 3f 3f, . I
—G (x - ¢ ' 2 2 i
ox, (f) ®dy ®dy & & x4
(i=1,2,3)

Considering condition rot ]7 #( and using rotor operator
Using propel?ies .of . the fun.damental solution e obtain equation
G (x, &, t)and its derivative evaluations we have got a

uniqueness and stable solution (11) satisfying following
estimation

rot {; i — [ﬁ X rot ﬁ]—vAﬁ}zmt 7rooas)
L P Ly Y T A

Donate that
Condition for the scalar pressure function p(x,r) g _ ﬁ 7 [i[ X Fot i[]— VA (16)
ot
2
P avie—1 g (13
Yo 2 4 |x - £ | 5= -

tf°
predicts a steady feature which introduces a stable turbulent
motion when

With respect to (16) we have got vector equation

rot f =0,1r0t u, = 0

rot g=z

Using representation

(17
For pressure function p(x,#) we have got the following B ~. ~.

. . Zy=is, fy —issf,
estimation

Zo(f]afz,fs): Z, =is, fy —is fy
”p”H;;I‘” <M 0(”1/70”1%;,” + ||f||LZ)

0
Consequently, we see that a stability of the turbulent flow we obtain following vector equation
depends on the condition (13).

ou ~
——vAu — [u X rot u] b(x,t)
IV. VELOCITY COMPONENTS AND FUNCTION OF PRESSURE ot
FOR TURBULENT SWIRLING MOTION
where vector
Assume that - 1 b (18)
b(x,t)= —1|b,
4r b
2 3
grad (u—+ L—CD);tO’ (14)
2 P

has components
then the Navier-Stokes equation (3) can be written as

j & =)} (6606351

3R3

) b= j
I ~ u p - 8x8x2
E—VAu—[uxrotu]+grad(?+——d))=f +2f (15)

Yol

. s . .
There vector function f is a convolution between vector
and matrix

o
@%@6@9 @6@2 % @952 >%

ja@ ~6)f5 (686 DM+
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o’ 1 =
" 0(&, - 6,) 15 (£1,€,.65.0)ds,d
ax;ﬁxz(?x] 1;[ x—é“:[o (& =63 /5 (61:6,,65,1)dg;dS

0
"o [axaxaxjx Mé SO (&8s 63,105 dE +

&
T53)/2\%10 520 3’td3d

W}q axzaz)% axzaz Le(é G &n G t)dedE+
(ax az)q sz j A& —G)f (.66, 0dedé

h=t 2 19@ —G)I (&80 6 1)dg)dE —
3 axaxaxl RS‘ (ﬂ 3 3 1292553 3
(ax o sz] I j AE )5 (&0 En oD, dE —
R l\x-g\ [008, =) 17 (&g de ]

Due to this fact we have the unique solution of the problem

(3)-6)

t
a:j
0

r[RlACF & )P (x =&t - D@+ Fx.r) (19)

Q
where
1
SEEE)  —FE ~FE,
1
AP=|  -EE  (E+E+E)  FE
1
RE EE SRR
F =b*G +u,*G
0G(x—¢&,1)
ox,
I(x—¢&,1) = M
0x,
0G(x—¢&,1)
Ox,

Rl]=F(x,0)+ jdrjA[F(f,r)]F(x—f,t —7)dE+

+ jdr [ jdq [AFEDINE-¢r—5)dS [Mx— &t —)dé+

ISBN: 978-988-19253-9-8
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

+Im}[ ,{ ..ﬁdr] Il I{F(.f,r)}l'(‘f—g,r—q)dg}.}l‘(x—g‘,t—r)d&r...

Vector function F(x,¢) satisfies following estimation
|1F .o < el ||+ ¢

Using the well-known properties of Green’s functions we
have got estimation for the vector velocity

){1+

. 2 () 5] )
+ M (i), + ’Hb HL ye Il P, }(20)
2

2
Ly

< (s |

in the functional space L2(R3 X[O,TD .Following the

classical procedure we get the uniqueness and stability of
solution for the problem (3)-(5). Also we obtain equation
for the pressure function

P
—d —0 @1
PR Ay A 4ﬂ\x_ \
where
f** — b _ f*
= Cullinly + ¥ 0) 1
- CZt(HEOHLz(QT ”H&)HH L))’
O g ] e
[el =NerD = )7 + ()
[0 =0t (Goxx0de,
W) |
Px,0=| W |=| [0, = &)/ (% & x,0dE,
Y, o
[005 = &)1, (30,8008,
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The problem (1)-(2) when divi(x,t)=01is Clay
Institute’s Millennium problem which was formulated by
Fefferman [3]. When rot f # 0 is defined solution

which has
‘i’(x,t) therefore in general case can be determined only

non-continuous Heaviside step function

weak solution which satisfies the obtained balance

equation (21). Due to this obtained balance equation
for the pressure distribution were defined significant
properties of the transient incompressible flow which
provide a description of the constitutive relationships
between three physical quantities: the velocity vector, the
external and internal forces, the scalar pressure distribution.
The Navier-Stockes problem (1)-(2) in the general when
divii(x,t) # 0 is applicable to real turbulent processes
which represent an average departure from the different
points of the space and we have different combinations of
the conditions
divi(x,t) <0, divii(x,t) >0, divi(x,t)=0

Combining these conditions for the vector velocity we can
explain transfer mechanisms of divergent-convergent flows.

V. THE NAVIER-STOKES PROBLEM FOR THE DIVERGENT
POTENTIAL FIELD

Let investigate the behavior of the Navier-Stockes
problem (1)-(2) in the general case when div u (x,7) # 0 .

‘;”Jr(a-vm v )i+ e Vi + ) (1)
P

in ), with the initial condition

u ‘[:0 =1,(x) on Q (2)

For problem (1)-(2) in the general case we have
got second order nonlinear Volterra-Fredholm integral
equation in a matrix form satisfying

2

h——f o |[%

ul 2 , %
S A AN

%

t 0 (—u-w) | | &G,

2 ax

D0 0 ) (G (F

+ 0 wu,-D 0 |¥|G, |+| F |2

u,-D” ) \G F;
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t

+[de [e(€, VD (£,0)G, (x~ &t —7)dé

R3
Clxt) = oc(x,t) N oc(x,t) N oc(x,t)
ax, ax, 0
where
F'=b"%G, +u,*G,
Successive  approximation method can be

successfully applied to solve the nonlinear Volterra-
Fredholm matrix integral equation (22). Considering
(22) in the operator form we have equation

i = K, [a]+ K, [#]+ F 3
here
2
(1410, ~12) 0 0 aG,
2 2 &
P T e e VP A
2 e
0 o lw-u-uf |l
2 ax
u-D' 0 0 ) (G,
Klil=| 0 u,-D" 0 [|¥G,
0 0 u-D) |G,

Using inverse operators R ; for the operators K |

(i = 1,2 )wehave got

i =R,(K [i]D+ &k, [i]+ R, (F)+ F

—
*

i = R(R|R,(F" )+ F* )+ R|R,(F* )+ F* |+ R, (F" )+ F

F =dxG, +b*G, +u,*G,
here

d = (§+ n)gradD " (x,t)

i=RR[R(FJ EY+RR(E )+ F [ R(F ) F

u,(x,t)=1d, (x,t)+u,(x,t) 24)

IMECS 2015



i, (0 =R[R|R(F )+ 2F |+ R[F |+ R0 %G )+ d %G,
Vector function F*(x,¢)

estimation

satisfies the following

Hﬁwxﬁﬂk<jmﬂn+vﬁmqp

Using the properties of Green’s functions we have got
estimation for the wvector velocity in the space

L2(1'e3 «[o.7]

WQWW)

li),, <@lpi+e e Ha+e
A e

e )

AT Nel 7"26@?‘2)

j/*

[ ey <GF]+G

M H9g,) S((%"j;‘" +q||)7*"2ecztuf' Hz)(l n C*||)7*||2eC3tH7 Hz)
Where

~ 2 = |2
= 7ol oo, + 17 e

|7

Using the Navier-Stokes equation (1) we have a
unique scalar function of pressure p(x,r) which

satisfies

2
L A S S S
2 p 47r‘x - é“ 47r‘x - g’:‘
where

—

VI. RESULTS AND DISCUSSION

From previous studies [5]-[6] in cases divii(x,t)=0
and div i (x,t) = 0 for unstable motions we have the
nonlinear Folterra -Fredholm matrix equation which
give some simple consequences of the theorems given
in [6]. This result are shown analogical conditions of
existence and uniqueness for the three dimensional
with  Holder
coefficients in the Cartesian coordinate systems which
depend on the energy conservation law and provide

Navier-Stokes  equations continuous
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behavior of motion for compressible flows. There
Navier-Stokes equations in the general case represent the
evolution of the governing distribution functions, which
depend on the velocity vector in the position of particles as
a result of thermal excitation at any finite turbulent energy.

VII. CONCLUSION

This paper is presented convenient procedure in solving
the Navier-Stokes problem for compressible flows which
allows to prove the uniqueness and regularity of the
solutions in the general case. In the considered case
when weak solution of the Navier-Stokes problem (1)-
(2) satisfies the energy conversation law (13) we have
sufficiently ~ regular  solution  which
ii(x,0) e C*"(Q,) N CM(QY) satisfies

formulation in this considered case. In view of this fact,

means

and classical

the obtained balance relation between components of the
velocity vector and the pressure function in terms on the

energy conversation law (13) provides equivalence of
the strong and weak solution. In case when o 720

the Navier-Stokes problem (1)- (2) for compressible flows
satisfies weak formulation.
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