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Abstract—In the literature, the solution set of a system of
bipolar fuzzy relational equations with max-min composition
can be characterized by a finite set of maximal and minimal
solution pairs. However, some researches presented that deter-
mining the consistency of a system of bipolar fuzzy relational
equations is NP-complete. Namely, the solution procedure for
solving a system of bipolar fuzzy relational equations with max-
min composition contained the high computation complexity.
This study proposes some properties to reduce the difficulty
of solving the bipolar fuzzy relational equations with max-min
composition. Numerical examples illustrate that the proposed
properties can be easily used to detect the case of an empty
solution set than the method provided by the previous work.

Index Terms—bipolar fuzzy relational equalities, max-min
composition, NP-complete.

I. INTRODUCTION

IN the literature, a system of fuzzy relational equations
usually formulates in a matrix form as follows:

x ◦A = b,

where x = (xi)1×m, A = [aij ]m×n and b = (bj)1×n are
all defined over [0, 1]. The operation “◦” represents a well-
defined algebraic composition for matrix multiplication.

In the generalized theory of uncertainty, finding solution
of fuzzy relational equations can be categorized to the
concept of granular precisiation by Zadeh [20], which has
played an important role in fuzzy modeling. Many different
equations exist is based on a specific composition of fuzzy
relations. The first study of fuzzy relational equations was
conducted by Sanchez [16], in which max-min composition
was considered. Since then, fuzzy relational equations based
on various compositions have been investigated. Fuzzy rela-
tional equations with max-min composition and max-product
compositions are commonly seen in the literature. Both
compositions are special cases of the max-triangular-norm
(max-t-norm). Di Nola et al. [4] showed that the solution set
of fuzzy relational equations with continuous max-t-norm
composition can be completed determined by the maximum
solution and a finite number of minimal solutions. Finding
all minimal solutions of fuzzy relational equations was
found to be closely associated with the covering problem,
which is NP-hard [2], [3], [15]. Lin et al. [14] presented
that all systems of max-continuous u-norm fuzzy relational
equations, e.g., max-product, max-continuous Archimedean
t-norm and max-arithmetic mean are essentially equivalent,
because they all are equivalent to the covering problem.

The typical framework of linear optimization subject to a
system of fuzzy relational equations with different algebraic
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operations has been proposed in the literature. By far the
most explored setting is that of finding a minimizer of a linear
objective function and using the max-min composition [1],
[7]. It almost becomes a standard approach to translate this
type of problem into a corresponding 0-1 integer program-
ming problem which is then solved by means of the branch
and bound method [5], [18]. Some research efforts have been
devoted to a more general operator of linear optimization
with the max-min composition is replaced by a max-t-norm
composition [9], [13], [17], a max-average composition [10],
[19], or a max-star composition, et al. [8], [11].

Recently, Freson et al. [6] considered a generation of the
linear optimization problem subject to a system of bipolar
fuzzy relational equations with max-min composition. They
wanted to pursue the idea of taking into account antagonistic
effects for this new optimization problem. For instance, con-
sider a supplier who wants to optimize its public awareness
and attributes a degree of appreciation to their products. Such
a degree of appreciation can be denoted by a real number xi

in the unit interval [0, 1] whose complement x̄i = 1−xi in [0,
1] stands for the degree of disappreciation. Generally, when
the positive effect xi increases, the negative effect x̄i = 1−xi

will fall. It is called the bipolar character. It is clear that
the bipolar fuzzy relational equations contain the decision
vector and its negation simultaneously. Motivated by Freson
et al. [6], Li and Liu [12] considered the linear optimization
problem with bipolar max-Łukasiewicz equation constraints
and transformed this problem into a 0-1 integer linear pro-
gramming problem.

A system of bipolar fuzzy relational equations with max-
min composition proposed by Freson et al. [6] can be
formulated in the matrix form as follows:

x ◦A+ ∨ x̄ ◦A− = b

where x = (xi)1×m, x̄ = (x̄i)1×m, A+ = [a+ij ]m×n, A− =

[a−ij ]m×n and b = (bj)1×n are all defined over [0, 1]. The
notation “∨” denotes max operation and the operation “◦”
represents the max-min composition. x̄i = 1 − xi denotes
the bipolar character.

Solving the bipolar fuzzy relational equations with max-
min composition is to find a set of solution vectors x =
(xi)i∈I such that

max
i∈I

max{min(xi, a
+
ij),min(x̄i, a

−
ij)} = bj , j ∈ J , (1)

where index sets I = {1, 2, · · · ,m} and J = {1, 2, · · · , n},
respectively.

For investigating the solution set of a system of bipolar
fuzzy relational equations to (1), Freson et al. [6] first
analyzed each single equation by a piecewise linear function.
Based on the analyzed results which obtained from all of
equations, then they structured the solution set of (1) by
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taking proper intersections and unions. They also figured out
that the solution set of a system of bipolar fuzzy relational
equations can be determined by a finite set of maximal and
minimal solution pairs. However, Li and Liu [12] presented
that determining the consistency of a system of bipolar
fuzzy relational equations is NP-complete. That is to say, the
proposed solution procedure by Freson et al. [6] for solving
(1) contained the high computation complexity. To improve
the difficulty of solving this problem, this study proposes
some properties for the bipolar fuzzy relational equations
with max-min composition. Numerical examples illustrate
that the proposed properties can be easily used to detect the
case of an empty solution set of (1) than the method provided
by previous work.

II. SOME PROPERTIES

In order to investigate the property of the solution set, de-
noted by X(A+, A−, b), of bipolar fuzzy relational equations
with max-min composition in (1), some definitions describe
as follows:
Definition 1. Let x1 = (x1

i )1×m and x2 = (x2
i )1×m be two

vectors. For any vector x1 and x2, x1 ≤ x2 if and only if
x1
i ≤ x2

i for all i ∈ I.
Definition 2. For a feasible solution x = (xi)i∈I ∈
X(A+, A−, b) 6= ∅ in (1), xi is called a binding variable for
the jth bipolar fuzzy relational equation if min(xi, a

+
ij) = bj

or min(x̄i, a
−
ij) = bj holds for some j ∈ J . The set

J(xi) := {j ∈ J |min(xi, a
+
ij) = bj ,∀j ∈ J } and

J(x̄i) := {j ∈ J |min(x̄i, a
−
ij) = bj ,∀j ∈ J } denote the

binding set of binding variable xi.
Note that a feasible solution for bipolar fuzzy relational

equations with max-min composition in (1) is to find a set of
vector x = (xi)i∈I that satisfies all equations. By Definition
2, to find a solution for (1) can be considered the selection of
binding variables from the binding set to satisfy all equations.
Furthermore, if xi is binding in the jth equation, then there
exists J(xi) 6= ∅ or J(x̄i) 6= ∅ and the following equations
hold:

min(xi, a
+
ij) = bj or min(x̄i, a

−
ij)} = bj .

To quickly find the binding variable of bipolar fuzzy rela-
tional equations for (1), all equations in (1) can be separated
into two sub-equations according to variables xi and x̄i as
follows:

max
i∈I
{min(xi, a

+
ij)} = bj , j ∈ J (2)

and

max
i∈I

min{(x̄i, a
−
ij)} = bj , j ∈ J . (3)

Note that these two sub-equations of (2) and (3) are general
fuzzy relational equations with max-min composition. Hence,
their corresponding maximum solutions can be computed
explicitly by the following operation:

x̃ = (x̃i)i∈I = [min
j∈J

(a+ij � bj)]i∈I ,

and ˜̄x = (˜̄xi)i∈I = [min
j∈J

(a−ij � bj)]i∈I , (4)

where

a+ij � bj =

{
1 if a+ij ≤ bj ,

bj if a+ij > bj ,

and a−ij � bj =

{
1 if a−ij ≤ bj ,

bj if a−ij > bj .

Lemma 1. If in the jth equation we have a+ij < bj and a−ij <
bj for each i ∈ I in (1), then the solution set X(A+, A−, b)
is empty.
Proof. Due to a+ij < bj and a−ij < bj for each i ∈ I, it
implies

min(xi, a
+
ij) < bj and min(x̄i, a

−
ij) < bj ,∀i ∈ I.

This result leads to

max
i∈I
{min(xi, a

+
ij),min(x̄i, a

−
ij)} < bj

and, hence, no variable xi can satisfy the jth equation of (1).
Lemma 2. Let x̃i and ˜̄xi be the corresponding maximum
solution of (2) and (3) that yielded by (4). If x̃i + ˜̄xi < 1
exists for some i ∈ I, then the solution set X(A+, A−, b)
of (1) is empty.
Proof. Suppose, on the contrary, that the solution set
X(A+, A−, b) is nonempty. Then there exists a feasible
solution x = (xi)i∈I ∈ X(A+, A−, b) and min(xi, a

+
ij) = bj

or min(x̄i, a
−
ij) = bj for some i ∈ I. Now assuming that

xi = x̃i, we then have x̄i = 1− xi = 1− x̃i by the bipolar
character. Since x̃i + ˜̄xi < 1, it implies ˜̄xi < 1 − x̃i = x̄i.
This result implies that ˜̄xi is not the corresponding maximum
solution of (3), a contradiction.

By Lemma 2, one can obtain the necessary condition
for the existence of a solution such that the solution set
X(A+, A−, b) 6= ∅ in (1) is x̃i + ˜̄xi ≥ 1 for all i ∈ I.
Example 1. The following bipolar fuzzy relational equations
with max-min composition proposed by Freson et al. [6]. We
use this example to detect the case of an empty solution set
by verifying Lemma 2.

max{min(x1, 0.90),min(x2, 0.70),min(x̄1, 0.60),
min(x̄2, 0.80)} = 0.70,

max{min(x1, 0.80),min(x2, 0.60),min(x̄1, 0.30),
min(x̄2, 0.75)} = 0.25.

For this example, computing the corresponding maximum
solutions by (4) can obtain

x̃1 = min{0.7, 0.25} = 0.25, x̃2 = min{1, 0.25} = 0.25,

˜̄x1 = min{1, 0.25} = 0.25, and ˜̄x2 = min{0.7, 0.25} = 0.25.

Clearly, Lemma 2 is satisfied by x̃1 + ˜̄x1 < 1 or x̃2 + ˜̄x2 < 1
and therefore the solution set is empty.
Definition 3. Let x̃i and ˜̄xi be the corresponding maximum
solution of (2) and (3) that yielded by (4). Two index sets
define as follows:

Ij := {i ∈ I|min(x̃i, a
+
ij) = bj , i ∈ I}

and

Īj := {i ∈ I|min(˜̄xi, a
−
ij) = bj , i ∈ I},∀j ∈ J .

For Definition 3, index sets Ij and Īj denote that the
possible variables of x may be selected as a binding variable
in the jth equation.
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Lemma 3. If index sets with Ij = Īj = ∅ for some j ∈ J
exists, then the solution set X(A+, A−, b) of (1) is empty.
Proof. For any solution x = (xi)i∈I ∈ X(A+, A−, b), all
equations must be satisfied. Index sets with Ij = Īj = ∅
show that no any possible variables of x can be selected as a
binding variable in the jth equation. Hence the solution set
X(A+, A−, b) of (1) is empty.
Example 2. The following bipolar fuzzy relational equations
with max-min composition proposed by Freson et al. [6]. We
use this example to detect the case of an empty solution set
by verifying Lemma 3.

max{min(x1, 0.85),min(x2, 0.23),min(x̄1, 0.60),
min(x̄2, 0.80)} = 0.70,

max{min(x1, 0.70),min(x2, 0.10),min(x̄1, 0.30),
min(x̄2, 0.80)} = 0.35.

For this example, computing the corresponding maximum
solutions by (4) can obtain

x̃1 = min{0.70, 0.35} = 0.35, x̃2 = min{1, 1} = 1,

˜̄x1 = min{1, 1} = 1, and ˜̄x2 = min{0.70, 0.35} = 0.35.

Computing index sets Ij and Īj for j ∈ {1, 2} by Definition
3, they are

I1 = ∅, Ī1 = ∅, I2 = {1}, and Ī2 = {2}.

Since I1 = Ī1 = ∅, it leads that the solution set of Example
2 is empty by Lemma 3.

Note that the method proposed by Freson et al. [6] needs to
generate the set of possible feasible solution pairs for solving
Example 2 as follows:

{(0.35, 1), (0.30, 1), (0.35, 0.70), (0, 1), (0.30, 0.70),

(0.35, 0.65), (0, 0.70), (0.30, 0.65), (0, 0.65)}.

According to their method, all of the nine pairs of this set
are used to search possible feasible solutions for Example
2. Their method obtained that none of the pairs of this set
satisfies both equations and hence the solution set is empty.
For detecting the possibility of the bipolar fuzzy relational
equations with max-min composition, Lemma 3 is more
simple than the method proposed by Freson et al. [6].

III. CONCLUSION

In this study, we propose some properties to detect the
case of an empty solution set of bipolar fuzzy relational
equations with max-min composition. Numerical examples
illustrate that the proposed properties can be easily used to
detect the case of an empty solution set than the method
provided by previous work.
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